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PREFACE TO THE THIRD RUSSIAN 
EDITION 


In this edition the book has been considerably augmented and revised, 
with the assistance of L. P. Pitaevskii throughout. 

New sections have been added on the magnetic properties of gases, the 
thermodynamics of a degenerate plasma, liquid crystals, the fluctuation 
theory of phase transitions of the second kind, and critical phenomena. 
The chapters on solids and on the symmetry of crystals have been substan¬ 
tially enlarged, in particular by a fuller account of the theory of irreducible 
representations of space groups as applied to the physics of the crystal 
state. The sections on the fluctuation-dissipation theorem have been revised 
and extended. 

Some sections have been removed from the book, dealing with the theory 
of quantum liquids and the related theory of almost ideal degenerate gases. 
The physics of quantum liquids, which was founded and largely developed 
by the pioneering experiments of P. L. Kapitza and the theoretical work of 
Landau himself, has now become a wide subject whose significance goes far 
beyond its original concern, the liquid helium isotopes. An account of the 
theory of quantum liquids must now occupy its rightful place in even a 
general course of theoretical physics, and the few sections given to it in the 
earlier editions of this book are insufficient. 

They will appear, in a considerably expanded form, in another volume of 
this course, now being prepared by Pitaevskii and myself, which will also 
give a detailed treatment of the Green’s function method and the diagram 
technique, which have largely determined the development of statistical 
physics in the last 20 years. The transfer of these (and some other) topics 
to a separate volume is dictated not only by the fact that their inclusion in 
the present one would make it too large and would considerably alter its 
whole character. There is also the reason that such topics are essentially 
akin to hydrodynamics and macroscopic electrodynamics; for example, 
in presenting the microscopic theory of superconductivity it is convenient 
to make use of the^known macroscopic theory of this phenomenon. For this 
reason, the new volume will stand as one of the course, after Mechanics 
and Electrodynamics of Continuous Media. 

The first version of this book (which included only classical statistical 
physics) appeared in 1938. The reader of today may be surprised to find 
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xiv Preface to the third Russian edition 

that the use of the general Gibbs method in statistical physics even in the 
1930s called for reasoning such as is given in the extracts (reproduced below) 
from the preface to that book. Perhaps it was just in the development of the 
exposition of general principles and numerous applications of statistical 
physics that Landau most showed his astonishing breadth of grasp of the 
whole subject, his astonishing ability to discern the most direct and effective 
way of deriving every result of the theory, whether major or minor. 

Lastly, on behalf of L. P. Pitaevskil and myself, may I sincerely thank 
I. E. Dzyaloshinskil, I. M. Lifshitz and V. L. Pokrovski! for many discussions 
of matters arising in the revision of this book. 


Moscow 
May 1975 


E. M. Lifshitz 



FROM THE PREFACES TO PREVIOUS 
RUSSIAN EDITIONS 


It is a fairly widespread delusion among physicists that statistical physics 
is the least well-founded branch of theoretical physics. Reference is generally 
made to the point that some of its conclusions are not subject to rigorous 
mathematical proof; and it is overlooked that every other branch of theo¬ 
retical physics contains just as many non-rigorous proofs, although 
these are not regarded as indicating an inadequate foundation for such 
branches. 

Yet the work of Gibbs transformed the statistical physics of Clausius, 
Maxwell and Boltzmann into a logically connected and orderly system. 
Gibbs provided a general method, which is applicable in principle to all 
problems that can be posed in statistical physics, but which unfortunately 
has not been adequately taken up. The fundamental inadequacy of the 
majority of existing books on statistical physics is precisely that their authors, 
instead of taking this general method as a basis, give it only incident¬ 
ally. 

Statistical physics and thermodynamics together form a unit. All the 
concepts and quantities of thermodynamics follow most naturally, simply 
and rigorously from the concepts of statistical physics. Although the 
general statements of thermodynamics can be formulated non-statistically, 
their application to specific cases always requires the use of statistical 
physics. 

We have tried in this book to give a systematic account of statistical 
physics and thermodynamics together, based on the Gibbs method. All 
specific problems are statistically analysed by general methods. In the proofs, 
our aim has been not mathematical rigour, which is not readily attainable 
in theoretical physics, but chiefly to emphasise the interrelation of different 
physical statements. 

In the discussion of the foundations of classical statistical physics, we 
consider from the start the statistical distribution for small parts (sub¬ 
systems) of systems, not for entire closed systems. This is in accordance with 
the fundamental problems and aims of physical statistics, and allows a com¬ 
plete avoidance of the problem of the ergodic and similar hypotheses, which 
in fact is not important as regards these aims. 

An ideal gas is regarded as a particular case from the standpoint of general 
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methods, and we have therefore not described the Boltzmann method as 
such. This method cannot be independently justified; in particular, the use 
of a priori probabilities is difficult to justify. The Boltzmann expression for 
the entropy of an ideal gas is derived from the general formulae of the Gibbs 
method. 


1937-9 


L. D. Landau 
E. M. Lifshitz 



NOTATION 


Operators are denoted by a circumflex. 

Mean values of quantities are denoted by a bar over the symbol or by angle 
brackets (see the footnote after (1.5)). 

Phase space 

p, q generalised momenta and coordinates 

d/7 d q = &Px dp 2 ... dp s dq x dq 2 . .. d q s volume element in phase space (with s 
degrees of freedom) 
dT = dp dqjilnKf 

J ... dT integral over all physically different states 

Thermodynamic quantities 

T temperature 

V volume 

P pressure 

E energy 

S entropy 

W = E+PV heat function 

F = E—TS free energy 

0 = E—TS+PV thermodynamic potential 

Q = —PV thermodynamic potential 

C/7, C v specific heats 

c p , c v molecular specific heats 

N number of particles 

p, chemical potential 

a surface-tension coefficient 

§ area of interface 

In all formulae the temperature is expressed in energy units; the method of con¬ 
verting to degrees is described in footnotes to §§ 9 and 42. 

References to other volumes in the Course of Theoretical Physics : 

Mechanics = Vol. 1 ( Mechanics , third English edition, 1976). 

Fields = Vol. 2 {The Classical Theory of Fields, fourth English edition, 1975) 
Quantum Mechanics = Vol. 3 {Quantum Mechanics, third English edition, 1977). 
RQT= Vol. 4 {Relativistic Quantum Theory, Part 1, English edition, 1971). 
Elasticity = Vol. 7 ( Theory of Elasticity, second English edition, 1970). 
Electrodynamics = Vol. 8 {Electrodynamics of Continuous Media, English 
edition, 1960). 

All are published by Pergamon Press. 
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CHAPTER I 


THE FUNDAMENTAL PRINCIPLES 
OF STATISTICAL PHYSICS 

§ 1. Statistical distributions 

Statistical physics , often called for brevity simply statistics , consists in the 
study of the special laws which govern the behaviour and properties of mac¬ 
roscopic bodies (that is, bodies formed of a very large number of individual 
particles, such as atoms and molecules). To a considerable extent the general 
character of these laws does not depend on the mechanics (classical or quan¬ 
tum) which describes the motion of the individual particles in a body, but 
their substantiation demands a different argument in the two cases. For con¬ 
venience of exposition we shall begin by assuming that classical mechanics is 
everywhere valid. 

In principle, we can obtain complete information concerning the motion of 
a mechanical system by constructing and integrating the equations of motion 
of the system, which are equal in number to its degrees of freedom. But if we 
are concerned with a system which, though it obeys the laws of classical me¬ 
chanics, has a very large number of degrees of freedom, the actual application 
of the methods of mechanics involves the necessity of setting up and solving 
the same number of differential equations, which in general is impracticable. 
It should be emphasised that, even if we could integrate these equations in a 
general form, it would be completely impossible to substitute in the general 
solution the initial conditions for the velocities and coordinates of all the par¬ 
ticles. * 

At first sight we might conclude from this that, as the number of particles 
increases, so also must the complexity and intricacy of the properties of the 
mechanical system, and that no trace of regularity can be found in the behav¬ 
iour of a macroscopic body. This is not so, however, and we shall see below 
that, when the number of particles is very large, new types of regularity ap¬ 
pear. 

These statistical laws resulting from the very presence of a large number of 
particles forming the body cannot in any way be reduced to purely mechani¬ 
cal laws. One of their distinctive features is that they cease to have meaning 
when applied to mechanical systems with a small number of degrees of 
2 1 



2 Fundamental Principles of Statistical Physics 

freedom. Thus, although the motion of systems with a very large number of 
degrees of freedom obeys the same laws of mechanics as that of systems con¬ 
sisting of a small number of particles, the existence of many degrees of free¬ 
dom results in laws of a different kind. 

The importance of statistical physics in many other branches of theoretical 
physics is due to the fact that in Nature we continually encounter macroscop¬ 
ic bodies whose behaviour can not be fully described by the methods of 
mechanics alone, for the reasons mentioned above, and which obey statistical 
laws. 

In proceeding to formulate the fundamental problem of classical statistics, 
we must first of all define the concept of phase space, which will be constantly 
used hereafter. 

Let a given macroscopic mechanical system have s degrees of freedom: 
that is, let the position of points of the system in space be described by s co¬ 
ordinates, which we denote by q { , the suffix i taking the values 1 , 2, ..., s. 
Then the state of the system at a given instant will be defined by the values at 
that instant of the s coordinates q t and the s corresponding velocities q { . In 
statistics it is customary to describe a system by its coordinates and momenta 
Pi, not velocities, since this affords a number of very important advantages. 
The various states of the system can be represented mathematically by points 
in phase space (which is, of course, a purely mathematical concept); the co¬ 
ordinates in phase space are the coordinates and momenta of the system con¬ 
sidered. Every system has its own phase space, with a number of dimensions 
equal to twice the number of degrees of freedom. Any point in phase space, 
corresponding to particular values of the coordinates q t and momenta p t of 
the system, represents a particular state of the system. The state of the system 
changes with time, and consequently the point in phase space representing 
this state (which we shall call simply the phase point of the system) moves 
along a curve called the phase trajectory. 

Let us now consider a macroscopic body or system of bodies, and assume 
that the system is closed, i.e. does not interact with any other bodies. A part 
of the system, which is very small compared with the whole system but still 
macroscopic, may be imagined to be separated from the rest; clearly, when 
the number of particles in the whole system is sufficiently large, the number 
in a small part of it may still be very large. Such relatively small but still 
macroscopic parts will be called subsystems. A subsystem is again a mechani¬ 
cal system, but not a closed one; on the contrary, it interacts in various 
ways with the other parts of the system. Because of the very large number of 
degrees of freedom of the other parts, these interactions will be very complex 
and intricate. Thus the state of the subsystem considered will vary with 
time in a very complex and intricate manner. 

An exact solution for the behaviour of the subsystem can be obtained only 
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by solving the mechanical problem for the entire closed system, i.e. by setting 
up and solving all the differential equations of motion with given initial con¬ 
ditions, which, as already mentioned, is an impracticable task. Fortunately, 
it is just this very complicated manner of variation of the state of subsystems 
which, though rendering the methods of mechanics inapplicable, allows a 
different approach to the solution of the problem. 

A fundamental feature of this approach is the fact that, because of the 
extreme complexity of the external interactions with the other parts of the 
system, during a sufficiently long tim e the subsystem considered will be many 
times in ev ery possible state . This may be more precisely formulated as 
follows. Let Ap Aq denote some small “volume” of the phase space of the 
subsystem, corresponding to coordinates q { and momenta p, lying in short 
intervals Aq, and Ap,. We can say that, in a sufficiently long time T, the 
extremely intricate phase trajectory passes many times through each such 
volume of phase space. Let At be the part of the total time T during which the 
subsystem was in the given volume of phase space ApAq? When the total 
time T increases indefinitely, the ratio At IT tends to some limit 

w = lim At/T. (1.1) 

T-+°o 


This quantity may clearly be regarded as the probability that, if the subsys¬ 
tem is observed at an arbitrary instant, it will be found in the given volume of 
phase space ApAq. 

On taking the limit of an infinitesimal phase volume^ 

d q dp = d qi dq 2 ... d q s d pi d p 2 ... d p„ (1.2) 

we can define the probability dw of states represented by points in this vol¬ 
ume element, i.e. the probability that the coordinates q, and momenta p, have 
values in given infinitesimal intervals between q,, p, and q, -f dq,, p, -f dp,. 
This probability dw may be written 

dw = Q(pu ..., p s , q x , ..., q s ) dp dq , (1.3) 

where q(p A , .p s , q lt ..., q s ) is a function of all the coordinates and 
momenta; we shall usually write for brevity q(p, q) or even q simply. The 
function q, which represents the “ density” of the probability distribution in 
phase space, is called the sta tistical d ist ribution function , or simply the 


t For brevity, we shall usually say, as is customary, that the system “is in the 
volume Ap Aq of.phase space”, meaning that the system is in states represented by 
phase points in that volume. 

$ In what follows we shall always use the conventional notation dp and dq to 
denote the products of the differentials of all the momenta and all the coordinates 
of the system respectively. 
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distribution function , for the body concerned. This function must obviously 
satisfy the normalisation condition 

je<ip d?=l (1.4) 

(the integral being taken over all phase space), which simply expresses the 
fact that the sum of the probabilities of all possible states must be unity. 

The following circumstance is extremely important in statistical physics. 
The statistical distribution of a given subsystem does not depend on the 
initial state of any other small part of the same system, since over a sufficient¬ 
ly long time the effect of this initial state will be entirely outweighed by the 
effect of the much larger remaining parts of the system. It is also independent 
of the initial state of th e particular smalljmrt co nsidered, since in time this 
part passes through all possible states, any of which can be taken as the 
initial state. Without having to solve the mechanical problem for a system 
(taking account of initial conditions), we can therefore find the statistical 
distribution for small parts of the system. 

The determination of the statistical distribution for any subsystem is in 
fact the fundamental problem of statistical physics. In speaking of “small 
parts” of a closed system, we must bear in mind that the macroscopic bodies 
with which we have to deal are usually themselves such “small parts” of a 
large closed system consisting of these bodies together with the external 
medium which surrounds them. 

If this problem is solved and the statistical distribution for a given subsys¬ 
tem is known, we can calculate the probabilities of various values of any 
physical quantities which depend on the states of the subsystem (i.e. on the 
values of its coordinates q and momenta p). We can also calculate the mean 
value of any such quantity f{p, q), which is obtained by multiplying each of 
its possible values by the corresponding probability and integrating over all 
states. Denoting the averaging by a bar, we can write 

/ = J f(P> 4 ) Q(P, 4 ) 4 P d q, (1.5) 

from which the mean values of various quantities can be calculated by using 
the statistical distribution function/ 

The averaging with respect to the distribution function (called statistical 
averaging ) frees us fr om the necessit y of followi ng t he va ri ation with time o f 
the actual value of the physical qu^tity^(/7, ^) jn qr^r to_determine its mean 
value. It Is'also oBvious that, by the definition (1.1) of the probability, the 
statistical averaging is exactly equivalent to a time averaging. The latter 

T In this book we shall denote averaging by a bar over the symbol or by angle 
brackets: / or (/), being influenced in this solely by convenience in writing the for¬ 
mulae. The second way is preferable for writing the mean values of lengthy ex¬ 
pressions. 
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would involve following the variation of the quantity with time, establishing 
the function/ = /(/), and determining the required mean value as 


/ = lim — I f(t)dt. 




The foregoing discussion shows that the deductions and predictions con¬ 
cerning the behaviour of macroscopic bodies which are made possible by 
statistical physics are probabilistic. In this respect statistical physics differs 
from (classical) mechanics, the deductions of which are entirely deterministic. 
It should be emphasised, however, that the probabilistic nature of the results 
of classical statistics is not an inherent property of the objects considered, 
but simply arises from the fact that these results are derived from much less 
information than would be necessary for a complete mechanical description 
(the initial values of the coordinates and momenta are not needed). 

In practice, however, when statistical physics is applied to macroscopic 
bodies, its probabilistic nature is not usually apparent. The reason is that, 
i f any ma croscopic b ody (i n external c o nditions indepe ndent: qfjjme) is 
observed over a sufficiently long period of time, it is found that all physical 
quantities describing the body are practically constant (and equal to their 
mean values) and undergo appreciable changes relatively very rarely; we 
mean, of course, macroscopic quantities describing the body as a whole or 
macroscopic parts of it, but not individual particles. 1- This result, which is 
fundamental to statistical physics, follows from very general considerations 
(to be discussed in § 2) and becomes more and more nearly valid as the body 
considered becomes more complex and larger. In terms of the statistical 
distribution, we can say that, if by means of the function g(p, q) we construct 
the probability distribution function for various values of the quantity 
f(p* #)> this function will have an extremely sharp maximum for / = /, and 
will be appreciably different from zero only in the immediate vicinity of this 
point. 

Thus, by enabling us to calculate the mean values of quantities describing 
macroscopic bodies, statistical physics enables us to make predictions which 
are valid to very high accuracy for by far the greater part of any time interval 
which is long enough for the effect of the initial state of the body to be entire¬ 
ly eliminated. In this sense the predictions of statistical physics become 

t We may give an example to illustrate the very high degree of accuracy with 
which this is true. If we consider a region in a gas which contains, say, only 1/100 
gram-molecule, we find that the mean relative variation of the energy of this quan¬ 
tity of matter from its mean value is only ~ 10“ u . The probability of finding 
(in a single observation) a relative deviation of the order of 10~ a , say, is given by a 
fantastically small number, ~ 10 -3x]t)1B . 
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practically determinate and not probabilistic. (For this reason, we shall hence¬ 
forward almost always omit the bar when using mean values of macroscopic 
quantities.) 

If a closed macroscopic system is in a state such that in any macroscopic 
subsystem the macroscopic physical quantities are to a high degree of 
accuracy equal to their mean values, the system is said to be in a state of 
statistical equilibrium (or thermodynamic or thermal equilibrium). It is seen 
from the foregoing that, if a closed macroscopic system is observed for a 
sufficiently long period of time, it will be in a state of statistical equilibrium 
for much the greater part of this period. If, at any initial instant, a closed 
macroscopic system was not in a state of statistical equilibrium (if, for ex¬ 
ample, it was artificially disturbed from such a state by means of an external 
interaction and then left to itself, becoming again a closed system), it will 
necessarily enter an equilibrium state. The time within which it will reach 
statistical equilibrium is called the relaxation time. In using the term “suffi¬ 
ciently long” intervals of time, we have meant essentially times long com¬ 
pared with the relaxation time. 

The theory of processes relating to the attainment of an equilibrium state 
is called kinetics. It is not part of statistical physics proper, which deals 
only with systems in statistical equilibrium. 


§ 2. Statistical independence 

The subsystems discussed in § 1 are not themselves closed systems; on the 
contrary, they are subject to the continuous interaction of the remaining 
parts of the system. But since these parts, which are small in comparison with 
the whole of the large system, are themselves macroscopic bodies also, we can 
still suppose that over not too long intervals of time they behave approxi¬ 
mately as closed systems. For the particles which mainly take'part in the 
interaction of a subsystem with the surrounding parts are those near the 
surface of the subsystem; the relative number of such particles, compared 
with the total number of particles in the subsystem, decreases rapidly when 
the size of the subsystem increases, and when the latter is sufficiently large 
the energy of its interaction with the surrounding parts will be small in com¬ 
parison with its internal energy. Thus we may say that the subsystems are 
quasi-closed. It should be emphasised once more that this property holds 
only over not too long intervals of time. Over a sufficiently long interval 
of time, the effect of interaction of subsystems, however weak, will ultimately 
appear. Moreover, it is just this relatively weak interaction which leads 
finally to the establishment of statistical equilibrium. 

The fact that different subsystems may be regarded as weakly interacting 
has the result that they may also be regarded as statistically independent. 
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By stat istical independence w e mean t hat the s tat e of o n e subsystem doe s not 
a ffect the probabilit ies of various states o f the other subsystems. 

Let us consider any two subsystems, and let dp (L) dq {1) and dp (2) d# (2) he 
volume elements in their phase spaces. If we regard the two subsystems 
together as one composite subsystem, then the statistical independence of the 
subsystems signifies mathematically that the probability of the composite 
subsystem’s being in its phase volume element dp (12) d# (12) = dp (1) d# (1) . 
dp (2) dq® y can bei written as the product of the probabilities for the two 
subsystems to be respectively in dp (1) d# (1) and dp (2) d^ (2) , each of these 
probabilities depending only on the coordinates and momenta of the sub¬ 
system concerned. Thus we can write 

ei 2 dp< 12 > d^ 12 > = gi dpW dqV - g 2 dpW dq< 2 \ 
or 

012 = 0102 , ( 2 . 1 ) 

where 012 is the statistical distribution of the composite subsystem, and 
gi, 02 the distribution functions of the separate subsystems. A similar relation 
is valid for a group of several subsystems. 1. 

The converse statement is clearly also true: if the probability distribution 
for a compound system is a product of factors, each of which depends only 
on quantities describing one part of the system, then the parts concerned 
are statistically independent, and each factor is proportional to the proba¬ 
bility of the state of the corresponding part. 

If /1 and f% are two physical quantities relating to two different subsystems, 
then from (2.1) and the definition (1.5) of mean values it follows immediately 
that the mean value of the product / 1/2 is equal to the product of the mean 
values of the quantities f x and f% separately: 

/1/2 = /l’/s- ( 2 . 2 ) 

Let us consider a quantity / relating to a macroscopic body or to a part 
of it. In the course of time this quantity varies, fluctuating about its mean 
value. We may define a quantity which represents the average range of this 
fluctuation. The mean value of the difference Af — f—f is not suitable for 
this purpose, since the quantity/ varies from its mean value in both directions, 
and the difference /—/, which is alternately positive and negative, has mean 
value zero regardless of how often / undergoes considerable deviations from 
its mean value. The required characteristic may conveniently be defined as 
the mean square of this difference. Since {Af) 2 is always positive, its mean 
value tends to zero only if {Af) 2 itself tends to zero; that is, the mean value 

t Provided, of course, that these subsystems together still form only a small part 
of the whole closed system. 
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is small only when the probability of considerable deviations of / from 
/ is small. The quantity <(Zl/) 2 > 1/2 is called the root-mean-square (r.m.s.) 
fluctuation of the quantity /. Multiplying out the square (/—/) 2 shows that 

((Am=p-<J) 2 > ( 2 - 3 ) 

i.e. the r.m.s. fluctuation is determined by the difference between the mean 
square of the quantity and the square of its mean. 

The ratio ((Aff) m lf is called ther relative fluctuation of the quantity/. The 
smaller this ratio is, the more negligible is the proportion of time during 
which the body is in states where the deviation of/ from its mean value is a 
considerable fraction of the mean value. 

We shall show that the relative fluctuations of physical quantities decrease 
rapidly when the size of the bodies (that is, the number of particles) to which 
they relate increases. To prove this, we first note that the majority of quan¬ 
tities of physical interest are additive. This property is a consequence of the 
fact that the various parts of a body are quasi-closed systems, and signifies 
that the value of such a quantity for the whole body is the sum of its values 
for the various (macroscopic) parts of the body. For example, since the 
internal energies of these parts are, as shown above, large compared with 
their interaction energies, it is sufficiently accurate to assume that the energy 
of the whole body is equal to the sum of the energies of its parts. 

Let / be such an additive quantity. We imagine the body concerned to 
be divided into a large number N of approximately equal small parts. Then 

N 

J= z/». 

/-I 

where the quantities f { relate to the individual parts of the body. 

It is clear that, as the size of the body increases,/increases approximately 
in proportion to N. Let us also determine the r.m.s. fluctuation of /. We have 

Because of the statistical independence of the different parts of the body, the 
mean values of the products AfAf k are 

Afrffk = WrWk=0 (i*k\ 
since each Afl = 0. Hence 

« 4 m = s (2.4) 

/-1 

It follows that, as N increases, the mean square ((Aff) also increases in pro¬ 
portion to N. The relative fluctuation is therefore inversely proportional 
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(2.5) 

/ V N 

On the other hand, if we consider a homogeneous body to be divided into 
parts of a given small size, it is clear that the number of parts will be propor¬ 
tional to the total number of particles (molecules) in the body. Hence the 
result can also be stated by saying that the relative fluctuation of any additive 
quantity / decreases inversely as the square root of the number of particles 
in a macroscopic body, and so, when the number of these is sufficiently large, 
the quantity/itself may be regarded as practically constant in time and equal 
to its mean value. This conclusion has already been used in§ 1. 

§ 3. Liouville’s theorem 

Let us now return to a further study of the properties of the statistical 
distribution function, and suppose that a subsystem is observed over a very 
long interval of time, which we divide into a very large (in the limit, infinite) 
number of equal short intervals between instants t u h, .... At each of 
these instants the subsystem considered is represented in its phase space by a 
point A i, A 2i .... The set of points thus obtained is distributed in phase 
space with a density which in the limit is everywhere proportional to the 
distribution function g(p, q ). This follows from the significance of the latter 
function as determining the probabilities of various states of the subsystem. 

Instead of considering points representing states of one subsystem at 
different instants t lt t 2 , ..., we may consider simultaneously, in a formal 
manner, a very large (in the limit, infinite) number of exactly identical 
subsystems, 1, which at some instant, say t = 0, are in states represented by 
the points A i, A 2 , ... . 

We now follow the subsequent movement of the phase points which rep¬ 
resent the states of these subsystems over a not too long interval of time, 
such that a quasi-closed subsystem may with sufficient accuracy be regarded 
as closed. The movement of the phase points will then obey the equations 
of motion, which involve the coordinates and momenta only of the particles 
in the subsystem. 

It is clear that at any instant t these points will be distributed in phase 
space according to the same distribution function g(p, q), in just the same 
way as at / = 0. In other words, as the phase points move about in the 
course of time, they remain distributed with a density which is constant at 
any given point and is proportional to the corresponding value of g. 

t Such an imaginary set of identical systems is usually called a statistical 
ensemble. 
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This movement of phase points may be formally regarded as a steady flow 
of a “gas” in phase space of 2s dimensions, and the familiar equation of 
continuity may be applied, which expresses the constancy of the total number 
of “particles” (in this case, phase points) in the gas. The ordinary equation 
of continuity is 

Sg/ch-fdiv (£>v) = 0, 

where q is the density and v the velocity of the gas. For steady flow, we have 
div (gv) = 0. 

For a space of 2s dimensions, this will become 


In the present case the “coordinates” x { are the coordinates q and momenta 
p, and the “velocities” v t = x t are the time derivatives q and p given by the 
equations of motion. Thus we have 




Expanding the derivatives gives 


£ r* , • 9 el , v 'm , Qpi r\ 
£ r w, +p, w\ +e £ Ls^ + e?;J~ 


(3.1) 


With the equations of motion in Hamilton’s form: 


qi= dH/dp ,, p{ = — dH/dqi, 

where H — H(p , q) is the Hamiltonian for the subsystem considered, we see 
that 

dqi/dqi = d 2 H/dqidpi = -dpi/dp,-. 

The second term in (3.1) is therefore identically zero. The first term is just 
the total time derivative of the distribution function. Thus 


de 

d t 




= 0 . 


(3.2) 


We therefore reach the important conclusion that the distribution function 
is constant along the phase trajectories of the subsystem. This is Liouville's 
theorem. Since quasi-closed subsystems are under dicussion, the result is 
valid only for not too long intervals of time, during which the subsystem 
behaves as if closed, to a sufficient approximation. 
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§ 4. The significance of energy 

It follows at once from Liouville’s theorem that the distribution function 
must be expressible entirely in terms of combinations of the variables p and 
q which remain constant when the subsystem moves as a closed subsystem. 
These combinations are the mechanical invariants ox integrals of the motion , 
which are the first integrals of the equations of motion. We may therefore 
say that the distribution function, being a function of the mechanical invar¬ 
iants, is itself an integral of the motion. 

It proves possible to restrict very considerably the number of integrals 
of the motion on which the distribution function can depend. To do this, we 
must take into account the fact that the distribution gi 2 for a combination 
of two subsystems is equal to the product of the distribution functions gi 
and p 2 of the two subsystems separately: qm — QiQ* Hence 

log g 12 = log g! + log q 2 , (4.1) 

so that the logarithm of the distribution function is an additive quantity. 
We therefore reach the conclusion that the logarithm of the distribution 
function must be not merely an integral of the motion, but an additive inte¬ 
gral of the motion. 

As we know from mechanics, there exist only seven independent additive 
integrals of the motion: the energy, the three components of the momentum 
vector and the three components of the angular momentum vector. We shall 
denote these quantities for the 0 th subsystem (as functions of the coordinates 
and momenta of the particles in it) by E a (p, q), P a (p, q), M a (p t q) respectively. 
The only additive combination of thes6 quantities is a linear combination 
of the form 


log Q a = a« +fE a (p, q) + y*P a (P> q ) + **M a (p, q) (4.2) 

with constant coefficients a a , /?, y, d, of which f, y, d must be the same 
for all subsystems in a given closed system. 

We shall return in Chapter III to a detailed study of the distribution (4.2); 
here we need note only the following points. The coefficient a a is just the 
normalisation constant, given by the condition J q a dp (a) d# (a) = 1. The con¬ 
stants /?, y, d, involving seven independent quantities altogether, may be 
determined from the seven constant values of the additive integrals of the 
motion for the whole closed system. Thus we reach a conclusion very im¬ 
portant in statistical physics. The values of the additive integrals of the mo¬ 
tion (energy, momentum and angular momentum) completely define the 
statistical properties of a closed system, i.e. the statistical distribution of any 
of its subsystems, and therefore the mean values of any physical quantities 
relating to them. These seven additive integrals of the motion replace the 
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unimaginable multiplicity of data (initial conditions) which would be 
required in the approach from mechanics. 

The above arguments enable us at once to set up a simple distribution 
function suitable for describing the statistical properties of a closed system. 
Since, as we have seen, the values of non-additive integrals of the motion do 
not affect these properties, the latter can be described by any function g 
which depends only on the values of the additive integrals of the motion for 
the system and which satisfies Liouville’s theorem. The simplest such function 
is g = constant for all points in phase space which correspond to given 
constant values of the energy ( E 0 ) t momentum (Po) and angular momentum 
(Mo) of the system (regardless of the values of the non-additive integrals) 
and g = 0 at all other points. It is clear that a function so defined will cer¬ 
tainly remain constant along a phase trajectory of the system, i.e. will satisfy 
Liouville’s theorem. 

This formulation, however, is not quite exact. The reason is that the 
points defined by the equations 

E(p, q) = E 0 , P(/>, q) = Po, M(/>, q) = M 0 (4.3) 

form a manifold of only 2s —7 dimensions, not 2s like the phase volume. 
Consequently, if the integral f g dp dq is to be different from zero, the func¬ 
tion g(p, q) must become infinite at these points. The correct way of writing 
the distribution function for a closed system is 

g = constant X d(E—Eo) S(P—Po) 5(M—M 0 ). (4.4) 

The presence of the delta functions t ensures that g is zero at all points in 
phase space where one or more of the quantities E, P, M is not equal to the 
given value Eo, Po or Mo. The integral of g over the whole of a phase volume 
which includes all or part of the above-mentioned manifold of points is 
finite. The distribution (4.4) is called microcanonical. t 

The momentum and angular momentum of a closed system depend on its 
motion as a whole (uniform translation and uniform rotation). We can 
therefore say that the statistical state of a system executing a given motion 
depends only on its energy. In consequence, energy is of exceptional impor¬ 
tance in statistical physics. 

t The definition and properties of the delta function are given, for example, in 
Quantum Mechanics, § 5. 

* It should be emphasised once more that this distribution is not the true sta¬ 
tistical distribution for a closed system. Regarding it as the true distribution is equiv¬ 
alent to asserting that, in the course of a sufficiently long time, the phase trajec¬ 
tory of a closed system passes arbitrarily close to every point of the manifold defined 
by equations (4.3). But this assertion (called the ergodic hypothesis ) is certainly not 
true in general. 
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In order to exclude the momentum and angular momentum from the sub¬ 
sequent discussion we may use the following device. We imagine the system 
to be enclosed in a rigid “box” and take coordinates such that the “box” is 
at rest. Under these conditions the momentum and angular momentum are 
not integrals of the motion, and the only remaining additive integral of the 
motion is the energy. The presence of the “box”, on the other hand, clearly 
does not affect the statistical properties of small parts of the system (subsys¬ 
tems). Thus for the logarithms of the distribution functions of the subsystems, 
instead of (4.2), we have the still simpler expressions 

log Q a = 7, a +fE a (p, q). (4.5) 

The microcanonical distribution for the whole system is 

q = constantX d(E—E 0 ). (4.6) 

So far we have assumed that the closed system as a whole is in statistical 
equilibrium; that is, we have considered it over times long compared with its 
relaxation time. In practice, however, it is usually necessary to discuss a 
system over times comparable with or even short relative to the relaxation 
time. For large systems this can be done, owing to the existence of what are 
called partial (or incomplete) equilibria as well as the complete statistical 
equilibrium of the entire closed system. Such equilibria occur because the 
relaxation time increases with the size of the system, and so the separate 
small parts of the system attain the equilibrium state considerably more 
quickly than equilibrium is established between these small parts. This 
means that each small part of the system is described by a distribution func¬ 
tion of the form (4.2), with the parameters /?, y, 3 of the distribution having 
different values for different parts. In such a case the system is said to be in 
partial equilibrium. In the course of time, the partial equilibrium gradually 
becomes complete, and the parameters /?, y, 3 for each small part slowly 
vary and finally become equal throughout the closed system. 

Another kind of partial equilibrium is also of frequent occurrence, namely 
that resulting from a difference in the rates of the various processes occurring 
in the system, not from a considerable difference in relaxation time between 
the system and its small parts. One obvious example is the partial equilibrium 
in a mixture of several substances involved in a chemical reaction. Owing to 
the comparative slowness of chemical reactions, equilibrium as regards the 
motion of the molecules will be reached, in general, considerably more rapid¬ 
ly than equilibrium as regards reactions of molecules, i.e. as regards the com¬ 
position of the mixture. This enables us to regard the partial equilibria of the 
mixture as equilibria at a given (actually non-equilibrium) chemical com¬ 
position. 
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The existence of partial equilibria leads to the concept of macroscopic 
states of a system. Whereas a mechanical microscopic description of the system 
specifies the coordinates and momenta of every particle in the system, a 
macroscopic description is one which specifies the mean values of the physi¬ 
cal quantities determining a particular partial equilibrium, for instance the 
mean values of quantities describing separate sufficiently small but macroscop¬ 
ic parts of the system, each of which may be regarded as being in a separate 
equilibrium. ' 


§ 5. The statistical matrix 

Turning now to the distinctive features of quantum statistics, we may note 
first of all that the purely mechanical approach to the problem of determin¬ 
ing the behaviour of a macroscopic body in quantum mechanics is of course 
just as hopeless as in classical mechanics. Such an approach would require 
the solution of Schrodinger’s equation for a system consisting of all the par¬ 
ticles in the body, a problem still more hopeless, one might even say, than the 
integration of the classical equations of motion. But even if it were possible 
in some particular case to find a general solution of Schrodinger’s equation, 
it would be utterly impossible to select and write down the particular solution 
satisfying the precise conditions of the problem and specified by particular 
values of an enormous number of different quantum numbers. Moreover, we 
shall see below that for a macroscopic body the concept of stationary states 
itself becomes to some extent arbitrary, a fact of fundamental significance. 

Let us first elucidate some purely quantum-mechanical features of macro¬ 
scopic bodies as compared with systems consisting of a relatively small 
number of particles. 

These features amount to an extremely high density of levels in the energy 
eigenvalue spectrum of a macroscopic body. The reason for this is easily seen 
if we note that, because of the very large number of particles in the body, a 
given quantity of energy can, roughly speaking, be “distributed” in innumer¬ 
able ways among the various particles. The relation between this fact and the 
high density of levels becomes particularly clear if we take as an example a 
macroscopic body consisting of a “gas” of N particles which do not interact 
at all, enclosed in some volume. The energy levels of such a system are just 
the sums of the energies of the individual particles, and the energy of each 
particle can range over an infinite series of discrete values. 1- It is clear that, on 
choosing in all possible ways the values of the N terms in this sum, we shall 

t The separations between successive energy levels of a single particle are inverse¬ 
ly proportional to the square of the linear dimensions L of the volume enclosing 
it ( ~ fi 2 /mL 2 , where m is the mass of the particle and ft the quantum constant). 



§5 


The Statistical Matrix 


15 


obtain a very large number of possible values of the energy of the system in 
any appreciable finite part of the spectrum, and these values will therefore lie 
very close together. 

It may be shown (see (7.18)) that the number of levels in a given finite 
range of the energy spectrum of a macroscopic body increases exponentially 
with the number of particles in the body, and the separations between levels 
are given by numbers of the form 10 -JV (where N is a number of the order of 
the number of particles in the body), whatever the units, since a change in 
the unit of energy has no effect on such a fantastically small number. 1 " 

In consequence of the extremely high density of levels, a macroscopic body 
in practice can never be in a strictly stationary state. First of all, it is clear 
that the value of the energy of the system will always be “broadened” by 
an amount of the order of the energy of interaction between the system and 
the surrounding bodies. The latter is very large in comparison with the sepa¬ 
rations between levels, not only for quasi-closed subsystems but also for 
systems which from any other aspect could be regarded as strictly closed. In 
Nature, of course, there are no completely closed systems, whose interaction 
with any other body is exactly zero; and whatever interaction does exist, 
even if it is so small that it does not affect other properties of the system, will 
still be very large in comparison with the infinitesimal intervals in the energy 
spectrum. 

In addition to this, there is another fundamental reason why a macroscopic 
body in practice cannot be in a stationary state. It is known from quantum 
mechanics that the state of a system described by a wave function is the 
result of some process of interaction of the system with another system 
which obeys classical mechanics to a sufficient approximation. In this re¬ 
spect the occurrence of a stationary state implies particular properties of 
the system. Here we must distinguish between the energy E of the system 
before the interaction and the energy E' of the state which results from the 
interaction. The uncertainties AE and AE' in the quantities E and E' are 
related to the duration At of the interaction process by the formula 

\AE'-AE\ ~ fi/At; 

see Quantum Mechanics , § 44. The two errors AE and AE' are in general of 
the same order of magnitude, and analysis shows that we cannot make 

t It should be mentioned that this discussion is inapplicable to the initial part 
of the energy spectrum; the separations between the first few energy levels of a 
macroscopic body may even be independent of the size of the body. This point, 
however, does not affect the subsequent conclusions: when referred to a single 
particle, the separations between the first few levels for a macroscopic body are 
negligibly small, and the high density of levels mentioned in the text is reached 
for very small values of the energy relative to a single particle. 

3 
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AE' <s; AE. We can therefore say that AE' ~ hi At. In order that the state 
may be regarded as stationary, the uncertainty AE' must certainly be small 
in comparison with the separations between adjoining levels. Since the latter 
are extremely small, we see that, in order to bring the macroscopic body into 
a particular stationary state, an extremely long time At ~ h/AE' would be 
necessary. In other words, we again conclude that strictly stationary states 
of a macroscopic body cannot exist. 

To describe the state of a macroscopic body by a wave function at all is 
impracticable, since the available data concerning the state of such a body are 
far short of the complete set of data necessary to establish its wave function. 
Here the position is somewhat similar to that which occurs in classical statis¬ 
tics, where the impossibility of taking account of the initial conditions for 
every particle in a body makes impossible an exact mechanical description of 
its behaviour; the analogy is imperfect, however, since the impossibility of a 
complete quantum-mechanical description and the lack of a wave function 
describing a macroscopic body may, as we have seen, possess a much more 
profound significance. 

The quantum-mechanical description based on an incomplete set of data 
concerning the system is effected by means of what is called a density matrix ; 
see Quantum Mechanics , § 14. A knowledge of this matrix enables us to 
calculate the mean value of any quantity describing the system, and also the 
probabilities of various values of such quantities. The incompleteness of the 
description lies in the fact that the results of various kinds of measurement 
which can be predicted with a certain probability from a knowledge of the 
density matrix might be predictable with greater or even complete certainty 
from a complete set of data for the system, from which its wave function 
could be derived. 

We shall not pause to write out here the formulae of quantum mechanics 
relating to the density matrix in the coordinate representation, since this 
representation is seldom used in statistical physics, but we shall show how the 
density matrix may be obtained directly in the energy representation, which is 
necessary for statistical applications. 

Let us consider some subsystem, and define its “stationary states” as the 
states obtained when all interactions of the subsystem with the surrounding 
parts of a closed system are entirely neglected. Let ip n (q) be the normalised 
wave functions of these states (without the time factor), q conventionally 
denoting the set of all coordinates of the subsystem, and the suffix n the set 
of all quantum numbers which distinguish the various stationary states; the 
energies of these states will be denoted by E n . 

Let us assume that at some instant the subsystem is in a completely de¬ 
scribed state with wave function ip. The latter may be expanded in terms 
of the functions ip n (q\ which form a complete set; we write the ex- 
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pansion as 

V = Z C n^n • (5.1) 

n 

The mean value of any quantity / in this state can be calculated from the 
coefficients c n by means of the formula 

(5.2) 

where 

fnm = f yS/Vm (5-3) 

are the matrix elements of the quantity/(/ being the corresponding operator). 

The change from the complete to the incomplete quantum-mechanical 
description of the subsystem may be regarded as a kind of averaging over its 
various rp states. In this averaging, the products c*c m give a double set (two 
suffixes) of quantities, which we denote by w mn and which cannot be ex¬ 
pressed as products of any quantities forming a single set. The mean value 
of/is now given by 

/=ZZ W mnfnm- (5.4) 

The set of quantities w mn (which in general are functions of time) is the 
density matrix in the energy representation; in statistical physics it is called 
the statistical matrix . f 

If we regard the as the matrix elements of some statistical operator 
w, then the sum £ will be a diagonal matrix element of the operator 

n 

product wf, and the mean value / becomes the trace (sum of diagonal 
elements) of this operator: 

/= £(»/)„,,= tr(vi/). (5.5) 

This formula has the advantage of enabling us to calculate with any com¬ 
plete set of orthonormal wave functions: the trace of an operator is independ¬ 
ent of the particular set of functions with respect to which the matrix ele¬ 
ments are defined; see Quantum Mechanics, § 12. 

t The energy representation is mentioned here, as being the one generally used 
in statistical physics. We have not so far, however, made direct use of the fact that 
the ip n are wave functions of stationary states. It is therefore clear that the same 
method could be used to define the density matrix with respect to any complete 
set of wave functions. 

The usual coordinate density matrix g(q, q') (see Quantum Mechanics , § 14) is 
expressed in terms of the matrix w mn by 

e(<7. <?') = Z WmnVnW) 
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The other expressions of quantum mechanics which involve the quantities 
c n are similarly modified, the products c*c m being everywhere replaced by 
the “averaged values” w mn : 


c'rfim — Wmn . 

For example, the probability that the subsystem is in the nth state is equal 
to the corresponding diagonal element w m of the density matrix (instead of 
the squared modulus c*c n ). It is evident that these elements, which we shall 
denote by w n , are always positive: 

w„ = w„„ > 0, (5.6) 

and satisfy the normalisation condition 


trtf=2>„=l (5 .7) 

n 

^corresponding to the condition £ |cj 2 = lj. 

It must be emphasised that the averaging over various ip states, which we 
have used in order to illustrate the transition from a complete to an incom¬ 
plete quantum-mechanical description, has only a very formal significance. 
In particular, it would be quite incorrect to suppose that the description by 
means of the density matrix signifies that the subsystem can be in various ip 
states with various probabilities and that the averaging is over these proba¬ 
bilities. Such a treatment would be in conflict with the basic principles of 
quantum mechanics. 

The states of a quantum-mechanical system that are described by wave 
functions are sometimes called pure states , as distrinct from mixed states, 
which are described by a density matrix. Care should, however, be taken not 
to misunderstand the latter term in the way indicated above. 

The averaging by means of the statistical matrix according to (5.4) has a 
twofold nature. It comprises both the averaging due to the probabilistic 
nature of the quantum description (even when as complete as possible) and 
the statistical averaging necessitated by the incompleteness of our informa¬ 
tion concerning the object considered. For a pure state only the first averag¬ 
ing remains, but in statistical cases both types of averaging are always pres¬ 
ent. It must be borne in mind, however, that these constituents cannot be 
separated; the whole averaging procedure is carried out as a single operation, 
and cannot be represented as the result of successive averagings, one purely 
quantum-mechanical and the other purely statistical. 

The statistical matrix in quantum statistics takes the place of the distribu¬ 
tion function in classical statistics. The whole of the discussion in the previ¬ 
ous sections concerning classical statistics and the, in practice, deterministic 
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nature of its predictions applies entirely to quantum statistics also. The proof 
given in § 2 that the relative fluctuations of additive physical quantities tend 
to zero as the number of particles increases made no use of any specific prop¬ 
erties of classical mechanics, and so remains entirely valid in the quantum 
case. We can therefore again assert that macroscopic quantities remain prac¬ 
tically equal to their mean values. 

In classical statistics the distribution function q ) gives directly the 

probability distribution of the various values of the coordinates and mo¬ 
menta of the particles of the body. In quantum statistics this is no longer 
true; the quantities w n give only the probabilities of finding the body in a 
particular quantum state, with no direct indication of the values of the co¬ 
ordinates and momenta of the particles. 

From the very nature of quantum mechanics, the statistics based on it can 
deal only with the determination of the probability distribution for the co¬ 
ordinates and momenta separately, not together, since the coordinates and 
momenta of a particle cannot simultaneously have definite values. The re¬ 
quired probability distributions must reflect both the statistical uncertainty 
and the uncertainty inherent in the quantum-mechanical description. To find 
these distributions, we repeat the arguments given above. We first assume 
that the body is in a pure quantum state with the wave function (5.1). The 
probability distribution for the coordinates is given by the squared modulus 

Ivl* = 'L'L&mfZVm, 

n m 

so that the probability that the coordinates have values in a given interval 
d q = dq 1 dq 2 ... d q s is dw q = \y\ 2 d q. For a mixed state, the products c*c m 
are replaced by the elements w mn of the statistical matrix, and \ip\ 2 thus 
becomes 

E E W,„nip%Pm • 


By the definition of the matrix elements, 

E WmnVm - Wy)„, 

m 

and so 

E E WmntfWm = £ WnWy)„ • 

n m n 

Thus we have the following formula for the coordinate probability distri¬ 
bution : 

& w <i = ZvO^vd?. (5.8) 

In this expression the functions tp n may be any complete set of normalised 
wave functions. 
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Let us next determine the momentum probability distribution. The quan¬ 
tum states in which all the momenta have definite values correspond to free 
motion of all the particles. We denote the wave functions of these states by 
ip p (g ), the suffix p conventionally representing the set of values of all the mo¬ 
menta. As we know, the diagonal elements of the density matrix are the prob¬ 
abilities that the system is in the corresponding quantum states. Hence, 
having determined the density matrix with respect to the set of functions ip p , 
we obtain the required momentum probability distribution from the for- 
mula f 

dw p = w pp dp = dp-j fpWfp dq, (5.9) 

where dp = dp x dp 2 ... d p s . 

It is interesting that both distributions (coordinate and momentum) can 
be obtained by integrating the same function 

i{q,p) = wXq)^ P {q\ (5.10) 

Integration of this expression with respect to q gives the momentum distri¬ 
bution (5.9). Integration with respect to p gives 

dw q = dqf y)*(q) wip p (q) dp, (5.11) 

in agreement with the general definition (5.8). Note also that the function 
(5.10) can be expressed in terms of the coordinate density matrix g(q, <f) by 

Kv*p) = v%g) $ Q(q,q')v>p(.q')dq'- (5.12) 

It must be emphasised, however, that this does not at all imply that the 
function I{q, p) may be regarded as a probability distribution for coordi¬ 
nates and momenta simultaneously; the expression (5.10) is in any case com¬ 
plex, quite apart from the fact that such a treatment would altogether 
contradict the fundamental principles of quantum mechanics.* 

* The functions ip p (g) are plane waves in the configuration space of the system; 
they are assumed normalised by the delta function of all the momenta. 

* Since I(q, p) has no direct physical significance, the definition of the function 
with the properties stated is of course not unique. For example, the q and p 
distributions can be obtained by the same method from the function 

AvO?. p) = j q(q+-& v£(<?+i£) %(q~i£) ( 5 - 10a ) 

where | denotes the set of auxiliary variables ..., and d| = d| x ... d| s 
(E. P. Wigner, 1932): since 

J if!) — !~£) dp = = <5(£), 

the integral J I w dp — q(q, q). The integral J I w dq, after the change of variables 
-*• q, q— -* q', is the same as J 7 dq. Unlike I(q, p), I^q, p) is real (as can 
be easily seen by using the fact that the matrix q(q, q') is Hermitian), but in general 
it is not everywhere positive. 
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§ 6. Statistical distributions in quantum statistics 

In quantum mechanics a theorem can be proved which is analogous to 
Liouville’s theorem derived in § 3 on the basis of classical mechanics. 

To do this, we first derive a general equation of quantum mechanics which 
gives the time derivative of the statistical matrix of any (closed) system. 1. 
Following the method used in § 5, we first assume that the system is in a pure 
state with a wave function represented in the form of a series (5.1). Since the 
system is closed, its wave function will have the same form at all subsequent 
instants, but the coefficients c n will depend on the time, being proportional to 
factors e~ iE * tm . We therefore have 

The change to the statistical matrix in the general case of mixed states is now 
effected by replacing the products c*c m by n> m „, and this gives the required 
equation: 

Wmn = (lift) (E„ -E m )w mn . (6.1) 

This equation can be written in a general operator form by noticing that 
(E n —E m )w„,„ = ^(w m iHi„—H m iWi„), 

where H mn are the matrix elements of the Hamiltonian A of the system; this 
matrix is diagonal in the energy representation, which we are using. Hence 

(ijh) {wft—ftw). (6.2) 

It should be pointed out that this expression differs in sign from the usual 
quantum-mechanical expression for the operator of the time derivative of a 
quantity. 

We see that, if the time derivative of the statistical matrix is zero, the oper¬ 
ator w must commute with the Hamiltonian of the system. This result is the 
quantum analogue of Liouville’s theorem: in classical mechanics the require¬ 
ment of a stationary distribution function has the result that w is an integral 
of the motion, while the commutability of the operator of a quantity with the 
Hamiltonian is just the condition, in quantum mechanics, that that quantity 
is conserved. 

In the energy representation used here, the condition is particularly simple: 
(6.1) shows that the matrix w mn must be diagonal, again in accordance with 

t In § 5 the density matrix of a subsystem was discussed, having regard to its 
fundamental applications in statistical physics, but a density matrix can of course 
also be used to describe a closed system in a mixed state. 
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the usual matrix condition that a quantity is conserved in quantum mechan¬ 
ics, namely that the matrix of such a quantity can be brought to diagonal 
form simultaneously with the Hamiltonian. 

As in § 3, we can now apply the results obtained to quasi-closed subsystems, 
for intervals of time during which they behave to a sufficient approximation 
as closed systems. Since the statistical distributions (or in this case the statis¬ 
tical matrices) of subsystems must be stationary, by the definition of statis¬ 
tical equilibrium, we first of all conclude that the matrices are diagonal 
for all subsystems^ The problem of determining the statistical distribution 
therefore amounts to a calculation of the probabilities w n = w m , which 
represent the “distribution function” in quantum statistics. Formula (5.4) 
for the mean value of any quantity /becomes simply 

7=2>X„ (6.3) 


and contains only the diagonal matrix elements f m . 

Next, using the facts that w must be a quantum-mechanical integral of 
the motion and that the subsystems are quasi-independent, we find in a 
similar way to the derivation of (4.5) that the logarithm of the distri¬ 
bution function for subsystems must be of the form 

logH^ = a«+0£W, (6.4) 

where the index a corresponds to the various subsystems. Thus the probabil¬ 
ities w n can be expressed as a function of the energy level alone: w n = w(E n ). 

Finally, the discussion in § 4 concerning the significance of additive inte¬ 
grals of the motion, and in particular the energy, as determining all the statis¬ 
tical properties of a closed system, remains entirely valid. This again enables 
us to set up for a closed system a simple distribution function suitable for 
describing its statistical properties though (as in the classical case) certainly 
not the true distribution function. 

To formulate mathematically this “quantum microcanonical distribution” 
we must use the following device. The energy spectra of macroscopic bodies 
being “almost continuous”, we make use of the concept of the number of 
quantum states of a closed system which “belong” to a particular infinitesi¬ 
mal range of values of its energy.* We denote this number by dT; it plays a 

t Since this statement involves neglecting the interactions between subsystems, 
it is more precise to say that the non-diagonal elements ^ tend to zero as the 
relative importance of these interactions decreases, and therefore as the number 
of particles in the subsystems increases. 

* It will be remembered that in § 4 we agreed to ignore entirely the momentum 
and angular momentum of the system as a whole, for which purpose it is sufficient 
to consider a system enclosed in a rigid “box” with coordinates such that the box 
is at rest. 
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part analogous to that of the phase volume element dp d q in the classical 
case. 

If we regard a closed system as consisting of subsystems, and neglect the 
interaction of the latter, every state of the whole system can be described by 
specifying the states of the individual subsystems, and the number dT is a 
product 

dr = n<ir a (6.5) 

a 

of the numbers dT a of the quantum states of the subsystems (such that the 
sum of the energies of the subsystems lies in the specified interval of energy 
of the whole system). 

We can now formulate the microcanonical distribution analogously to the 
classical expression (4.6), writing 

dw = constant X d(E—E 0 ) (6.6) 

a 

for the probability dw of finding the system in any of the df states. 


§ 7. Entropy 


Let us consider a closed system for a period of time long compared with 
its relaxation time; this implies that the system is in complete statistical 
equilibrium. 

The following discussion will be given first of all for quantum statistics. 
Let us divide the system into a large number of macroscopic parts (sub¬ 
systems) and consider any one of them. Let w n be the distribution function 
for this subsystem; to simplify the formulae we shall at present omit from w n 
(and other quantities) the suffix indicating the subsystem. By means of the 
function w n we can, in particular, calculate the probability distribution of 
the various values of the energy E of the subsystem. We have seen that w„ 
may be written as a function of the energy alone, w„ = w(E n ). In order to 
obtain the probability W(E)dE that the subsystem has an energy between 
E and E+dE, we must multiply w(E) by the number of quantum states with 
energies in this interval; here we use the same idea of a “broadened” energy 
spectrum as was mentioned at the end of § 6. Let r(E ) denote the number of 
quantum states with energies less than or equal to E. Then the required 
number of states with energy between E and E+dE can be written 


d r(E) 

dE 


dE, 


and the energy probability distribution is 


W{E) = 


dT( E) 
dE 


w(E). 


(7.1) 
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The normalisation condition 


JW(E)dE = 1 

signifies geometrically that the area under the curve W = W(E) is unity. 

In accordance with the general statements in § 1, the function W(E) has a 
very sharp maximum at E = E, being appreciably different from zero only 
in the immediate neighbourhood of this point. We may define the “width” 
AE of the curve W = W(E) as the width of a rectangle whose height is equal 
to the value of the function W(E) at the maximum and whose area is unity: 

W(E)AE= 1. (7.2) 


Using the expression (7.1), we can write this definition as 


where 


w{E)Ar = 1 , 


Ar = 


dT(E) 

dE 


AE 


(7.3) 

(7.4) 


is the number of quantum states corresponding to the interval AE of energy. 
The quantity Ar thus defined may be said to represent the “degree of broad¬ 
ening” of the macroscopic state of the subsystem with respect to its micro¬ 
scopic states. The interval AE is equal in order of magnitude to the mean 
fluctuation of energy of the subsystem. 

These definitions can be immediately applied to classical statistics, except 
that the function w(E) must be replaced by the classical distribution function 
q, and Ar by the volume of the part of phase space defined by the formula 

Q (E)ApAq= 1. (7.5) 

The phase volume Ap Aq , like Ar , represents the size of the region of phase 
space in which the subsystem will almost always be found. 

It is not difficult to establish the relation between Ar in quantum theory 
and Ap Aq in the limit of classical theory. In the quasi-classical case, a 
correspondence can be set up between the volume of a region of phase 
space and the “corresponding” number of quantum states (see Quantum 
Mechanics , § 48): we can say that a “cell” of volume (2jihf (where s is the 
number of degrees of freedom of the system) “corresponds” in phase space 
to each quantum state. It is therefore clear that in the quasi-classical case 
the number of states Ar may be written 

Ar = Ap Aq I (27th) s , (7.6) 

where s is the number of degrees of freedom of the subsystem considered. 
This formula gives the required relation between Ar and Ap Aq. 
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The quantity AF is called the statistical weight of the macroscopic state of 
the subsystem, and its logarithm 

S= log <dT (7.7) 


is called the entropy of the subsystem. In the case of classical statistics the 


corresponding expression is 


S= log 


ApAq 


(7.8) 


The entropy thus defined is dimensionless, like the statistical weight itself. 
Since the number of states AT is not less than unity, the entropy cannot be 
negative. The concept of entropy is one of the most important in statistical 
physics. 

It is apposite to mention that, if we adhere strictly to the standpoint of 
classical statistics, the concept of the “number of microscopic states” cannot 
be defined at all, and we should have to define the statistical weight simply as 
ApAq. But this quantity, like any volume in phase space, has the dimensions 
of the product of s momenta and s coordinates, i.e. the .yth power of action 
((erg* sec)*). The entropy, defined as log ApAq, would then have the peculiar 
dimensions of the logarithm of action. This means that the entropy would 
change by an additive constant when the unit of action changed: if the unit 
were changed by a factor a, ApAq would become c? ApAq, and log ApAq 
would become log ApAq -fj log a. In purely classical statistics, therefore, the 
entropy is defined only to within an additive constant which depends on the 
choice of units, and only differences of entropy, i.e. changes of entropy in a 
given process, are definite quantities independent of the choice of units. 

This accounts for the appearance of the quantum constant h in the defi¬ 
nition (7.8) of the entropy for classical statistics. Only the concept of the 
number of discrete quantum states, which necessarily involves a non-zero 
quantum constant, enables us to define a dimensionless statistical weight and 
so to give an unambiguous definition of the entropy. 

We may write the definition of the entropy in another form, expressing 
it directly in terms of the distribution function. According to (6.4), the loga¬ 
rithm of the distribution function of a subsystem has the form 
log w(E n ) = k+PE„. 

Since this expression is linear in E n , the quantity 
log w(E) = a +0E 

can be written as the mean value (log w(E n )). The entropy S = log AT = 
= — log w(E) (from (7.3)) can therefore be written 

S = — (log w(E„)), 


(7.9) 
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i.e. the entropy can be defined as minus the mean logarithm of the distribu¬ 
tion function of the subsystem. From the significance of the mean value, 

S = — £ w„ log w„ ; (7.10) 

n 

this expression can be written in a general operator form independent of the 
choice of the set of wave functions with respect to which the statistical 
matrix elements are defined 

S = — tr (wlog w). (7.11) 

Similarly, in classical statistics, the definition of the entropy can be written 

s = -(log [{2nhy e]> 

= — J j log [(iiihy g] dp iq. (7.12) 

Let us now return to the closed system as a whole, and let AF u Ar 2 , ... 
be the statistical weights of its various subsystems. If each of the subsystems 
can be in one of Ar a quantum states, this gives 

AT = Y[AT m (7.13) 

a 

as the number of different states of the whole system. This is called the statis¬ 
tical weight of the closed system, and its logarithm is the entropy S of the 
system. Clearly 

S=IS a , (7.14) 

a 

i.e. the entropy thus defined is additive: the entropy of a composite system is 
equal to the sum of the entropies of its parts. 

For a clear understanding of the way in which entropy is defined, it is 
important to bear in mind the following point. The entropy of a closed sys¬ 
tem (whose total energy we denote by E 0 ) in complete statistical equilibrium 
can also be defined directly, without dividing the system into subsystems. 
To do this, we imagine that the system considered is actually only a small 
part of a fictitious very large system (called in this connection a thermostat or 
heat bath). The thermostat is assumed to be in complete equilibrium, in such a 
way that the mean energy of the system considered (which is now a non- 
closed subsystem of the thermostat) is equal to its actual energy ifo. Then we 
can formally assign to the system a distribution function of the same form as 
for any subsystem of it, and by means of this distribution determine its statis- 

t In accordance with the general rules, the operator log must be understood 
as an operator whose eigenvalues are equal to the logarithms of the eigenvalues of 
the operator w, and whose eigenfunctions are the same as those of >T\ 
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tical weight Ar, and therefore the entropy, directly from the same formulae 
(7.3)-(7.12) as were used for subsystems. It is clear that the presence of the 
thermostat has no effect on the statistical properties of individual small parts 
(subsystems) of the system considered, which in any case are not closed and 
are in equilibrium with the remaining parts of the system. The presence of 
the thermostat therefore does not alter the statistical weights Ar a of these 
parts, and the statistical weight defined in the way just described will be the 
same as that previously defined as the product (7.13). 

So far we have assumed that the closed system is in complete statistical 
equilibrium. We must now generalise the above definitions to systems in 
arbitrary macroscopic states (partial equilibria). 

Let us suppose that the system is in some state of partial equilibrium, and 
consider it over time intervals At which are small compared with the relaxa¬ 
tion time for complete equilibrium. Then the entropy must be defined as 
follows. We imagine the system divided into parts so small that their re¬ 
spective relaxation times are small compared with the intervals ^/(remember¬ 
ing that the relaxation times in general decrease with decreasing size of the 
system). During the time At such parts may be regarded as being in their own 
particular equilibrium states, described by certain distribution functions. 
We can therefore apply to them the previous definition of the statistical 
weights Ar a , and so calculate their entropies S a . The statistical weight AF of 
the whole system is then defined as the product (7.13), and the corresponding 
entropy S as the sum of the entropies S a . 

It should be emphasised, however, that the entropy of a non-equilibrium 
system, defined in this way as the sum of the entropies of its parts (satis¬ 
fying the above condition), cannot now be calculated by means of the ther¬ 
mostat concept without dividing the system into parts. At the same time this 
definition is unambiguous in the sense that further division of the subsystems 
into even smaller parts does not alter the value of the entropy, since each 
subsystem is already in “complete” internal equilibrium. 

In particular, attention should be drawn to the significance of time in the 
definition of entropy. The entropy is a quantity which describes the average 
properties of a body over some non-zero interval of time At. If At is given, to 
determine S we must imagine the body divided into parts so small that their 
relaxation times are small in comparison withzl/. Since these parts must also 
themselves be macroscopic, it is clear that when the intervals At are too short 
the concept of entropy becomes meaningless; in particular, we cannot speak 
of its instantaneous value. 

Having thus given a complete definition of the entropy, let us now ascer¬ 
tain the most important properties and the fundamental physical significance 
of this quantity. To do so, we must make use of the microcanonical distribu¬ 
tion, according to which a distribution function of the form (6.6) may be used 
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to describe the statistical properties of a closed system: 

dw = constant X <§(£'—.Eo) * n 

a 

Here 6T a may be taken as the differential of the function r a (E a ), which rep¬ 
resents the number of quantum states of a subsystem with energies less than 
or equal to E a . We can write dw as 

dw = constantX^-^o)* (7.15) 

a 

The statistical weight Ar a , by definition, is a function of the mean energy 
E a of the subsystem; the same applies to S a = S a (E a ). Let us now formally re¬ 
gard AT a and S a as functions of the actual energy E a (the same functions as 
they really are of E a ). Then we can replace the derivatives dT a (EJfdE a in 
(7.15) by the ratios ATJAE #, where AF a is a function of E a in this sense, and 
AE a the interval of energy corresponding to Ar a (also a function of E a ). Fi¬ 
nally, replacing Ar a by we obtain 

dw = constant X d(E—Eo)e s ]"J dE a /AE a , (7.16) 

a 

where 

S = -£S^) 

a 

is the entropy of the whole closed system, regarded as a function of the exact 
values of the energies of its parts. The factor e s i whose exponent is an addi¬ 
tive quantity, is a very rapidly varying function of the energies E a . In compari¬ 
son with this function, the energy dependence of the quantity TIAE a is quite 
unimportant, and we can therefore replace (7.16) with very high accuracy by 

dw = constant X S^E—Eo^ dE a . (7.17) 

a 

But dw expressed in a form proportional to the product of all the differen¬ 
tials dE a is just the probability that all the subsystems have energies in given 
intervals between E a and E a +dE a . Thus we see that this probability is deter¬ 
mined by the entropy of the system as a function of the energies of the sub¬ 
systems; the factor d(E—E 0 ) ensures that the sum E = EE a has the given 
value J5o of the energy of the system. This property of the entropy, as we 
shall see later, is the basis of its applications in statistical physics. 

We know that the most probable values of the energies E a are their mean 
values E a . This means that the function S(E lf E 2i ...) must have its maxi¬ 
mum possible value (for a given value of the sum EE a — E 0 ) when E a = E a . 
But th eE a are just the values of the energies of the subsystems which corres¬ 
pond to complete statistical equilibrium of the system. Thus we reach the 
important conclusion that the entropy of a closed system in a state of 
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complete statistical equilibrium has its greatest possible value (for a given 
energy of the system). 

Finally, we may mention another interesting interpretation of the function 
S = S(E), the entropy of any subsystem or closed system; in the latter case it 
is assumed that the system is in complete equilibrium, so that its entropy 
may be expressed as a function of its total energy alone. The statistical 
weight AT — e^ (£) , by definition, is the number of energy levels in the inter¬ 
val AE which describes in a certain way the width of the energy probability 
distribution. Dividing AE by AT, we obtain the mean separation between 
adjoining levels in this interval (near the energy E) of the energy spectrum 
of the system considered. Denoting this distance by D(E), we can write 

D(E) = AE-e- s w. (7.18) 

Thus the function S(E ) determines the density of levels in the energy spec¬ 
trum of a macroscopic system. Since the entropy is additive, we can say that 
the mean separations between the levels of a macroscopic body decrease 
exponentially with increasing size of the body (i.e. with increasing number of 
particles in it). 


§ 8. The law of increase of entropy 

If a closed system is not in a state of statistical equilibrium, its macroscop¬ 
ic state will vary in time, until ultimately the system reaches a state of 
complete equilibrium. If each macroscopic state of the system is described 
by the distribution of energy between the various subsystems, we can say 
that the sequence of states successively traversed by the system corresponds 
to more and more probable distributions of energy. This increase in proba¬ 
bility is in general very considerable, because it is exponential, as shown in 
§ 7. We have seen that the probability is given by e 5 , the exponent being an 
additive quantity, the entropy of the system. We can therefore say that the 
processes occurring in a non-equilibrium closed system do so in such a way 
that the system continually passes from states of lower to those of higher 
entropy until finally the entropy reaches the maximum possible value, cor¬ 
responding to complete statistical equilibrium. 

Thus, if a closed system is at some instant in a non-equilibrium macroscopic 
state, the most probable consequence at later instants is a steady increase 
in the entropy of the system. This is the law of increase of entropy or 
second law of thermodynamics , discovered by R. Clausius (1865); its statisti¬ 
cal explanation was given by L. Boltzmann in the 1870s. 

In speaking of the “most probable” consequence, we must remember that 
in reality the probability of transition to states of higher entropy is so enor¬ 
mous in comparison with that of any appreciable decrease in entropy that 
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in practice the latter can never be observed in Nature. Ignoring decreases 
in entropy due to negligible fluctuations, we can therefore formulate the law 
of increase of entropy as follows: if at some instant the entropy of a closed 
system does not have its maximum value, then at subsequent instants the 
entropy will not decrease; it will increase or at least remain constant. 

There is no doubt that the foregoing simple formulations accord with 
reality; they are confirmed by all our everyday observations. But when we 
consider more closely the problem of the physical nature and origin of these 
laws of behaviour, substantial difficulties arise, which to some extent have 
not yet been overcome. 

Firstly, if we attempt to apply statistical physics to the entire Universe, 
regarded as a single closed system, we immediately encounter a glaring 
contradiction between theory and experiment. According to the results of 
statistics, the universe ought to be in a state of complete statistical equilib¬ 
rium. More precisely, any finite region of it, however large, should have a 
finite relaxation time and should be in equilibrium. Everyday experience 
shows us, however, that the properties of Nature bear no resemblance to 
those of an equilibrium system; and astronomical results show that the 
same is true throughout the vast region of the Universe accessible to our 
observation. 

The escape from this contradiction is to be sought in the general theory 
of relativity. The reason is that, when large regions of the Universe are con¬ 
sidered, the gravitational fields present become important. These fields 
are just a change in the space-time metric. When the statistical properties 
of bodies are discussed, the metric properties of space-time may in a sense 
be regarded as “external conditions” to which the bodies are subject. The 
statement that a closed system must, over a sufficiently long time, reach 
a state of equilibrium, applies of course only to a system in steady external 
conditions. On the other hand, the general cosmological expansion of the 
Universe means that its metric depends essentially on time, so that the 
“external conditions” are by no means steady in this case. Here it is impor¬ 
tant that the gravitational field cannot itself be included in a closed system, 
since the conservation laws which are, as we have seen, the foundation of 
statistical physics would then reduce to identities. For this reason, in the 
general theory of relativity, the Universe as a whole must be regarded not 
as a closed system but as a system in a variable gravitational field. Conse¬ 
quently the application of the law of increase of entropy does not prove 
that statistical equilibrium must necessarily exist. 

Thus this aspect of the problem of the Universe as a whole indicates the 
physical basis of the apparent contradictions. There are, however, other 
difficulties in understanding the physical nature of the law of increase of en¬ 
tropy. 
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Classical mechanics itself is entirely symmetrical with respect to the two 
directions of time. The equations of mechanics remain unaltered when the 
time t is replaced by — t; if these equations allow any particular motion, 
they will therefore allow the reverse motion, in which the mechanical system 
passes through the same configurations in the reverse order. This symmetry 
must naturally be preserved in a statistics based on classical mechanics. 
Hence, if any particular process is possible which is accompanied by an 
increase in the entropy of a closed macroscopic system, the reverse process 
must also be possible, in which the entropy of the system decreases. The 
formulation of the law of increase of entropy given above does not itself 
contradict this symmetry, since it refers only to the most probable conse¬ 
quence of a macroscopically described state. In other words, if some non¬ 
equilibrium macroscopic state is given, the law of increase of entropy asserts 
only that, out of all the microscopic states which meet the given macroscop¬ 
ic description, the great majority lead to an increase of entropy at subse¬ 
quent instants. 

A contradiction arises, however, if we look at another aspect of the prob¬ 
lem. In formulating the law of increase of entropy, we have referred to the 
most probable consequence of a macroscopic state given at some instant. 
But this state must itself have resulted from some other states by means of 
processes occurring in Nature. The symmetry with respect to the two direc¬ 
tions of time means that, in any macroscopic state arbitrarily selected at 
some instant t = to, we can say not only that much the most probable con¬ 
sequence at / > t 0 is an increase in entropy, but also that much the most 
probable origin of the state was from states of greater entropy; that is, 
the presence of a minimum of entropy as a function of time at the arbitra¬ 
rily chosen instant t = t Q is much the most probable. 1 

t For a better understanding of this symmetry, we may plot diagrammatically the 
variation of the entropy of a system that is closed during a very long interval of 
time (Fig. 1). Let a macroscopic state with entropy S = S x < S max be observed in 
s 

Sma 


Fig. 1 

such a system, arising from a (very improbable) large fluctuation. Then we can say 
that it will be, with very high probability, a point of type 1, at which the entropy 
has reached a minimum, and not one of type 2, at which the entropy will decrease 
further. 

4 
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This assertion, of course, is not at all equivalent to the law of increase of 
entropy, according to which the entropy never decreases (apart from en¬ 
tirely negligible fluctuations) in any closed systems which actually occur in 
Nature. And it is precisely this general formulation of the law of increase 
of entropy which is confirmed by all natural phenomena. It must be empha¬ 
sised that it is certainly not equivalent to the formulation given at the begin¬ 
ning of this section, as it might appear to be. In order to derive one formu¬ 
lation from the other, it would be necessary to use the concept of an observer 
who artificially “creates” a closed system at some instant, so that the prob¬ 
lem of its previous behaviour does not arise. Such a dependence of the 
laws of physics on the nature of an observer is quite inadmissible, of course. 

It is doubtful whether the law of increase of entropy thus formulated could 
be derived on the basis of classical mechanics. Moreover, because of the 
invariance of the equations of classical mechanics under time reversal, one 
could seek only to derive a monotonic variation of entropy. In order to ob¬ 
tain a law of monotonic increase, we should have to define the direction of 
time as that in which the entropy increases. The problem would then arise 
of proving that such a thermodynamic definition was identical with the 
quantum-mechanical definition (see below). 

In quantum mechanics, the situation is substantially changed. The funda¬ 
mental equation of quantum mechanics, namely Schrodinger’s equation, is 
itself symmetrical under time reversal, provided that the wave function W is 
also replaced by W*. This means that, if at some instant f = t\ the wave 
function W = T(t{) is given, and if according to Schrodinger’s equation 
it should become at some other instant /a, then the change from v P(t 1 ) 

to W(tz) is reversible; in other words, if v P = W*(t z ) at the initial instant ti, 
then W = W*(t{) at t* 

However, despite this symmetry, quantum mechanics does in fact involve 
an important non-equivalence of the two directions of time. This appears 
in connection with the interaction of a quantum object with a system which 
with sufficient accuracy obeys the laws of classical mechanics, a process 
of fundamental significance in quantum mechanics. If two interactions A and 
B with a given quantum object occur in succession, then the statement that 
the probability of any particular result of process B is determined by the 
result of process A can be valid only if process A occurred earlier than pro¬ 
cess B; see also Quantum Mechanics , § 7. 

Thus in quantum mechanics there is a physical non-equivalence of the 
two directions of time, and theoretically the law of increase of entropy might 
be its macroscopic expression. In that case, there must exist an inequality 
involving the quantum constant h which ensures the validity of this law and 
is satisfied in the real world. Up to the present, however, no such relation 
has been at all convincingly shown to exist. 
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The question of the physical foundations of the law of monotonic increase 
of entropy thus remains open: it may be of cosmological origin and related 
to the general problem of initial conditions in cosmology; the violation 
of symmetry under time reversal in some weak interactions between ele¬ 
mentary particles may play some part. The answers to such questions may 
be achieved only in the course of further synthesis of physical theories. 

Summarising, we may repeat the general formulation of the law of increase 
of entropy: in all closed systems which occur in Nature, the entropy never 
decreases; it increases, or at least remains constant. In accordance with these 
two possibilities, all processes involving macroscopic bodies are customarily 
divided into irreversible and reversible processes. The former comprise 
those which are accompanied by an increase of entropy of the whole closed 
system; the reverse processes cannot occur, since the entropy would then 
have to decrease. Reversible processes are those in which the entropy of the 
closed system remains constant, 1 and which can therefore take place in the 
reverse direction. A strictly reversible process is, of course, an ideal limit¬ 
ing case; processes actually occurring in Nature can be reversible only to 
within a certain degree of approximation. 


t It must be emphasised that the entropies of the individual parts of the system 
need not remain constant also. 


4 * 
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THERMODYNAMIC QUANTITIES 


§ 9. Temperature 

Thermodynamic physical quantities are those which describe macroscopic 
states of bodies. They include some which have both a thermodynamic and a 
purely mechanical significance, such as energy and volume. There are also, 
however, quantities of another kind, which appear as a result of purely 
statistical laws and have no meaning when applied to non-macroscopic 
systems, for example entropy. 

In what follows we shall define a number of relations between thermody¬ 
namic quantities which hold good whatever the particular bodies to which 
these quantities relate. These are called thermodynamic relations. 

When thermodynamic quantities are discussed, the negligible fluctuations 
to which they are subject are usually of no interest. Accordingly, we shall 
entirely ignore such fluctuations, and regard the thermodynamic quantities 
as varying only with the macroscopic state of the body. 1 

Let us consider two bodies in thermal equilibrium with each other, forming 
a closed system. Then the entropy S of this system has its maximum value 
(for a given energy E of the system). The energy E is the sum of the energies 
Ei and E 2 of the two bodies.: E = Ei+E 2 . The same applies to the entropy S 
of the system, and the entropy of each body is a function of its energy: 
S = Si(E{)+S 2 (E 2 ). Since E 2 = E—Ei, E being a constant, S is really a 
function of one independent variable, and the necessary condition for a 
maximum may be written 


dS dSi dS' 2 dE 2 
dEi = dEi^dE* dEi 

— c ^ >1 _ A 

“dJSi""dJ£i ’ 

whence 

dSi/dEi = dS 2 /dE 2 . 


t Fluctuations of thermodynamic quantities will be discussed in a separate 
chapter (Chapter XII). 
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This conclusion can easily be generalised to any number of bodies in equi¬ 
librium with one another. 

Thus, if a system is in a state of thermodynamic equilibrium, the deriva¬ 
tive of the entropy with respect to the energy is the same for every part of it, 
i.e. is constant throughout the system. A quantity which is the reciprocal 
of the derivative of the entropy -S' of a body with respect to its energy E is 
called the absolute temperature T (or simply the temperature ) of the body: 

dS/dE = l jT. (9.1) 

The temperatures of bodies in equilibrium with one another are therefore 
equal: T\ - T 2 . 

Like the entropy, the temperature is seen to be a purely statistical quantity, 
which has meaning only for macroscopic bodies. 

Let us next consider two bodies forming a closed system but not in equi¬ 
librium with each other. Their temperatures T x and T% are then different. 
In the course of time, equilibrium will be established between the bodies, 
and their temperatures will gradually become equal. During this process, 
their total entropy S = S x +S 2 must increase, i.e. its time derivative is 
positive: 

d-S d-Si d-S^ 
d t ~ d t ^ d t 

_ d-Si dE\ d-S^ dE 2 

~ dE x ~dT + d£^ "dT 

Since the total energy is conserved, dE x /dt+dE 2 /dt = 0, and so 

d-S = _ d^a\ dEi _ /_1__ J_\ dEi 

d t \d£i d E 2 ) dt ~ \ri T 2 ) d t 

Let the temperature of the second body be greater than that of the first 
(7a >- Ti). Then dEJdt > 0, and dE^dt < 0. In other words, the energy 
of the second body decreases and that of the first increases. This property 
of the temperature may be formulated as follows: energy passes from bodies 
at higher temperature to bodies at lower temperature. 

The entropy S is a dimensionless quantity. The definition (9.1) therefore 
shows that the temperature has the dimensions of energy, and so can be 
measured in energy units, for example ergs. In ordinary circumstances, 
however, the erg is too large a quantity, and in practice the temperature is 
customarily measured in its own units, called degrees Kelvin or simply 
degrees. The conversion factor between ergs and degrees, i. e. the number 
of ergs per degree, is called Boltzmann's constant and is usually denoted by 
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fc; its value is 1 " 
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k= 1.38X 10~ 16 erg/deg. 

In all subsequent formulae the temperature will be assumed measured in 
energy units. To convert to the temperature measured in degrees, in numer¬ 
ical calculations, we need only replace T by kT. The continual use of the 
factor k t whose only purpose is to indicate the conventional units of temper¬ 
ature measurement, would merely complicate the formulae. 

If the temperature is in degrees, the factor k is usually included in the 
definition of entropy: 

S = k log AT, (9.2) 

instead of (7.7), in order to avoid the appearance of k in the general relations 
of thermodynamics. Then formula (9.1) defining the temperature, and there¬ 
fore all the general thermodynamic relations derived subsequently in this 
chapter, are unaffected by the change to degrees. 

Thus the rule for conversion to degrees is to substitute in all formulae 

T - kT, S - S/k. (9.3) 


§ 10. Macroscopic motion 

As distinct from the microscopic motion of molecules, the macroscopic 
motion is that in which the various macroscopic parts of a body participate 
as a whole. Let us consider the possibility of macroscopic motion in a state 
of thermodynamic equilibrium. 

Let the body be divided into a large number of small (but macroscopic) 
parts, and let M a , E a and P a denote the mass, energy and momentum of the 
ath part. The entropy S a of each part is a function of its internal energy, i.e. 
the difference between its total energy E a and the kinetic energy P\l2M a of 
its macroscopic motion, t The total entropy of the body can therefore be 
written 

S ^Y,Sa{E a -PH2M a ). (10.1) 

a 


t For reference, we may also give the conversion factor between degrees and 
electron-volts: 


1 eV = 11,606 deg. 


+ The fact that the entropy of a body is a function only of its internal energy 
follows at once from Galileo’s relativity principle; the number of quantum states, 
and therefore the statistical weight (whose logarithm is the entropy), must be the 
same in all inertial frames of reference, and in particular that in which the body is 
at rest. 
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We shall assume that the body is a closed system. Then its total momentum 
and angular momentum are conserved, as well as its energy: 

£ P a = constant, £r a xP fl = constant, (10.2) 

a a 

where r a is the radius vector of the oth part. In a state of equilibrium, the 
total entropy S of the body as a function of the momenta P a has a maximum 
subject to the conditions (10.2). Using the familiar Lagrange’s method of 
undetermined multipliers, we find the necessary conditions for a maximum 
by equating to zero the derivatives with respect to P a of the sum 

£{£ fl + a.P a + b.r a XP a }, (10.3) 

a 

where a and b are constant vectors. Differentiation of S a with respect to P a 
gives, f by the definition of the temperature, 



where v a = P JM a is the velocity of the oth part of the body. Differentiation 
of (10.3) therefore gives 


-v a /r+a + bXr fl = 0, 


or 


v a = u + /?Xr«, (10.4) 

where u = Ta and Q = Tb are constant vectors. 

This result has a simple physical significance. If the velocities of all the 
parts of a body are given by formula (10.4) with the same u and Q, this 
means that we have a translational motion of the body as a whole with con¬ 
stant velocity u and a rotation of the body as a whole with constant angular 
velocity Q. Thus we arrive at the important result that in thermodynamic 
equilibrium a closed system can execute only a uniform translational and 
rotational motion as a whole. No internal macroscopic motion is possible 
in a state of equilibrium.* 

t The derivative with respect to a vector is to be understood as another vector 
whose components are equal to the derivatives with respect to the components 
of the first vector. 

* To avoid misunderstanding, an important exception to this rule should be 
noted: superfluid liquid helium cannot rotate as a whole. This effect will be discussed 
elsewhere in the Course of Theoretical Physics. Here we shall only mention that 
the proof given above is invalid in that case, because the velocity distribution is 
subject to a further condition (the superfluid flow is a potential flow) and the en¬ 
tropy maximum is to be sought under this condition. 
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In what follows we shall usually consider bodies at rest, and the energy 
E will accordingly be the internal energy of the body. 

So far we have made use only of the necessary condition for a maximum 
of entropy as a function of the momenta, but not of the sufficient condition 
to be imposed on the second derivatives. It is easy to see that the latter 
condition leads to the very important result that the temperature must be 
positive: T > 0. f To deduce this, it is not in fact necessary to calculate the 
second derivatives; instead, we can argue as follows. 

Let us consider a body forming a closed system, at rest as a whole. If the 
temperature were negative, the entropy would increase with decreasing argu¬ 
ment. Since the entropy tends to increase, the body would spontaneously 
seek to break up into dispersing parts (with total momentum EP a = 0), 
so that the argument of each S a in the sum (10.1) should take its least possible 
value. In other words, bodies in equilibrium could not exist with T < 0. 

The following point should be noted, however. Although the temperature 
of a body or any part of it can never be negative, there may exist partial 
equilibria in which the temperature corresponding to a particular group of 
degrees of freedom of the body is negative. This is further discussed in 
§73. 


§ 11. Adiabatic processes 

Among the various kinds of external interactions to which a body is subject, 
those which consist in a change in the external conditions form a special 
group. By “external conditions” we mean in a wide sense various external 
fields. In practice the external conditions are most often determined by the 
fact that the body must have a prescribed volume. In one sense this case may 
also be regarded as a particular type of external field, since the walls which 
limit the volume are equivalent in effect to a potential barrier which prevents 
the molecules in the body from escaping. 

If the body is subject to no interactions other than changes in external 
conditions, it is said to be thermally isolated. It must be emphasised that, 
although a thermally isolated body does not interact directly with any other 
bodies, it is not in general a closed system, and its energy may vary with 
time. 

In a purely mechanical way, a thermally isolated body differs from a closed 
system only in that its Hamiltonian (the energy) depends explicitly on the 
time: E — E(p t < 7 , t\ because of the variable external field. If the body also 
interacted directly with other bodies, it would have no Hamiltonian of its 


f The temperature T — 0 (absolute zero) corresponds to — 273.15°C. 
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own, since the interaction would depend not only on the coordinates of the 
molecules of the body in question but also on those of the molecules in the 
other bodies. 

This leads to the result that the law of increase of entropy is valid not 
only for closed systems but also for a thermally isolated body, since here 
we regard the external field as a completely specified function of coordinates 
and time, and in particular neglect the reaction of the body on the field. 
That is, the field is a purely mechanical and not a statistical object, whose 
entropy can in this sense be taken as zero. This proves the foregoing state¬ 
ment. 

Let us suppose that a body is thermally isolated, and is subject to external 
conditions which vary sufficiently slowly. Such a process is said to be adiabat¬ 
ic. We shall show that, in an adiabatic process, the entropy of the body re¬ 
mains unchanged, i.e. the process is reversible. 

We shall describe the external conditions by certain parameters which 
are given functions of time. For example, suppose that there is only one 
such parameter, which we denote by A. The time derivative dS/dt of the 
entropy will depend in some manner on the rate of variation dA/d t of the 
parameter A. Since dA/d/ is small, we can expand dSfdt in powers of dA/d t. 
The zero-order term in this expansion, which does not involve dA/d/, is zero, 
since if dA/d t = 0 then dS(dt = 0 also, because the entropy of a closed 
system in thermodynamic equilibrium must remain constant under constant 
external conditions. The first-order term, which is proportional to dA/d/, 
must also be zero, since this term changes sign with dA/d/, whereas dS'/d/ 
is always positive, according to the law of increase of entropy. Hence it 
follows that the expansion of dS/dt begins with the second-order term, 
i.e. for small dA/d/ we have 


dS'/d/ = /4(dA/d/) 2 , 
or 

dS/dX = A dA/d/. 

Thus, when dA/d/ tends to zero, so does dS'/dA, which proves that the adia¬ 
batic process is reversible. 

It must be emphasised that, although an adiabatic process is reversible, 
not every reversible process is adiabatic. The condition for a process to be 
reversible requires only that the total entropy of the whole of a closed 
system be constant, while the entropies of its individual parts may either 
increase or decrease. In an adiabatic process, a stronger condition holds: 
the entropy of a body which is only a part of a closed system also remains 
constant. 

We have defined an adiabatic process as one which is sufficiently slow. 
More precisely, we can say that the external conditions must change so 
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slowly that at any instant the body may be regarded as being in a state of 
equilibrium corresponding to the prevailing external conditions. That is, 
the process must be slow in comparison with the processes leading to the 
establishment of equilibrium in the body concerned. 1 " 

We may derive a formula to calculate by a purely thermodynamic method 
various mean values. To do so, we assume that a body undergoes an adiabat¬ 
ic process, and determine the time derivative dEfdt of its energy. By defi¬ 
nition, the thermodynamic energy is 

E = E{p,q\X\ 

where E(p, q; A) is the Hamiltonian of the body, depending on A as a para¬ 
meter. We know from mechanics that the total time derivative of the 
Hamiltonian is equal to its partial time derivative (see Mechanics ,§ 40): 

dE(p, q\ A) _ dE(p, q\ A) 
dt ~ dt 

In the present case E(p, q; A) depends explicitly on the time through A (t\ and 
we can therefore write 

d E(p, q ; A) _ dEjp, q\ A) dA 
dt ~ 8A dt ' 

Since the operations of averaging over the statistical distribution and differ¬ 
entiating with respect to time can clearly be interchanged, we have 

d E _ dE(p, q; A) dE(p, q\ A) dA . /lt 

dt ~ dt ~ 9A dt ’ 1 ; 

the derivative dA/df is a given function of time, and can be taken outside the 
averaging. 

It is very important that, since the process is adiabatic, the mean value of 
the derivative dE(p, q\ A)/0A in (11.1) can be taken as the mean value over 

1 In practice this may be a very weak condition, so that the “slow” adiabatic 
process may be quite a “fast” one. For example, in the expansion of a gas, say in 
a cylinder with a piston moving outwards, the speed of the piston need be small 
only compared with the velocity of sound in the gas, i.e. it may in practice be very 
large. 

In general textbooks on physics an adiabatic expansion (or compression) is often 
defined as one which is “sufficiently rapid”. This refers to a different aspect of the 
problem: the process must occur so rapidly that the body cannot exchange heat 
with the surrounding medium. Thus the condition in question is one which will 
in practice ensure that the body is thermally isolated, and the condition of slowness 
compared with processes leading to the establishment of equilibrium is tacitly 
assumed satisfied. 
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the statistical distribution corresponding to equilibrium for a given value of 
the parameter A, i.e. for the external conditions prevailing at a given instant. 

The derivative dE/dt can also be written in another form by regarding the 
thermodynamic quantity E as a function of the entropy S of the body and 
the external parameters A. Since, in an adiabatic process, the entropy S re¬ 
mains constant, we have 


d E _ /dE\ dA 
dt ~ \0A ) s dt ’ 


( 11 . 2 ) 


where the subscript to the parenthesis indicates that the derivative is taken 
for constant S. 

Comparison of (11.1) and (11.2) shows that 


dE(p, q; X) _ (dE\ 
0A \0A// 


(11.3) 


This is the required formula. It enables us to calculate thermodynamically 
the mean values (over the equilibrium statistical distribution) of quantities 
of the form dE(p, q; A)/0A. Such quantities are continually encountered when 
studying the properties of macroscopic bodies, and in consequence formula 
(11.3) is of great importance in statistical physics. It appears in the calcula¬ 
tion of various forces acting on a body (the parameters A being the coordi¬ 
nates of a particular part of the body; see § 12), the calculation of the magnet¬ 
ic or electric moment of bodies (the parameters A being the magnetic or 
electric field strengths), and so on. 

The arguments given here for classical mechanics are entirely applicable 
to the quantum theory, except that the energy E(p, q; A) must be everywhere 
replaced by the Hamiltonian operator 6. Then formula (11.3) becomes 



the bar denoting complete statistical averaging (which automatically in¬ 
cludes the quantum averaging). 


§ 12. Pressure 

The energy E of a body, as a thermodynamic quantity, has the property of 
being additive: the energy of the body is equal to the sum of the energies of 
its individual (macroscopic) parts. 1. Another fundamental thermodynamic 
quantity, the entropy, also has this property. 

1 1n so far as we neglect the energy of interaction of these parts; this is not per¬ 
missible if we are interested in effects arising from the presence of interfaces between 
different bodies. Chapter XV deals with this topic. 
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The additivity of the energy and the entropy leads to the following im¬ 
portant result. If a body is in thermal equilibrium, we can say that, for a 
given energy, the entropy depends only on the volume of the body, and not 
on its shape; the same is true of the energy for a given entropy. f For a 
change in the shape of the body can be regarded as a rearrangement of its 
individual parts, and so the entropy and energy, being additive, will remain 
unchanged. Here, of course, it is assumed that the body is not in an external 
field of force, so that the motion of the parts of the body in space does not 
involve a change in their energy. 

Thus the macroscopic state of a body at rest in equilibrium is entirely 
determined by only two quantities, for example the volume and the energy. 
All other thermodynamic quantities can be expressed as functions of these 
two. Of course, because of this mutual dependence of the various thermody¬ 
namic quantities, any other pair could be regarded as the independent 
variables. 

Let us now calculate the force exerted by a body on the surface bounding 
its volume. According to the formulae of mechanics, the force acting on a 
surface element ds is 

F = —dE{p, q; r)/9r, 

where E(p, q\ r) is the energy of the body as a function of the coordinates 
and momenta of its particles and of the radius vector of the surface element 
considered, which here acts as an external parameter. Averaging this equa¬ 
tion and using formula (11.3), we obtain 

p _ aE(p,g;r) /8E\ /aE\ 0F 

dr [dr/s [dF/sdr’ 

where V is the volume. Since the change in volume is ds*dr, we have 8F/6r = 
ds, the surface element, and so 

f = -(dE/dV) s ds. 

Hence we see that the mean force on a surface element is normal to the ele¬ 
ment and proportional to its area {Pascal's law). The magnitude of the 
force per unit area is 

P = -(dE/dV) s . (12.1) 

This quantity is called the pressure. 

t These statements are applicable in practice to liquids and gases but not to 
solids. A change in shape (deformation) of a solid involves the doing of work, so 
that the energy of the body is changed. This is because the deformed state of the 
solid is, strictly speaking, an incomplete thermodynamic equilibrium (but the 
relaxation time for the establishment of complete equilibrium is so long that in 
many respects the deformed body behaves as if in equilibrium). 
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In defining the temperature by formula (9.1) we were essentially consider¬ 
ing a body which is not in direct contact with any other bodies, and in 
particular is not surrounded by any external medium. Under these conditions 
it was possible to speak of the change in energy and entropy of the body 
without making more specific the nature of the process. In the general case 
of a body in an external medium, or surrounded by the walls of a vessel, 
formula (9.1) must be made more precise. For if during the process the 
volume of the body changes, this will necessarily affect the state of the bodies 
in contact with it, and in order to define the temperature we should have to 
take into consideration at the same time all the bodies in contact (for exam¬ 
ple, both the body in question and the vessel containing it). If it is desired to 
define the temperature in terms of thermodynamic quantities for the given 
body only, its volume must be regarded as constant. In other words, the 
temperature is defined as the derivative of the energy of the body with respect 
to its entropy, taken at constant volume: 

T=(dE/dS) v . (12.2) 

The equations (12.1), (12.2) can also be written together as a relation 
between differentials: 

dE = TdS-PdV. (12.3) 

This is one of the most important relations in thermodynamics. 

The pressures of bodies in equilibrium with one another are equal. This 
follows immediately from the fact that thermal equilibrium necessarily 
presupposes mechanical equilibrium; in other words, the forces exerted 
on each other by any two of these bodies at their surface of contact must be 
equal in magnitude and opposite in direction, and thus balance. 

The equality of pressures in equilibrium can also be derived from the 
condition of maximum entropy, in the same way as the equality of tempera¬ 
tures was shown in § 9. To do this, we consider two parts, in contact, of a 
closed system in equilibrium. One necessary condition for the entropy to be 
a maximum is that it should be a maximum with respect to a change in the 
volumes V\ and V 2 of these two parts when the states of the other parts 
undergo no change (this means, in particular, that Fi + V 2 remains constant). 
If the entropies of the two parts are Si and S 2 , we have 

8 S dSi dS 2 8F a _ dS 1 dS 2 

8Fi 8Fi + 8F a 8Fi “ 8Fi 8F a 

From the relation (12.3) in the form 

dS = ±AE+jdV 


0 . 
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it is seen that dSjdV — PIT , and so Pi/Ti — P 2 IT%. Since the temperatures 
7i and T 2 are the same in equilibrium, we therefore find that the pressures 
are equal. Pi = P 2 . 

It must be remembered that, when thermal equilibrium is established, the 
equality of pressures (i.e. mechanical equilibrium) is reached much more 
rapidly than that of temperatures, and so cases are often met with in which 
the pressure is constant throughout a body but the temperature is not. The 
reason is that the non-constancy of pressure is due to the presence of uncom¬ 
pensated forces; these bring about macroscopic motion so as to equalise 
the pressure much more rapidly than the equalisation of temperature, which 
does not involve macroscopic motion. 

It is easy to see that the pressure must be positive in any equilibrium state: 
when P > 0 we have ( dS(dV) E =*■ 0, and the entropy could increase only by 
an expansion of the body, which is prevented by the surrounding bodies. 
If P < 0, however, then we should have (dS/dV) E < 0, and the body would 
spontaneously contract so as to increase its entropy. 

There is, however, an important difference between the requirements of 
positive temperature and positive pressure. Bodies of negative temperature 
would be completely unstable and cannot exist in Nature. States (non¬ 
equilibrium) of negative pressure can exist in Nature with restricted stability. 
The reason is that the spontaneous contraction of the body involves “de¬ 
taching” it from the walls of the vessel or the formation of cavities within 
it, that is, the formation of a new surface, and this leads to the possibility 
of the existence of negative pressures in what are called metastable states . + 


§ 13. Work and quantity of heat 

The external forces applied to a body can do work on it, which is deter¬ 
mined, according to the general rules of mechanics, by the products of these 
forces and the displacements which they cause. This work may serve to 
bring the body into a state of macroscopic motion (or in general to change 
its kinetic energy), or to move the body in an external field (for instance, to 
raise it against gravity). We shall, however, be mainly interested in cases 
where the volume of a body is changed as a result of work done on it (i.e. 
the external forces compress the body but leave it at rest as a whole). 

We shall everywhere regard as positive an amount of \vork R done on a 
given body by external forces. Negative work {R < 0) will correspondingly 
mean that the body itself does work (equal to | jR |) on some external objects 
(for example, in expanding). 

t These are defined in§ 21. Negative pressures are further discussed in the foot¬ 
note following (83.1). 
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§ 13 Work and Quantity of Heat 

Bearing in mind that the force per unit area of the surface of the body is 
the pressure, and that the product of the area of a surface element and its 
displacement is the volume swept out by it, we find that the work done on 
the body per unit time when its volume changes is 

dRjdt = —PdV/dt; "(13.1) 


in compression, dV/dt < 0, so that dR/dt > 0. This formula is applicable 
to both reversible and irreversible processes; only one condition need be 
satisfied, namely that throughout the process the body must be in a state of 
mechanical equilibrium, i.e. at each instant the pressure must be constant 
throughout the body. 

If the body is thermally isolated, the whole of the change in its energy is 
due to the work done on it. In the general case of a body not thermally iso¬ 
lated, in addition to the work done, the body gains or loses energy by direct 
transfer from or to other bodies in contact with it. This part of the change in 
energy is called the quantity of heat Q gained or lost by the body. Thus the 
change in the energy of the body per unit time may be written 


dE _ d R dQ 
dt ~ dt **" dt 


(13.2) 


Like the work, the heat will be regarded as positive if gained by the body 
from external sources. 

The energy E in (13.2) must, in general, be understood as the total energy 
of the body, including the kinetic energy of its macroscopic motion. We 
shall, however, usually consider the work corresponding to the change in 
volume of a body at rest, in which case the energy reduces to the internal 
energy of the body. 

Under conditions where the work is defined by formula (13.1), we have for 
the quantity of heat 


dt dt ■*" dt ' 


(13.3) 


Let us assume that at every instant throughout the process the body may be 
regarded as being in a state of thermal equilibrium corresponding to its 
energy and volume at that instant; it must be emphasised that this does not 
mean that the process is necessarily reversible, since the body may not be in 
equilibrium with surrounding bodies. Then, from the relation (12.3), which 
gives the differential of the function E(S, F), the energy of the body in the 
equilibrium state, we can put 

dB d£ dF 

dt dt dt ’ 
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Comparison with (13.3) shows that 

dQ/dt = TdS/dt . (13.4) 

The work djR and the quantity of heat dQ gained by the body in an infini¬ 
tesimal change of state are not the total differentials of any quantities. 1. Only 
the sum dQ + dR, i.e. the change in energy dE, is a total differential. We can 
therefore speak of the energy E in a given state, but not, for example, of the 
quantity of heat which a body possesses in a given state. In other words, the 
energy of the body cannot be divided into thermal and mechanical parts; this 
is possible only when considering the change in energy. The change in energy 
when a body goes from one state to another can be divided into the quantity 
of heat gained or lost by the body and the work done on it or by it. This 
division is not uniquely determined by the initial and final states of the body, 
but depends also on the nature of the process itself. That is, the work and the 
quantity of heat are functions of the process undergone by the body and 
not only of its initial and final states. This is seen particularly when the body 
undergoes a cyclic process, starting and finishing in the same state. The 
change in energy is then zero, but the body may gain or lose a quantity of 
heat or work. Mathematically this corresponds to the fact that the integral 
of the total differential dE around a closed circuit is zero, but the integral 
of dQ or djR, which are not total differentials, is not zero. 

The quantity of heat which must be gained in order to raise the tempera¬ 
ture of the body by one unit is called its specific heat. This clearly depends 
on the conditions under which the heating takes place. A distinction is usu¬ 
ally made between the specific heat at constant volume C v and that at con¬ 
stant pressure C p . Clearly 

C v = T(dS/dT ) y , (13.5) 

C p = T(dS/dT) P . (13.6) 

Let us consider cases where formula (13.4) for the quantity of heat is in¬ 
applicable, but at the same time it is possible to establish certain inequalities 
for this quantity. There exist processes in which the body is not in thermal 
equilibrium although the temperature (and pressure) are constant throughout 
the body; for example, chemical reactions in a homogeneous mixture of 
reactants. Owing to the irreversible process (the chemical reaction) occurring 
in the body, its entropy increases independently of the heat gained, and so 
we can say that the inequality 

dQ/dt^TdS/dt (13.7) 

holds. 

t In this sense the notation d/? and d Q is not quite precise, and we therefore 
avoid it as far as possible. 
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§14 

Another case where a similar inequality can be stated is an irreversible 
process in which the body goes from one equilibrium state to another 
neighbouring one but is not in equilibrium during the process. 1. Then the 
inequality 

bQ < TbS (13.8) 

holds between the quantity of heat bQ gained by the body in this process 
and its entropy change bS. 


§ 14. The heat function 

If the volume of a body remains constant during a process, then dQ = dE, 
i.e. the quantity of heat gained by the body is equal to the change in its 
energy. If the process occurs at constant pressure, the quantity of heat can 
be written as the differential 

dQ = d (E+PV) = dW (14.1) 

of a quantity 

W = E+PV, (14.2) 

called the heat function of the body.* The change in the heat function in pro¬ 
cesses occurring at constant pressure is therefore equal to the quantity of 
heat gained by the body. 

It is easy to find an expression for the total differential of the heat function. 
Putting dE= TdS-PdV and dW = dE±PdV+V dP, we have 

dW = TdS+VdP. (14.3) 

From this it follows that 

T = (I $W/dS ) P , V = (dW/dP ) s . (14.4) 

If the body is thermally isolated (which, it will be remembered, does not 
imply that it is a closed system), dQ = 0, and (14.1) shows that, in processes 
occurring at constant pressure and involving a thermally isolated body, 

W = constant, (14.5) 

i.e. the heat function is conserved. 

The specific heat C v can be written, using the relation dJE = T dS—PdV, 
as 

C v = (dE/dT) v . (14.6) 

* An example is the Joule-Thomson process (see § 18) with a small change in 
pressure. 

^ Also called the enthalpy or heat content. 

5 



48 Thermodynamic Quantities 

Similarly, we have for the specific heat C p 

C p = ( dW/dT) P . 

We see that at constant pressure the heat function has properties similar 
to those of the energy at constant volume. 


§ 15. The free energy and the thermodynamic potential 

The work done on a body in an infinitesimal isothermal reversible change of 
state can be written as a differential: 


dF = 6E-dQ = dE-T6S 
= d(E-TS) 


or 

where 


djR = dF, 

F = E-TS 


(15.1) 

(15.2) 


is another function of the state of the body, called the free energy. Thus the 
work done on the body in a reversible isothermal process is equal to the 
change in its free energy. 

Let us find the differential of the free energy. Substituting d E—TdS— 
P dV and dF = dE-TdS-S dT, we have 


dF = —SdT—PdV. (15.3) 

Hence it is evident that 


S = -(dF/dT) r , F = -(0F/3F) r . (15.4) 


Using the relation E = F+TS, we can express the energy in terms of the 
free energy as 

E = F—T(dFjdT)y 


= —T 2 



(15.5) 


Formulae (12.1), (12.2), (14.4) and (15.4) show that, if we know any of the 
quantities F, W and F as a function of the corresponding two variables and 
take its partial derivatives, we can determine all the remaining thermody¬ 
namic quantities. For this reason F, W and Fare called thermodynamic poten¬ 
tials (by analogy with the mechanical potential) or characteristic functions'. 
the energy F with respect to the variables 5, V ; the heat function W with 
respect to 5, P ; the free energy F with respect to V, T. 
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§ 15 The Free Energy and the Thermodynamic Potential 

We still lack a thermodynamic potential with respect to the variables P,T 
To derive this we substitute in (15.3) PdV = d (PV)—V &P, take d (PV) to 
the left-hand side of the equation, and obtain 

d0 = -S6T+VdP, (15.6) 

with a new quantity 

0 = E-TS+PV 
= F+PV 

= W-TS, (15.7) 

called the thermodynamic potential (in a restricted sense of the term).* 

From (15.6) we clearly have 

S = - (d0/dT) P , V = ( d0/dP) T . (15.8) 

The heat function is expressed in terms of 0 in the same way as E in terms 
ofF: 

W = 0-T(d0/dT) P 



If there are other parameters A, besides the volume which define the state 
of the system, the expression for the differential of the energy must be aug¬ 
mented by terms proportional to the differentials dl t : 

dE = TdS-PdV+^A t dX t , (15.10) 

where the A t are some functions of the state of the body. Since the transfor¬ 
mation to other potentials does not affect the variables A,, it is clear that 
similar terms will be added to the differentials of F, 0, W: 

dF = —S dT-P d V+J? A t dA it 


etc. Hence the quantities A t can be obtained by differentiation with respect to 
A, of any of these potentials (it must be remembered which other variables 
are treated as constant in the differentiation). Using also formula (11.3), we 
can write down the analogous relation 


t in Western literature, the functions F and 0 are often called respectively the 
Helmholtz free energy and the Gibbs free energy. 


5 * 
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which expresses the mean value of the derivative of the Hamiltonian with 
respect to any parameter as the derivative of the free energy with respect to 
that parameter (and similar relations involving the derivatives of 0 and W). 

The following point may be noted. If the values of the parameters 
change slightly, the quantities E, F, W and 0 will also undergo small changes. 
It is evident that these changes will be equal if each is considered for the 
appropriate pair of constant quantities: 

ms, v = m T ,v = (bW)s, P = (d0) TtP . (15.12) 


This statement, which we call the theorem of small increments „ will be 
used several times below. 

The free energy and the thermodynamic potential have an important 
property which determines the direction in which they change in various 
irreversible processes. From the inequality (13.7), substituting dQ/dt from 
(13.3), we obtain 


dE n dV 
dt +P dt ‘ 


t dS 
dt * 


(15.13) 


Let us assume that the process is isothermal and occurs at constant volume 
(T = constant, V = constant). Then this inequality may be written 


d (E-TS) d F 

dt “ dt 


(15.14) 


Thus irreversible processes occurring at constant temperature and constant 
volume are accompanied by a decrease in the free energy of the body. 

Similarly, for P = constant and T = constant the inequality (15.13) be¬ 
comes 

d0ldt < 0; (15.15) 

that is, irreversible processes occurring at constant temperature and constant 
pressure are accompanied by a decrease in the thermodynamic potential. 1. 

Correspondingly, in a state of thermal equilibrium the free energy and the 
thermodynamic potential have minimum values, the former with respect to 
all changes of state with T and V constant, and the latter with respect to 
changes of state with T and P constant. 


PROBLEM 

How can the mean kinetic energy of the particles in a body be calculated if the 
formula for its free energy is known? 

t It should be remembered that in both cases the processes in question are those 
(such as chemical reactions) for which the body is not in equilibrium, so that its 
state is not uniquely defined by the temperature and the volume (or pressure). 
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Solution. The Hamiltonian function (or, in the quantum case, the Hamilto¬ 
nian operator) may be written in the form E(p, q ) = U(q)+K(p), where U(q) is the 
potential energy of interaction of the particles in the body, and K{p) their kinetic 
energy. The latter is a quadratic function of the momenta, inversely proportional 
to the particle mass m (for a body consisting of identical particles). Regarding m as 
a parameter, we can therefore write 


8E{p, q; m) 
8m 


-~K(p). 

m 


Then, applying formula (15.11), we obtain the mean kinetic energy K — K(p): 
K = —m(8F/8m) Tt v . 


§ 16. Relations between the derivatives of thermodynamic quantities 

In practice the most convenient, and the most widely used, pairs of ther¬ 
modynamic variables are T, V and T, P. It is therefore necessary to transform 
various derivatives of the thermodynamic quantities with respect to one 
another to different variables, both dependent and independent. 

If V and T are used as independent variables, the results of the transforma¬ 
tion can be conveniently expressed in terms of the pressure P and the specific 
heat C v (as functions of V and T). The equation which relates the pressure, 
volume and temperature is called the equation of state for a given body. 
Thus the purpose of the formulae in this case is to make it possible to calcu¬ 
late various derivatives of thermodynamic quantities from the equation of 
state and the specific heat C v . 

Similarly, when P and T are taken as the basic variables the results of the 
transformation should be expressed in terms of V and C p (as functions of 
Pandr). 

Here it must be remembered that the dependence of C v on V or of C p on P 
(but not on the temperature) can itself be determined from the equation of 
state. It is easily seen that the derivative ( 8CJ8V) T can be transformed so that 
it is defined in terms of the function P(F, T). Using the fact that S = 
—(8F/8T) y , we have 



8*S_ 0 3 F 

8V8T 8V8T 2 


= -T 


0 2 

8T 2 



and since (8F/8V) r = —P, we have the required formula 
(8C v /8V) r = r(0 2 P/0rv. 


(16.1) 
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(i dC p /dP) T = -T(d*VldT*) Pt (16.2) 

formulae (15.8) being used in the calculation. 

We shall show how some of the thermodynamic derivatives most often 
encountered may be transformed. 

The derivatives of the entropy with respect to volume or pressure can be 
calculated from the equation of state by means of the following formulae, 
which are a direct consequence of the expressions for the differentials of the 
thermodynamic quantities. We have 


or 

Similarly 


or 


a S\ 8 /8 F\ 8 /8 F\ 

dVJ T ~ ZV\dT) v ~ dT\dV) T 

(dS/dV) T = (dPfdT) v . 

8 p) t ~ dr[dp) T 

(dS/dP) T = —(dV/dT)p. 


(16.3) 


(16.4) 


The derivative (dE/8 F) r is calculated from the equation 
d E=T6S-PdV 
as 



or, substituting (16.3), 



(16.5) 


Similarly we can derive 



Finally, we shall show how the specific heat C v may be calculated from 
the specific heat C p and the equation of state, using T and P as the basic 
variables. Since C v — T(dS/dT) y , we have to transform the derivative 
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( dS/dT) v to different independent variables. A transformation of this type 
is most simply effected by the nse of Jacobians.* We write 

C v = T(dSfdT) y 
= Td(S, V)/d(T, V) 

_ d(S,V)Id(T,P) 

e(r, F)/e(r, P) 

^ds/dT) P (dV/dP)T-^S!dP) T (dv/dT) P 

(dV/dP) T 

_ ^sjdPh^v/m^ 

~ P (3F/0P) r 

Substituting (16.4), we obtain the required formula: 

c p -c v = -T[(dV/dT) P fl(dV/dP) T . (16.9) 

Similarly, transforming C p = T(dS/dT) P to the variables T, F, we can 
derive the formula 


C p —C v = -T[(dP/dT)y] 2 I(dP/dV) T . (16.10) 

The derivative (dP/dV) T is negative: in an isothermal expansion of a body, 
its pressure always decreases. This will be rigorously proved in § 21. It 
therefore follows from (16.10) that for all bodies 

C P >C V . (16.11) 


t The Jacobian 0(w, v)/d(x, y ) is defined as the determinant 

0(w, v) _ | du/dx du/dy j 
d(x, y) ~ j dv/dx dv/dy j' 

It dearly has the following properties: 

0(t>, u) _ 0(w, t>) 

3 (x,y)~ d(x, y) ’ 

3 (u, y) _ /0«\ 
d(x,y) \0xj; 

The following relations also hold: 

0(«, v) _ 0(w, v) 00, s) 
d(x, y) “ 0(/, s) d(x, y) ’ 
d 0(«, v) _ d(du/dt, v ) d(u, dvfdt) 

dt d(x, y) ” 0(x, y) 0(x, y) 


(I) 


(ID 

(HD 


(IV) 


(V) 
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In adiabatic expansion (or contraction) of a body its entropy remains 
constant. The relation between the temperature, volume and pressure of the 
body in an adiabatic process is therefore determined by various derivatives 
taken at constant entropy. We shall derive formulae whereby these derivatives 
may be calculated from the equation of state of the body and its specific 
heat. 

For the derivative of the temperature with respect to volume we have, 
changing to independent variables V, T, 


dT\ d(T,S) 0(7\ S)/d(V, T) 
ZV) s 0(F, S) ~ 0(F, S)ld(V, T) 


(zs/zv) T 

@S/ZT) y 


T_ 

C v 



or, substituting (16.3), 


Similarly we find 


f ZT \ _ _ T /ZP\ 

K zv) s - c v \zt) v - 



(16.12) 


(16.13) 


These formulae show that, according as the thermal expansion coefficient 
(ZV/ZT) P is positive or negative, the temperature of the body falls or rises in 
an adiabatic expansion.* 

Let us next calculate the adiabatic compressibility (ZV/ZP) S of the body, 
writing 

/0F\ _ 0(F, S) _ 0(F, S)/d(V t T) 0(F, T) (I dS/ZT) y (ZV\ 

{dP) s d(P, S) 0(F, S)/0(F, T ) * 0(i>, T) (dS/dT) P ‘ [dp) T 


or 



(16.14) 


The inequality C p =- C v therefore implies that the adiabatic compressibility 
is always smaller in absolute value than the isothermal compressibility. 


* In § 21 it will be shown rigorously that C v is always positive, and therefore so 
is C p . 
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Using formulae (16.9) and (16.10), we can derive from (16.14) the relations 


/0F\ _ /0F\ T T/0F\ ] 2 

c, L(arl,J ’ 

/8P\ _ /8P\ _ T_ r/3-P\ I* 

[dv) a -[dv) T 


(16.15) 

(16.16) 


§ 17. The thermodynamic scale of temperature 

We shall show how a thermodynamic scale of temperature may be construct¬ 
ed, at least in principle, using for this purpose an arbitrary body whose 
equation of state is not assumed known a priori. The problem is thus to 
establish by means of this body the relation T = T(f) between the absolute 
scale of temperature T and some purely arbitrary scale r defined by an 
arbitrarily calibrated “thermometer”. 

To do this, we start from the following relation (in which all quantities 
refer to the body in question): 

(dQldP)r = T(dS/dP) T = -T(jdVfdT) Pt ] 

where (16.4) has been used. Since r and T are in one-to-one relation, it does 
not matter whether the derivative is written for constant T or constant r. 
The derivative (dV/dT) P may be written as 

/9F\ _ /9F\ dr 

Then 

/ 0 £\ dz_ 

\9 Pi" \3rj P d7” 
d log T (9F/0r)p 

dr ~ (00/0A ‘ 1 ' 

The right-hand side involves quantities which can be measured directly as 
functions of the arbitrary temperature r: ( dQldP\ is the quantity of heat 
which must be supplied to the body in order to maintain its temperature 
constant during expansion, and the derivative (0F/0r) P is determined by 
the change in volume of the body on heating. Thus formula (17.1) gives the 
solution of the problem and can be used to determine the required relation 
T = T(t). 

Here it must be remembered that the integration of (17.1) determines 
log T only to within an additive constant. The temperature T is therefore 
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determined only to within an arbitrary constant factor. This is as it should 
be, of course: the choice of the units of measurement of the absolute temper¬ 
ature remains arbitrary, which is equivalent to the presence of an arbitrary 
factor in the function T = T(t). 


§ 18. The Joule-Thomson process 

Let us consider a process which consists in a gas (or liquid) at pressure P\ 
being steadily transferred to a vessel where its pressure is P 2 . By “steadily” we 
mean that the pressures Pi and P 2 remain constant throughout the process. 
Such a process may be diagrammatically represented as a passage of the gas 
through a porous partition (a in Fig. 2), the constancy of pressure on either 



Fig. 2 


side of the partition being maintained by pistons moving inward and out¬ 
ward in an appropriate manner. If the holes in the partition are sufficiently 
small, the macroscopic flow velocity of the gas may be taken as zero. We 
shall also assume that the gas is thermally isolated from the external medium. 

This process is called a Joule-Thomson process. It must be emphasised 
that it is an irreversible process, as may be seen simply from the presence 
of the partition with very small holes, which creates a large amount of fric¬ 
tion and destroys the velocity of the gas. 

Let a quantity of gas, occupying a volume Vi at pressure Pi, pass (ther¬ 
mally isolated) into the volume F 2 , the pressure becoming equal to P* The 
change in energy E 2 —E 1 of this gas is equal to the work P 1 V 1 done on the 
gas to move it out of the volume Vi, minus the work P 2 F 2 done by the gas 
in occupying the volume V2 at pressure F 2 . Thus E 2 —E 1 = P1V1—P2V2, or 

E 1 +P 1 V 1 = F 2 + P 2 V 2 , 

that is, 

Wi=W 2 . (18.1) 

Thus the heat function of the gas is conserved in a Joule-Thomson process. 

The change in temperature caused by a small change of pressure in a Joule- 
Thomson process is given by the derivative dT/dP taken with the heat 
function constant. We may transform this derivative to independent vari- 
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dT\ _ 6(7\ W) _ 0(7\ W)/d(P, T) (dW/dP)r 
dp) w 0 (P, w) “ 0(P, ^o/0(P, T) ~ (dwidT) P ’ 

whence, by means of formulae (14.7) and (16.7), we obtain 

(Sl-iKSH- 

The change in entropy is given by the derivative (dS/dP) w . From the rela¬ 
tion dW = T dS+VdP, written in the form dS = dW/T—V dP/T , we 
have 

(05'/0PV = -F/r. (18.3) 

This quantity is always negative, as it should be: the change of a gas to a 
lower pressure by an irreversible Joule-Thomson process results in an in¬ 
crease in entropy. 

We may add a few words concerning a process in which a gas originally 
in one of two communicating vessels expands into the other vessel; this 
process, of course, is not a steady one, the pressures in the two vessels varying 
until they become equal. When a gas expands into a vacuum in this way, its 
energy E is conserved. If, as a result of the expansion, the total volume is 
changed only slightly, the change in temperature is given by the derivative 
(dT/dV) E . On converting this derivative to independent variables V, T, we 
obtain the formula 

The change in entropy is given by 

(dS/dV) E = P/T. 

The entropy increases on expansion, as it should. 


(18.4) 

(18.5) 


§ 19. Maximum work 

Let us consider a thermally isolated system consisting of several bodies not 
in thermal equilibrium with one another. While equilibrium is being estab¬ 
lished, the system may do work on some external objects. The transition to 
equilibrium may, however, occur in different ways, and the final equilibrium 
states of the system will also be different; in particular, its energy and entropy 
will be different. 
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Accordingly, the total work which can be got from a non-equilibrium 
system will depend on the manner in which equilibrium is established, and we 
may ask how the equilibrium state must be reached in order that the system 
should do the maximum possible amount of work. Here we are concerned 
with the work done because the system is not in equilibrium; that is, we must 
exclude any work done by a general expansion of the system, since this work 
could also be done by a system in equilibrium. We shall therefore assume 
that the total volume of the system is unchanged by the process (although 
it may vary during the process). 

Let the original energy of the system be E 0i and the energy in the equi¬ 
librium state, as a function of the entropy of the system in that state, be 
E(S). Since the system is thermally isolated, the work which it does is just 
the change in energy: 

\R\ =E 0 ~E(S); 

we write | HI, since R ■< 0 in accordance with convention if work is done 
by the system. 

Differentiating | R | with respect to the entropy S of the final state, we have 
01*1/85 = ~(dE/dS) y = -T, 

where T is the temperature of the final state; the derivative is taken with the 
volume of the system in its final state constant (the same as in the initial 
state). We see that this derivative is negative, i.e. | *| decreases with increas¬ 
ing S. The entropy of a thermally isolated system cannot decrease, and the 
greatest possible value of [ * | therefore occurs if S remains constant through¬ 
out the process. 

Thus we conclude that the system does maximum work when its entropy 
remains constant, i.e. when the process of reaching equilibrium is revers¬ 
ible. 

Let us determine the maximum work which can be done when a small 
quantity of energy is transferred between two bodies at different tempera¬ 
tures T\ and T 2 , with T 2 > TV. First of all, it must be emphasised that, if the 
energy transfer occurred directly between the bodies on contact, no work 
would be done. The process would be irreversible, the entropy of the two 
bodies increasing bydE(l/Ti— 1/TV), where dEis the amount of energy trans¬ 
ferred. 

Consequently, in order to achieve a reversible transfer of energy and so 
maximise the work, some further body (the working medium ) must be brought 
into the system and caused to execute a reversible cyclic process. This pro¬ 
cess must be carried out in such a way that the bodies between which direct 
transfer of energy occurs are at the same temperature. The working medium 
at temperature r 2 is brought into contact with the body at that temperature 
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and receives a certain amount of energy from it isothermally. It is then adia- 
batically cooled to Tu releases energy at this temperature to the body atTT, 
and finally is adiabatically returned to its original state. In the expansions 
involved in this process the working medium does work on external objects. 
The cyclic process just described is called a Carnot cycle. 

To calculate the resulting maximum work, we first note that the working 
medium may be ignored, since it is returned to its initial state at the end of 
the process. Let the hotter body 2 lose an amount of energy — bEz = —T 2 bS% 
and body 1 gain energy bE\ = T\ bS i. Since the process is reversible, the 
sum of the entropies of the two bodies remains constant, i.e. bSi — —bS 2 . 
The work done is equal to the decrease in the total energy of the two bodies, 
i.e. 

\bRU* ^-bEt-bEz = -T 1 bS 1 -T 2 bS 2 

— —(Tz—Ti) bSzy 
or 

= ^r^ia&|. (19.1) 

The ratio of the work done to the amount of energy expended is called 
the efficiency rj. The maximum efficiency when energy is transferred from a 
hotter to a cooler body is, from (19.1), 

*?max = (T 2 -Ti)/T 2 . (19.2) 

A more convenient quantity is the utilisation coefficient n, defined as the ratio 
of the work done to the maximum work which can be obtained in given 
conditions. Clearly 

n = riMmax- (19.3) 


§ 20. Maximum work done by a body in an external medium 

Let us now consider a different formulation of the maximum-work prob¬ 
lem. Let a body be in an external medium whose temperature T 0 and pressure 
Po differ from the temperature T and pressure P of the body. The body can do 
work on some object, assumed thermally isolated both from the medium and 
from the body. The medium, together with the body in it and the object on 
which work is done, forms a closed system. The volume and energy of the 
medium are so large that the change in these quantities due to processes in¬ 
volving the body does not lead to any appreciable change in the temperature 
and pressure of the medium, which may therefore be regarded as constant. 

If the medium were absent, the work done by the body on the thermally 
isolated object, for a given change in state of the body (i.e. for given initial 
and final states) would be completely defined, and equal to the change in the 
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energy of the body. The presence of the medium which also takes part in the 
process makes the result indefinite, and the question arises of the maximum 
work which the body can do for a given change in its state. 

If a body does work on an external object in a transition from one state 
to another, then in the reverse transition from the second state to the first 
some external source of work must do work on the body. A transition in 
which the body does the maximum work |/?| max corresponds to a reverse 
transition which requires the external source to do the minimum work R^. 
These must obviously be the same, so that the calculation of the one is equiv¬ 
alent to that of the other, and we shall speak below of the work done on 
the body by a thermally isolated external source of work. 

During the process, the body may exchange heat and work with the me¬ 
dium. The work done on the body by the medium must of course be sub¬ 
tracted from the total work done on the body, since we are concerned only 
with the work done by the external source. Thus the total change dE in the 
energy of the body in some (not necessarily small) change in its state con¬ 
sists of three parts: the work R done on the body by the external source, 
the work done by the medium, and the heat gained from the medium. As 
already mentioned, owing to the large size of the medium its temperature 
and pressure may be taken as constant, and the work done by it on the body 
is therefore Pod Vo, while the heat given up by it is —T 0 dS 0 (the suffix zero 
indicates quantities pertaining to the medium, while those for the body 
have no suffix). Thus 

dE = R+PodVo-ToASo. 

Since the total volume of the medium and the body remains constant, dVo = 
—AVy and the law of increase of entropy shows that AS+dS 0 0; the 
entropy of the thermally isolated source of work does not vary. Thus dS Q > 
-/IS. From R = dE—P Q dVo-\-TodS 0 we therefore find 

R^dE-T 0 dS+PodV. (20.1) 

The equality occurs for a reversible process. Thus we again conclude that 
the change occurs with minimum expenditure of work, and the reverse change 
with maximum work, if it occurs reversibly. The value of the minimum 
work is 

R mia = d(E-ToS+P<>V) (20.2) 

(To and P 0f being constants, can be placed after d\ i.e. this work is equal to 
the change in the quantity E—ToS +P 0 V. For maximum work the formula 
must be written with the opposite sign: 

I* Lax = -d(E-ToS+P 0 V), (20.3) 

since the initial and final states are interchanged. 
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If the body is in an equilibrium state at every instant during the process 
(but not, of course, in equilibrium with the medium), then for an infinitesi¬ 
mal change in its state formula (20.2) may be written differently. Substitut¬ 
ing dE = TdS~P dV in d R^n = dE-T 0 dS+P 0 dV, we find 

dP min = (T-To) dS—(P—Po) dV. (20.4) 

Two important particular cases may be noted. If the volume and tempera¬ 
ture of the body remain constant, the latter being equal to the temperature 
of the medium, (20.2) gives P min = A(E—TS), or 

Rmin = A F, (20.5) 

i.e. the minimum work is equal to the change in the free energy of the body. 
Secondly, if the temperature and pressure of the body are constant and equal 
to To and Po, we have 

Rmin = A0, (20.6) 

i.e. the work done by the external source is equal to the change in the ther¬ 
modynamic potential of the body. 

It should be emphasised that in both these particular cases the body con¬ 
cerned must be one not in equilibrium, so that its state is not defined by T and 
V (or P) alone; otherwise, the constancy of these quantities would mean that 
no process could occur at all. We must consider, for example, a chemical 
reaction in a mixture of reacting substances, a process of dissolution, or the 
like. 

Let us now assume that a body in an external medium is left to itself and 
no work is done on it. Spontaneous irreversible processes will occur in the 
body and bring it into equilibrium. In the inequality (20.1) we must now put 
R = 0, and so 

A(E-ToS+P 0 V) 0. (20.7) 

This means that the processes occurring in the body will cause the quantity 
E—ToS+PoV to decrease, and it will reach a minimum at equilibrium. 

In particular, for spontaneous processes at constant temperature T = T 0 
and constant pressure P = P 0 , the thermodynamic potential 0 of the body 
decreases, and for processes at constant temperature T — To and constant 
volume of the body its free energy F decreases. These results have already 
been derived by a different approach in § 15. It may be noted that the deri¬ 
vation given here does not essentially assume that the temperature and vol¬ 
ume (or pressure) of the body remain constant throughout the process: we 
may say that the thermodynamic potential (or free energy) of a body de¬ 
creases as a result of any process for which the initial and final temperature 
and pressure (or volume) are the same (and equal to the temperature and 
pressure of the medium), even if they vary during the process. 
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Another thermodynamic significance may also be ascribed to the minimum 
work. Let S, be the total entropy of the body and the medium. If the body 
is in equilibrium with the medium, S', is a function of their total energy E,: 

S t = S'(E'). 


If the body is not in equilibrium with the medium, their total entropy differs 
from S t (E t ) for the same value of the total energy E t by some amount AS, 
< 0. In Fig. 3 the continuous line shows the function S,(E,) and the vertical 

s t 
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E t 


segment ah is — AS,. The horizontal segment be is the change in the total 
energy when the body goes reversibly from the state of equilibrium with the 
medium to the state corresponding to the point b. In other words, this seg¬ 
ment represents the minimum work which must be done by some external 
source to bring the body from the state of equilibrium with the medium to 
the state considered; the equilibrium state in question (the point c in Fig. 
3) is, of course, not the same as that corresponding to the given value of E, 
(point a). 

Since the body is a very small part of the whole system, the processes 
involving it cause only a negligible relative change in the total energy and 
entropy. Figure 3 therefore shows that 


AS t = - 


dS t (E,) 

dE, 


Rmln • 


But the derivative dEJdS, is the equilibrium temperature of the system, i.e. 
the temperature To of the medium. Thus 

AS, = = -^(AE-T 0 AS+PoAV). (20.8) 

Jo Jo 


This formula determines the amount by which the entropy of a closed system 
(body +medium) differs from its greatest possible value if the body is not in 
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equilibrium with the medium; AE, AS and AV are here the differences be¬ 
tween the energy, entropy and volume of the body and their values in a 
state of complete equilibrium. 


§ 21. Thermodynamic inequalities 

In deriving the conditions of thermal equilibrium from that of maximum 
entropy, we have so far considered only the first derivatives. By equating to 
zero the derivatives with respect to energy and volume, we have deduced in 
§§ 9 and 12 the equality of temperature and pressure in all parts of the body as 
the conditions of equilibrium. But the vanishing of the first derivatives is 
only a necessary condition for an extremum and does not ensure that the 
entropy is in fact a maximum. The determination of the sufficient conditions 
for a maximum involves, of course, an examination of the second derivative 
of the function. 

Such an examination is, however, more conveniently carried out not from 
the condition of maximum entropy of a closed system but from another 
equivalent condition.* Let us consider some small but macroscopic part of 
the body concerned. With respect to this part, the remainder of the body may 
be regarded as an external medium. Then, as shown in§ 20, we can state that 
in equilibrium the quantity 


E-ToS+PoV 

has a minimum, where E, S and V are the energy, entropy and volume of 
the part considered, and T 0 , P 0 the temperature and pressure of the medium, 
i.e. of the remainder of the body. Clearly To and P 0 are also the temperature 
and pressure of the part considered when in equilibrium. 

Thus in any small deviation from equilibrium the change in the quantity 
E—ToS+PoV must be positive, i.e. 

( 21 . 1 ) 

In other words, the minimum work which must be done to bring this part of 
the body from equilibrium to any neighbouring state is positive. 

In what follows the equilibrium values will be implied for any coefficients 
appearing in the deviations of thermodynamic quantities from their equi¬ 
librium values, and the zero suffixes will therefore be omitted. 

t As regards the dependence of the entropy on the momenta of macroscopic 
motion, we have already investigated the conditions to be imposed on both the 
first and the second derivatives (§ 10), obtaining in this way the conditions that 
internal macroscopic motions in the body be absent and that the temperature be 
positive. 

6 
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Expanding 8E as a series (regarding is as a function of S and V), we have 
as far as the second-order terras 


8E-- 


0 *as + f^ + I[: 


dS 


d 2 E 


^ +2 BSW 6S6V+ Wt (dv)1 } 


d 2 E 
dV 2 ( 


But dE/dS = T, dE/dV = —P, so that the first-order terms are T SS—P bV, 
and cancel when 8E is substituted in (21.1). Thus we obtain the condition 


S^ 2+2 ^w 8s8v+ ^ 8v ^ 


( 21 . 2 ) 


0[(0£/0S>, (dE/dV)s] 
d(S, V ) 


= -0(T,P)/0(5', V)>0. 


(21.3) 

(21.4) 


If such an inequality holds for arbitrary bS and SV, two conditions must 
be satisfied: 1- 

dW/dS 2 > 0 , 
d 2 E d 2 E / d 2 E \ 2 

0S 2 dV 2 (dSdv) >0 ‘ 

Since 

dw/ds 2 = (0770SV = t/c v , 

the condition (21.3) becomes T/C v > 0, or 

C v > 0, (21.5) 

i.e. the specific heat at constant volume is always positive. 

The condition (21.4) may be written in terms of the Jacobian 


Changing to the variables T and V, we have 

d(T,P) __ 0(7\P)/0(7\F) _ (0P/0F) r T /dP\ 

d(S, V) d(S,V)/d(T,V) ~ (dS/dT)y C v \dv) T ^ ' 

Since C v >■ 0, this is equivalent to the condition 

(0P/0F) r < 0, (21.6) 

i.e. an increase in volume at constant temperature is always accompanied by 
a decrease in pressure. 

The conditions (21.5) and (21.6) are called thermodynamic inequalities. 
States in which these conditions are not satisfied are unstable and cannot 
exist in Nature. 


t The special case where the equality sign holds in (21.4) will be discussed in 
§152. 
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§ 22 Le Chatelier's Principle 

It has already been noted in§ 16 that from the inequality (21.6) and formu¬ 
la (16.10) we always have C p >■ C v . From (21.5) we can therefore conclude 
that 

C p > 0 (21.7) 

always. 

The fact that C v and C p are positive means that the energy is a monoton- 
ically increasing function of temperature at constant volume, and the heat 
function behaves similarly at constant pressure. The entropy increases mono- 
tonically with temperature at either constant volume or constant pressure. 

The conditions (21.5), (21.6), which have been derived for an arbitrary 
small part of a body, are of course valid for the whole body also, since in 
equilibrium the temperatures and pressures of all parts of the body are the 
same. Here it is assumed that the body is homogeneous (only such bodies 
have been considered so far). It must be emphasised that the fulfilment of 
the conditions (21.5), (21.6) depends on the homogeneity of the body. We 
can, for example, consider a body whose particles are held together by gravi¬ 
tational forces. Such a body will clearly be inhomogeneous, having a higher 
density towards the centre, and the specific heat of the body as a whole may 
be less than zero, so that its temperature rises as its energy decreases. We 
may note that this does not contradict the result that the specific heat is 
positive for every small part of the body, since in these conditions the energy 
of the whole body is not equal to the sum of the energies of its parts; there 
is also the energy of the gravitational interaction between these parts. 

The inequalities derived above are conditions of equilibrium, but their 
fulfilment is not sufficient for the equilibrium to be completely stable. There 
can exist states such that the entropy decreases for an infinitesimal deviation 
from the state and the body then returns to its initial state, whereas for a finite 
deviation the entropy may be greater than in the original state. After such 
a finite deviation the body does not return to its original state, but will tend 
to pass to some other equilibrium state corresponding to a maximum entropy 
greater than that in the original state. Accordingly, we must distinguish 
between metastable and stable equilibrium states. A body in a metastable 
state may not return to it after a sufficient deviation. Although a metastable 
state is stable within certain limits, the body will always leave it sooner or 
later for another state which is stable, corresponding to the greatest of the 
possible maxima of entropy. A body which is displaced from this state will 
always eventually return to it. 


§ 22. Le Chatelier’s principle 

Let us consider a closed system consisting of a body and a medium 
surrounding it. Let S be the total entropy of the system, and y a quantity 
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pertaining to the body, such that the condition for S to be a maximum rela¬ 
tive to y , i.e. dS/dy = 0, signifies that the body itself is,in equilibrium, though 
it is not necessarily in equilibrium with the medium. Also, let x be another 
thermodynamic quantity pertaining to the same body, such that if both 
dS/dy = 0 and dS/dx = 0 the body is not only in internal equilibrium but 
also in equilibrium with the medium. 

We shall use the notation 

X = - dS/dx, Y = - dS/dy. (22.1) 

In complete thermodynamic equilibrium the entropy S must be a maximum. 
For this, besides the conditions 

X = 0, 7=0, (22.2) 

the conditions 

(37/3*), > 0, (dY/dy) x > 0 (22.3) 

and 

must be satisfied. 

Let us now assume that the equilibrium of the body with the medium is 
destroyed by some small external interaction, the quantity x being somewhat 
changed and the condition X = 0 no longer satisfied; we assume that y is 
not directly affected by the interaction in question. Let the change in * be 
Ax. Then the change in X at the instant of interaction is 

(AX), = (37/3*), Ax. 

The change in x at constant y leads, of course, to a violation of the condi¬ 
tion 7=0 also, i.e. of internal equilibrium of the body. When equilibrium 
is again restored, the quantity X = AX will be 

(AX) y „o = (dX/dx) Y - Q Ax, 

where the derivative is taken at constant 7(= 0). 

To compare the two values of AX, using the properties of Jacobians, we 
have 

(dX\ _ 3(7, 7) _ 8(7, 7)/3(*, y) _ /37\ [(87/8 y) x f 

\*x)y „o *{x,Y)/d(x,y) \dx) y (3 Y/dy) x ‘ 

The denominator of the second term in this expression is positive by the 
condition (22.3); using also (22.4), we find that 


or 


(37/3 x) y > (dX/dx) Y m.o > 0, 
\(AX) y \ >\(AX) y ~o\. 


(22.5) 

( 22 . 6 ) 
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The inequality (22.5) or (22.6) forms the content of what is called Le 
Chatelier's principle. 

We shall regard the change Ax of the quantity x as a measure of the ex¬ 
ternal interaction acting on the body, and AX as a measure of the change in 
properties of the body resulting from this interaction. The inequality (22.6) 
shows that, when the internal equilibrium of the body is restored after the 
external interaction which disturbed it, the value of AX is reduced. Thus 
Le Chatelier’s principle may be formulated as follows: an external interac¬ 
tion which disturbs the equilibrium brings about processes in the body which 
tend to reduce the effects of this interaction. 

The above may be illustrated by some examples. 

First of all, it is convenient to modify somewhat the definition of the 
quantities X and Y by using formula (20.8), according to which the change in 
entropy of the system (medium -f-body) is — R mi JT 0 , where T 0 is the temper¬ 
ature of the medium and the minimum work needed to bring the body 
from a state of equilibrium with the medium to the state in question. We can 
therefore write 


i 9-^min y _ 1 GR-min 

To 0X ’ To 0y 


(22.7) 


For an infinitesimal change in the state of the body we have (see (20.4)) 


dtfnnn = (T-T 0 ) dS-(P-P 0 ) dV; 


here and below all quantities without suffix relate to the body, and those 
with suffix 0 to the medium. 

Let x be the entropy S of the body. Then X = (T—To)/T 0 . The equilibrium 
condition X = 0 gives T = To, i.e. the temperatures of the body and the 
medium are equal. The inequalities (22.5) and (22.6) become 

(dT/dS) y > (dT/dS) r -o > 0, (22.8) 

\{AT) y \ > |(J7>-o|. (22.9) 

The significance of these inequalities is as follows. The change in x (the 
entropy of the body) means that a quantity of heat is given to or taken from 
the body. This destroys the equilibrium of the body itself and, in particular, 
changes its temperature by (AT) y . The restoration of equilibrium in the 
body has the result that the absolute value of the change in temperature 
decreases, becoming {AT) Y ~o> i- e - it is as if the result of the interaction 
which brings the body out of equilibrium were reduced. We can say that 
heating or cooling a body brings about processes in it which tend to lower 
or raise the temperature respectively. 
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Now let x be the volume V of a body. Then X = —(P—Po)!Tq. In equi¬ 
librium X = 0, i.e. P = P 0 . The inequalities (22.5) and (22.6) give 

(0P/0F), < (dP/dV)y^o < 0, (22.10) 

\{AP) y \ H(/4P) r -o|. (22.11) 

If the body is disturbed from equilibrium by a change in its volume at 
constant temperature, then, in particular, its pressure is changed; the res¬ 
toration of equilibrium in the body leads to a decrease in the absolute value 
of the change in pressure. Since a decrease in the volume of the body causes 
an increase in its pressure, and vice versa, we can say that decreasing or 
increasing the volume of a body brings about processes in it which tend to 
lower or raise the pressure respectively. 

Later we shall meet with numerous applications of these results (to solu¬ 
tions, chemical reactions and so on). 

It may also be noted that, if y in the inequalities (22.8) is taken to be the 
volume of the body, we have 

(07705), = (dT/dS) v = T/C v , 

(07705)^0 = (dT/dS) P = T/C p , 

since the condition Y = 0 then denotes P = P 0 , i.e. constant pressure. 
Thus we again obtain the already familiar inequalities C p >■ C v >■ 0. Simi¬ 
larly, if in (22.10) y is taken as the entropy of a body, the condition Y = 0 
implies that the temperature is constant, T = Jo, and we find 

(i dP/dV) s < (0P/0F) r < 0, 
another result already known. 


§ 23. Nernst’s theorem 

The fact that the specific heat C v is positive means that the energy is a 
monotonically increasing function of the temperature. Conversely, when 
the temperature falls the energy decreases monotonically, and therefore, 
when the temperature has its least possible value, i.e. at absolute zero, a body 
must be in the state of least possible energy. If we regard the energy of a 
body as the sum of the energies of the parts into which it may be imagined to 
be divided, we can say that each of these parts will also be in the state of 
least energy; it is clear that the minimum value of the sum must correspond 
to the minimum value of each term. 

Thus at absolute zero any part of the body must be in a particular quan¬ 
tum state, the ground state. In other words, the tsatistical weights of these 
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parts are equal to unity, and therefore so is their product, i.e. the statistical 
weight of the macroscopic state of the body as a whole. The entropy of the 
body, being the logarithm of its statistical weight, is therefore zero. 

We consequently reach the important result that the entropy of any body 
vanishes at the absolute zero of temperature. This is called Nernsfs theorem 
(W. Nemst, 1906)/ 

It should be emphasised that this theorem is a deduction from quantum 
statistics, in which the concept of discrete quantum states is of essential 
importance. The theorem cannot be proved in purely classical statistics, 
where the entropy is determined only to within an arbitrary additive con¬ 
stant (see § 7). 

Nernst’s theorem enables us to draw conclusions also concerning the 
behaviour of certain other thermodynamic quantities as T -* 0. 

For instance, it is easy to see that for T = 0 the specific heats C p and C v 
both vanish: 

C p = C v = 0 for r=0. (23.1) 

This follows immediately from the definition of the specific heat in the form 

C = TdS/dT 
= dS/d log T. 

When T -* 0, log T -* — =», and since S tends to a finite limit, namely zero, 
it is clear that the derivative tends to zero. 

The thermal expansion coefficient also tends to zero: 

(i dV/dT) P =0 for T = 0. (23.2) 

For this derivative is equal to the derivative —(dS/dP) T (see (16.4)), which 
vanishes for T = 0, since S = 0 for T = 0 and any pressure. 

Similarly, we can see that 

(dP/dT)y =0 for T = 0. (23.3) 

The entropy usually vanishes, for T -*■ 0, according to a power law, i.e. 
as S — aT n , where a is a function of pressure or volume. In this case, clearly, 
the specific heats and (dV/dT) P , (dP/dT) v will tend to zero in the same way 
(with the same value of n ). 

* To avoid misunderstandings we should emphasise that this refers to the tem¬ 
perature tending to zero with other conditions remaining unchanged—say at con¬ 
stant volume, or at constant pressure. If, on the other hand, the temperature of a gas 
tends to zero while its density decreases without limit, for example, the entropy 
need not tend to zero. 
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Finally, it may be seen that the difference C p —C v tends to zero more 
rapidly than the specific heats themselves, i.e. 

(C p -C v )/C p =0 for T= 0. (23.4) 

For let the entropy tend to zero as S oc T n for T -*» 0. From formula (16.9) 
we then see that C p -C v oc 7’ 2n+1 , so that (C p -C v )/C p oc T n+1 ; it should be 
borne in mind that the compressibility (3 V/dP) T is in general finite and not 
zero when T — 0. 

If the specific heat of a body is known for all temperatures, the entropy 
can be calculated by integration, and Nemst’s theorem gives the value 
of the constant of integration. For example, the dependence of the entropy 
on temperature for a given pressure is determined by 

T 

s= f (cyr) dr. (23.5) 

0 

The corresponding formula for the heat function is 

T 

W= fVo + jC p dT, (23.6) 

0 

where W 0 is the value of the heat function for T = 0. Similarly, for the 
thermodynamic potential 0 = W—TS we have 

T T 

0 = w 0 + j* c p dr-r| dr. (23.7) 


§ 24. The dependence of the thermodynamic quantities on the number of 
particles 

As well as the energy and entropy, such thermodynamic quantities as F, 0 
and W also have the property of additivity, as follows directly from their 
definitions if we bear in mind that the pressure and temperature are constant 
throughout a body in equilibrium. From this property we can draw certain 
conclusions concerning the manner in which each of these quantities depends 
on the number of particles in the body. Here we shall consider bodies con¬ 
sisting of identical particles (molecules); all the results can be immediately 
generalised to mixtures of different particles (see § 85). 

The additivity of a quantity signifies that, when the amount of matter 
(and therefore the number N of particles) is changed by a given factor, the 
quantity is changed by the same factor. In other words, we can say that an 
additive thermodynamic quantity must be a homogeneous function of the 
first order with respect to the additive variables. 
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Let us express the energy of the body as a function of the entropy, vol¬ 
ume, and number of particles. Since S and V are themselves additive, this 
function must be of the form 

E = Nf(S/N, V/N), (24.1) 

the most general homogeneous function of the first order in N, S and V. 

The free energy F is a function of N, T and V. Since the temperature is 
constant throughout the body, and the volume is additive, a similar argu¬ 
ment gives 

F = Nf(V/N, T). (24.2) 

In exactly the same way we have for the heat function W, expressed as a 
function of N , S and the pressure P, 

W = Nf(S/N t P). (24.3) 

Finally, the thermodynamic potential as a function of N , P and T is 

0 = Nf(P , T). (24.4) 

In the foregoing discussion we have essentially regarded the number of 
particles as a parameter which has a given constant value for each body. 
We shall now formally consider N as a further independent variable. Then 
the expressions for the differentials of the thermodynamic potentials must 
include terms proportional to d N. For example, the total differential of the 
energy will be written 


d E=T d S-P dV +p d N, (24.5) 

where p denotes the partial derivative 

p = (dE/dN) s , v . (24.6) 

The quantity p is called the chemical potential of the body. Similarly we 
have 

dW = TdS+VdP+pdN, (24.7) 

d F =~S dT-P dV+p diNT, (24.8) 

d0 = —S dT-f- V dP+p dN, (24.9) 

with the same p. These formulae show that 

p = (dW/dN)s,p = (0F/0iV)r, v = (d0/dN) Pt r , (24.10) 

i.e. the chemical potential can be obtained by differentiating any of the 
quantities E, W, F and 0 with respect to the number of particles, but the 
result is expressed in terms of different variables in each case. 
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Differentiating 0 in the form (24.4), we find that 4 a = d0/dN = f(P, T), 
i.e. 

0 = Nfi. (24.11) 

Thus the chemical potential of a body (consisting of identical particles) is 
just its thermodynamic potential per molecule. When expressed as a function 
of P and T, the chemical potential is independent of N. Thus we can imme¬ 
diately write down for the differential of the chemical potential 

dfx = -sdT+vdP, (24.12) 

where s and v are the entropy and volume per molecule. 

If we consider (as we have usually done hitherto) a definite amount of 
matter, the number of particles in it is a given constant, while the volume 
is variable. Let us now take a certain volume within the body, and consider 
the matter enclosed therein; the number of particles N will now be variable, 
and the volume V constant. Then, for example, equation (24.8) reduces to 

dF = —S dT+fj, dN. 

Here the independent variables are T and N. We may define a thermodynamic 
potential such that the second independent variable is [x, not N. To do so, 
we substitute fx d N = d(fxN)—N dfx, obtaining 

d(F-fiN) = -S d T-N dp. 

But fxN = 0, and F—0 = —PV. Thus the new thermodynamic potential 
(denoted by Q) is just 

Q = —PV, (24.13) 

and 

dQ = -S dT-N d(ji. (24.14) 

The number of particles is obtained by differentiating Q with respect to the 
chemical potential at constant temperature and volume: 

N = ~(dQ/dfj) Ti y = V(dP/dfx) T , v . (24.15) 

In the same way as we proved the equality of small changes in is, W, F 
and 0 (with the appropriate pairs of quantities constant), we can easily show 
that the change (dQ) TtMt v at constant T, p, V has the same property: 

(dE)s, v, n = (<3F) r> Vt N = (d0) T ,p,N = {&W)s,p,n = (<$£?)r, v.m- (24.16) 

These equations refine and extend the theorem of small increments (15.12). 

Finally, as in §§ 15 and 20 for the free energy and the thermodynamic 
potential, we may show that the work in a reversible process occurring at 
constant T, V and (jl is equal to the change in the potential Q. In a state of 
thermal equilibrium the potential Q is a minimum with respect to any change 
of state at constant T, V , fx. 
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PROBLEM 

Derive an expression for the specific heat C v in terms of the variables T, (X, V. 

Solution. We transform the derivative C v = T(dS/dT)y N to the variables T, 
V, (i, writing (with V regarded as a constant throughout) 

/05\ 0(5, AO _ 0(5, N)/d(T, (x) _ /05\ (05/0^) r @NfdT) M 

\dT) N ~ d(T,N) ~ 0(r,AO/0(7» “ \0r/^ wityh 

But (dS/d(x) T — —d 2 Q/dT dp = (dN/dT)^ and therefore 

r _ K0AV07V 1 

v ~ \\* T ), QWphy 


§ 25. Eqtrilibriiim of a body in an external field 

Let us consider a body in an external field which is constant in time. The 
different parts of the body are in different conditions, and the body will 
therefore be inhomogeneous. One of the conditions of equilibrium of such a 
body is again that the temperature should be constant throughout it, but the 
pressure will now vary from point to point. 

To derive the second condition of equilibrium, let us consider two ad¬ 
joining volumes in the body and maximise their entropy S = S 1 + S 2 when 
the remainder of the body is in a fixed state. One necessary condition for a 
maximum is that the derivative 05/0iVi should be zero. Since the total 
number of particles A^i+A^ 2 in these two parts of the body is regarded as 
constant, we have 

05 _ 05i_ 05 2 0AT 2 _ 05i 05 2 _ 

dNi dNj_ + 0AT 2 dNj. ” dN x dN 2 


The equation dE = TdS+n dN, written in the form 


ds = f-£d* 


shows that the derivative dS/dN for constant E and T is — p/T. Thus ^i/Ti = 
ju 2 /r 2 . But in equilibrium 7\ = T 2 , so that p 1 = (J> 2 . We therefore conclude 
that in equilibrium in an external field, in addition to the constancy of 
temperature, we must have 

(j> = constant, (25.1) 

i.e. the chemical potential of every part of the body must be the same. The 
chemical potential of each part is a function of its temperature and pressure, 
as well as of the parameters which define the external field. If there is no field, 
the constancy of n and T necessarily implies that of the pressure. 
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In a gravitational field the potential energy u of a molecule is a function 
only of the coordinates x, y, z of its centre of gravity (and not of the ar¬ 
rangement of the atoms within the molecule). In this case the change in the 
thermodynamic quantities for the body amounts to adding to its energy the 
potential energy of the molecules in the field. In particular, the chemical 
potential (the thermodynamic potential per molecule) has the form p = ^ 0 4- 
u(x, y, z\ where po(P, T) is the chemical potential in the absence of the 
field. Thus the condition of equilibrium in a gravitational field may be 
written 

^o(P, T ) + u(x, y, z ) = constant. (25.2) 

In particular, in a uniform gravitational field u = mgz (where m is the mass 
of a molecule, g the acceleration due to gravity, and z the vertical coordinate). 
Differentiating equation (25.2) with respect to the coordinate z at constant 
temperature, we have v dP = — mg dz, where v = (9^ 0 /SP) r is the specific 
volume. For small changes in pressure, v may be regarded as constant. 
Substituting the density q = mjv and integrating, we obtain 
P = constant- Qgz, 

the customary formula for the hydrostatic pressure in an incompressible 
fluid. 


§ 26. Rotating bodies 

In a state of thermal equilibrium, as we have seen in § 10, only a uniform 
translational motion and a uniform rotation of a body as a whole are pos¬ 
sible. The uniform translational motion needs no special treatment, since by 
Galileo’s relativity principle it has no effect on the mechanical properties 
of the body, nor therefore on its thermodynamic properties, and the thermo¬ 
dynamic quantities are unchanged except that the energy of the body is 
increased by its kinetic energy. 

Let us consider a body in uniform rotation round a fixed axis with angular 
velocity Q. Let E(p, q ) be the energy of the body in a fixed coordinate system 
and E'(p, q) the energy in a coordinate system rotating with the body. We 
know from mechanics that these quantities are related by 

E'{p, q) = E(p, q)-Q-M(p, q\ (26.1) 

where M(p, q) is the angular momentum of the body.* 

* See Mechanics , § 39. Although the derivation of formula (39.13) is based on 
classical mechanics, in quantum theory exactly the same relations apply to the 
operators of the corresponding quantities. Hence all the thermodynamic relations 
derived below are independent of which mechanics describes the motion of the 
particles in the body. 
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Thus the energy E'(p, q ) depends on the angular velocity Q as a parameter, 
and 

dE'(p, q)fdQ = - MO, q). 

Averaging this equation over the statistical distribution and using formula 
(11.3), we obtain 

(dE'/dQ)s = — M, (26.2) 

where E' — E'(p , q\ M = M(p, q) are the mean (thermodynamic) energy 
and angular momentum of the body. 

From this relation we can write down the differential of the energy of a 
rotating body of given volume: 

dE' = T dS—M»d/2. (26.3) 

Similarly, for the free energy F' — E'-TS (in the rotating coordinate sys¬ 
tem) we have 

dF = -S dT-M-dQ. (26.4) 

Averaging equation (26.1) gives 

E' = E- M.Q. (26.5) 

Differentiating this equation and substituting (26.3), we obtain the differen¬ 
tial of the energy in the fixed coordinate system: 

dE= TdS+Q»dM. (26.6) 

Correspondingly, for the free energy F = E—TS 

dF — —S dT+Q*dM. (26.7) 

Thus in these relations the independent variable is not the angular velocity 
but the angular momentum, and 

Q = (dE/dM)s = (0F/0 M) r . (26.8) 

As we know from mechanics, a uniform rotation is in a certain sense equiv¬ 
alent to the presence of two fields of force, centrifugal and Coriolis. The 
centrifugal forces are proportional to the size of the body, as they involve the 
distance from the axis of rotation; the Coriolis forces are independent of the 
size of the body. For this reason the effect of the Coriolis forces on the ther¬ 
modynamic properties of a rotating macroscopic body is entirely negligible 
in comparison with that of the centrifugal forces, and the former can usually 
be neglected.* The condition of thermal equilibrium of a rotating body is 
therefore obtained by simply substituting for u(x, y, z ) in (25.2) the centrifugal 
energy of the particles: 

Ho(P, T)-\mQ 2 r 2 = constant, (26.9) 

* It may be shown that in classical statistics the Coriolis forces do not affect 
the statistical properties of the body; see§ 34. 
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where fio is the chemical potential of the body at rest, m the mass of a mole¬ 
cule, and r the distance from the axis of rotation. 

For the same reason, the total energy E of a rotating body may be written 
as the sum of its internal energy (here denoted by E^) and its kinetic energy 
of rotation: 

E = E in +M*l2I, (26.10) 

where I is the moment of inertia of the body with respect to the axis of rota¬ 
tion. It should be remembered that rotation in general changes the distribu¬ 
tion of mass in the body, and so the moment of inertia and internal energy 
of the body are themselves in general functions of Q (or of M). They may be 
regarded as constants independent of Q only when the rotation is sufficiently 
slow. 

Let us consider an isolated uniformly rotating solid with a given mass 
distribution. Since the entropy of a body is a function of its internal energy, 
we have in this case S — S(E—M 2 f2I). Because the body is a closed system, 
its total energy and angular momentum are conserved, and the entropy must 
have the maximum value possible for the given M and E. We therefore con¬ 
clude that the equilibrium rotation of the body takes place about the axis 
with respect to which the moment of inertia has the greatest possible value. 
This assumes that the axis of rotation is necessarily a principal axis of inertia 
of the body, but the latter result is evident: if the body rotates about an axis 
other than a principal axis of inertia, then, as we know from mechanics, the 
axis of rotation will itself precess in space, and the rotation will be non- 
uniform, and therefore not an equilibrium rotation. 


§ 27. Thermodynamic relations in the relativistic region 

Relativistic mechanics leads to a number of changes in the usual thermo¬ 
dynamic relations. Here we shall discuss the most interesting of these changes. 

If the microscopic motion of the particles forming a body becomes relativ¬ 
istic, the general thermodynamic relations are unchanged, but there is an 
important inequality between the pressure and energy of the body: 

P < E/2V, (27.1) 

where E is the energy of the body including the rest energy of the particles 
in it. 1- 

t See Fields , § 35. It should be mentioned, however, that there is as yet no general 
proof of this inequality valid for all types of interaction (not only electromagnetic) 
which exist between particles in Nature. 
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The changes caused by the general theory of relativity in the conditions of 
thermal equilibrium, taking account of the gravitational field of the body 
itself, are of fundamental importance. Let us consider a macroscopic body 
at rest; its gravitational field is, of course, constant. In a constant gravi¬ 
tational field we must distinguish the conserved energy E 0 of any small part 
of the body from the energy E measured by an observer situated at a given 
point. These two quantities are related by 

Eo = Ey/goo, 

where goo is the time component of the metric tensor; see Fields , § 88, 
formula (88.9) with v = 0, me 2 — E. But, from the sense of the proof given 
in § 9 that the temperature is constant throughout a body in equilibrium, it 
is clear that the quantity obtained by differentiating the entropy with re¬ 
spect to the conserved energy Eo must be constant. The temperature T 
measured by an observer situated at a given point in space is, however, 
obtained by differentiating the entropy with respect to the energy E, and 
will therefore be different at different points in the body. 

To derive a quantitative relation, we note that the entropy, by definition, 
depends only on the internal state of the body and so is unchanged by the 
presence of a gravitational field (provided that this field does not affect the 
internal properties of the body, a condition which is always satisfied in prac¬ 
tice). The derivative with respect to entropy of the conserved energy E 0 is 
therefore T Vgoo, and so one of the conditions of thermal equilibrium is 
that 

Ty/goo = constant (27.2) 

throughout the body. 

A similar change occurs in the second condition of equilibrium, the con¬ 
stancy of the chemical potential. The latter is defined as the derivative of the 
energy with respect to the number of particles. Since this number is of course 
unaffected by a gravitational field, we have for the chemical potential meas¬ 
ured at any given point a relation of the same kind as for the temperature: 

i^V^oo = constant. (27.3) 

We may note that the relations (27.2), (27.3) may be written 
T = constant Xdjc°/dy, 

fj, = constant X dx°/dy, (27*4) 

which enable us to consider the body not only in the frame of reference in 
which it is at rest but also in those where it is moving (rotating as a whole). 
The derivative dx°/dy must be taken along the world line described by the 
point considered in the body. 
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In a weak (Newtonian) gravitational field, goo = 1 +2<f>/c 2 , where <p is 
the gravitational potential (see Fields , § 87). Substituting this expression in 
(27.2) and taking the square root, we have to the same approximation 

T = constant X (1 — <f>/c 2 ). (27.5) 

Since <£ ■< 0, this shows that in equilibrium the temperature is higher at 
points in the body where |0| is greater, i.e. within the body. In the limit of 
non-relativistic mechanics (c -►<»), (27.5) becomes T = constant, as it 
should. 

We can similarly transform the condition (27.3), bearing in mind that the 
relativistic chemical potential, in the limit of classical mechanics, does not 
directly become the ordinary (non-relativistic) expression for the chemical 
potential in the absence of a field, which we now denote by [x 0 , but fx 0 +mc 2 , 
where me 2 is the rest energy of a particle of the body. Thus we have 

ju^goo 2 £ ((iQ+mc^il+^/c 2 ) 
a* f*o+mc 2 

so that the condition (27.3) becomes 

(x 0 +m<f> = constant; 
this agrees with (25.2), as it should. 

Finally, we may mention a useful relation which follows immediately from 
the conditions (27.2) and (27.3). Dividing one by the other, we find that 
jx/T = constant, and hence 


dfx/fx = d TIT. 

From (24.12), at constant volume (equal to unity) we have 
dP—S dT+Nd[x t 

where S and N are the entropy and number of particles in unit volume of the 
body. Substituting dT = (T/n) d/x and noting that fxN+ST = 0 + ST = e +P, 
where e is the energy per unit volume, gives 1 " 

d(x/jtx = dP/(e-[-P). (27.6) 


t In the non-relativistic case, putting [X ^ me 2 , e s qc 2 P (where q is the 
density), we get d/x = v dP with v = mjq the volume per particle; this is as it 
should be for T — constant. 
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§ 28. The Gibbs distribution 

Let us now turn to the problem stated in Chapter I of finding the distribution 
function for a subsystem, i.e. any macroscopic body which is a small part of 
some large closed system. The most convenient and general method of 
approaching the solution of this problem is based on the application of the 
microcanonical distribution to the whole system. 

Distinguishing the body in question from the rest of the closed system, we 
may consider the system as consisting of these two parts. The rest of the 
system will be called the “medium” in relation to the body. 

The microcanonical distribution (6.6) can be written in the form 

d w = constant Xd(E+E'—E"») dT dP, (28.1) 

where E, dT and E\ dP relate to the body and the medium respectively, and 
jS (0) is the given value of the energy of the closed system, which must be equal 
to the sum E+E' of the energies of the body and the medium. 

Our object is to find the probability w„ of a state of the whole system 
such that the body concerned is in some definite quantum state (with energy 
E l „), i.e. a microscopically defined state. The microscopic state of the medium 
is of no interest, so that we shall suppose this to be in a macroscopically 
defined state. Let AT' be the statistical weight of the macroscopic state of the 
medium and let AE' be the range of values of the energy of the medium 
corresponding to the range AT' of quantum states in the sense discussed in 
§7. 

The required probability w n can be found by taking dT = 1 in (28.1), 
putting E — E n and integrating with respect to P: 

w n = constant X J b(E n +E' -P 0) ) dP. 

Let P(P) be the total number of quantum states of the medium with energy 
not exceeding E\ Since the integrand depends only on E', we can change to 
integration with respect to E\ putting dP = (dP(£ ,/ )/dP)dP. The deriva¬ 
tive dP/dP is replaced (cf. § 7) by 

dP/dP = eS'^/AE', 
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where S'(E') is the entropy of the medium as a function of its energy; AE' is, 
of course, also a function of E'. Thus we have 

r e s ' 

w n = constantX I -^7 b{E' -\-E n —E^) dE'. 

Owing to the presence of the delta function, the result of the integration is 
simply to replace E' by E {0) —E n : 

w n = constantX • (28.2) 

We now use the fact that, since the body is small, its energy E n is small in 
comparison with is (0) . The quantity AE' undergoes only a very small relative 
change when E' varies slightly, and so in AE' we can simply put E' = E (0) ; 
it then becomes a constant independent of E n . In the exponential factor e? y 
we must expand S\E {0) —E n ) in powers of E n as far as the linear term: 

S'(EM-E n ) = S'(E<®)-E n dS'(EM)/dEW. 

The derivative of the entropy S' with respect to energy is just l/T, where T 
is the temperature of the system; the temperatures of the body and the medi¬ 
um are the same, since the system is assumed to be in equilibrium. 

Thus we have finally for w„ the expression 

= Ae- E »> T , (28.3) 

where A is a normalisation constant independent of E„. This is one of the 
most important formulae in statistical physics. It gives the statistical distribu¬ 
tion of any macroscopic body which is a comparatively small part of a large 
closed system. The distribution (28.3) is called the Gibbs distribution or canon¬ 
ical distribution ; it was discovered by J. W. Gibbs for classical statistics in 
1901. 

The normalisation constant A is given by the condition Ew n = 1, whence 
1 _ = £ e -iV r (28.4) 

The mean value of any physical quantity / pertaining to the body can be 
calculated by means of the Gibbs distribution, using the formula 

7-w- 

= 'Zfnjr-^jZe-vr. 


(28.5) 
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In classical statistics an expression exactly corresponding to (28.3) is 
obtained for the distribution function in phase space: 

Q(p,q) = Ae-*»&T 9 (28.6) 

where E(p, q) is the energy of the body as a function of its coordinates and 
momenta.* The normalisation constant A is given by the condition 

j g dp dq = A j e- E M!Tdp d q = 1. (28.7) 

In practice, cases are frequently encountered where it is not the entire 
microscopic motion of the particles which is quasi-classical, but only the 
motion corresponding to some of the degrees of freedom, whereas the motion 
with respect to the remaining degrees of freedom is quantised (for example, 
the translational motion of the molecules may be quasi-classical while the 
motion of the atoms within the molecules is quantised). Then the energy 
levels of the body may be written as functions of the quasi-classical co¬ 
ordinates and momenta: E n = E n (p, q\ where n denotes the set of quantum 
numbers defining the “quantised part” of the motion, for which p and q are 
parameters. The Gibbs distribution formula then becomes 


dw„(p, q) = Ae~ E »( p ' «> /r dp ci dq c \, (28.8) 

where dp ci dq cl is the product of differentials of the “quasi-classical” co¬ 
ordinates and momenta. 

Finally, the following comment is necessary concerning the group of prob¬ 
lems which may be solved by means of the Gibbs distribution. We have spo¬ 
ken of the latter throughout as the statistical distribution for a subsystem, as 
in fact it is. It is very important to note, however, that this same distribution 
can quite succesfully be used also to determine the fundamental statistical 
properties of bodies forming closed systems, since such properties of a body 
as the values of the thermodynamic quantities or the probability distributions 
for the coordinates and velocities of its individual particles are clearly inde¬ 
pendent of whether we regard the body as a closed system or as being placed 
in an imaginary thermostat (§ 7). But in the latter case the body becomes a 
“subsystem” and the Gibbs distribution is immediately applicable to it. The 
difference between bodies forming closed and non-closed systems when the 
Gibbs distribution is used appears essentially only in the treatment of the 
fairly unimportant problem of fluctuations in the total energy of the body. 
The Gibbs distribution gives for the mean fluctuation of this quantity a non- 

* To avoid misunderstanding, let us mention once more that the w n (or g) are 
monotonic functions of energy and need not have maxima for E — E. It is the 
distribution function with respect to energy, obtained by multiplying w n by 
d r(E)/dE, wich has a sharp maximum at E = E. 

7 • 
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zero value, which is meaningful for a body in a medium but is entirely spu¬ 
rious for a closed system, since the energy of such a body is by definition 
constant and does not fluctuate. 

The possibility of applying the Gibbs distribution (in the manner described) 
to closed systems is also seen from the fact that this distribution hardly differs 
from the microcanonical distribution, while bring very much more conven¬ 
ient for practical calculations. For the microcanonical distribution is, roughly 
speaking, equivalent to regarding as equally probable all microstates of the 
body which correspond to a given value of its energy. The canonical distribu¬ 
tion is “spread” over a certain range of energy values, but the width of this 
range (of the order of the mean fluctuation of energy) is negligible for a 
macroscopic body. 


§ 29. The Maxwellian distribution 

The energy E(p, q) in the Gibbs distribution formula of classical statistics 
can always be written as the sum of two parts: the kinetic energy and the 
potential energy. The first of these is a quadratic function of the momenta of 
the atoms/ and the second is a function of their coordinates, the form of 
which depends on the law of interaction between the particles within the body 
(and on the external field, if any). If the kinetic and potential energies are 
denoted by K(p) and U(q) respectively, then E(p, q) = K(p)+U(q\ and the 
probability d w = o(p, q) dp d q becomes 

d w = Ae-vWTe-xwr dp dq, 

i.e. is the product of two factors, one of which depends only on the co¬ 
ordinates and the other only on the momenta. This means that the probabil¬ 
ities for momenta and coordinates are independent, in the se nse that any 
particular values of the momenta do not influence the probabilities of the 
various values of the coordinates, and vice versa. Thus the probability of the 
various values of the momenta can be written 

dw p = ae- K <-pV T dp, (29.1) 

and the probability distribution for the coordinates is 

dw q — be~ u ^ /T dq. (29.2) 

Since the sum of the probabilities of all possible values of the momenta 
must be unity (and the same applies to the coordinates), each of the probabil¬ 
ities dw p and dw q must be normalised, i.e. their integrals over all possible 

t It is assumed that Cartesian coordinates are used. 
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values of the momenta and coordinates respectively for the body concerned 
must be equal to unity. From these conditions we can determine the constants 
a. and b in (29.1) and (29.2). 

Let us consider the probability distribution for the momenta, and once 
again emphasise the very important fact that in classical statistics this distri¬ 
bution does not depend on the nature of the interaction of particles within 
the system or on the nature of the external field, and so can be expressed in 
a form applicable to all bodies. 1- 

The kinetic energy of the whole body is equal to the sum of the kinetic 
energies of each of the atoms composing it, and the probability again falls 
into a product of factors, each depending on the momenta of only one atom. 
This again shows that the momentum probabilities of different atoms are 
independent, i.e. the momentum of one does not affect the probabilities of 
various momenta of any other. We can therefore write the probability distri¬ 
bution for the momenta of each atom separately. 

For an atom of mass m the kinetic energy is (p*+/^+P^)/2m, where p x> 
p y , p z are the Cartesian components of its momentum, and the probability 
distribution is 


dw>„ = ae-( p * +p l + W 2mT dp x d p y d p z . 

The constant a is given by the normalisation condition. The integrations 
over p x , p y and p z are separate; by means of the formula 

J e~* x2 dx = VW«) 

we find a = (2 nmT)~ 312 , and the momentum probability distribution takes 
the final form 


<K = ( wr e- ( *'-+ K +’’' M2mT ^ dpy ■ (»-3) 

Changing from momenta to velocities (p = rm\ we can write the corre¬ 
sponding velocity distribution as 

/ m \ 8/2 

ditv = e —("J+oJ+tfl/w d«, dv y dv,. (29.4) 

This is Hit Maxwellian distribution (J. C. Maxwell, 1860). It again consists 
of a product of three independent factors 

d»v, = i^r e ~”° V ~ T . (29.5) 


t In quantum statistics this statement is not true in general. 
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each of which gives the probability distribution for a single velocity compo¬ 
nent. 

If the body consists of molecules (e.g. a polyatomic gas), then together with 
the Maxwellian distribution for the individual atoms there is a similar distri¬ 
bution for the translational motion of each molecule as a whole: from the 
kinetic energy of the molecule we can separate a term which gives the energy 
of the translational motion, and so the required distribution separates in the 
form (29.4), where m must now be taken as the total mass of the molecule, 
and v xi v y , v z as the velocity components of its centre of mass. It should be 
emphasised that the Maxwellian distribution for the translational motion of 
molecules can be valid quite independently of the nature of the motion of the 
atoms within the molecule (and the rotation of the molecule), and in partic¬ 
ular when a quantised description of the latter is necessary.* 

The expression (29.4) is written in terms of Cartesian coordinates in 
“velocity space”. If we change from Cartesian to spherical polar coordi¬ 
nates, the result is 

/ tn \ ®^ 2 

d w y = ( e“ wn ’* /2r v 2 sin 0 d0 d (f> dv, (29.6) 

where vis the absolute magnitude of the velocity, and 0 and <f> the polar angle 
and azimuthal angle which determine the direction of the velocity. Integra¬ 
tion with respect to angle gives the probability distribution for the absolute 
magnitude of the velocity: 

dM, ' =4 *(sf 

It is sometimes convenient to use cylindrical coordinates in velocity 
space. Then 

/ m \ m 

dw Y = e- m( *'+ v W T v r dv r dv 2 d(f>, (29.8) 

where v x is the velocity component along the z-axis, v r the component per¬ 
pendicular to that axis, and (f> the angle which gives the direction of this 
component. 

Let us calculate the mean kinetic energy of an atom. According to the defi¬ 
nition of the mean, and using (29.5), we find for any Cartesian velocity com- 


e —mv*/2Ty2 fa. 


(29.7) 


* The Maxwellian distribution clearly applies also to the Brownian motion of 
particles suspended in a liquid. 
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§29 
ponent + 

= j/-^ | v 2 x e- mv ^ 2T dv x 

= T/m. (29.9) 

The mean value of the kinetic energy of the atom is therefore 3T/2. 
We can thus say that the mean kinetic energy of all the particles in the body 
in classical statistics is always 3NT/ 2, where N is the total number of parti¬ 
cles. 


PROBLEMS 

Problem. 1. Find the mean value of the nth power of the absolute magnitude 
of the velocity. 

Solution. Using (29.7), we find 


if = 4n 





2 

y/n 



t For reference we shall give the values of the integrals of the form 

/„ = J e -a ** x n dx, 
o 

which often occur in applications of the Maxwellian distribution. The substitution 
ax 2 = y gives 


4 = ia _< " +1V2 J e~ y y (n ~ 1)/2 dy 
o 

= i«-'"+wr(i«+i), 

where/’(x) is the gamma function. In particular, if n = 2r with r =» 0, then 
(2r—1)!! 


hr=- 


2 r+1 




where (2r-l)!! = 1-3-5- ... (2r-1). If r = 0, then 
Io~ T \/( 7 ^/ a )' 

If n = 2r+1, then 


W=''!/2« r+1 . 

The same integral from — oo to + °o is zero if n — 2r +1 and twice the integral 
from 0 to oo if n = 2r. 
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In particular, if n is even ( = 2#*), then 

= (T/m) r (2r+ 1)!!; 

if n = 2 r+ 1, then 

_ 2 /2T\<2'-+1)/2 

Problem 2. Find the mean square fluctuation of the velocity. 

Solution. The result of Problem 1 with n — 1 and n = 2 gives 
((Avf) = = (T/m) (3-8/w). 

Problem 3. Find the mean energy, the mean square energy, and the mean square 
fluctuation of the kinetic energy of an atom. 

Solution. From the results of Problem 1 we find 
s= |W= 37/2, 

= 15J2/4, 

((Aef) = 3r a /2. 

Problem 4. Find the probability distribution for the kinetic energy of an atom. 
Solution. 

d ** = V(5P) e ~' /V£de - 


Problem 5. Find the probability distribution for the angular velocities of rota¬ 
tion of molecules. 


Solution. Just as for translational motion, we can write the probability distri¬ 
bution for the rotation of each molecule separately (in classical statistics). The 
kinetic energy of rotation of a molecule regarded as a rigid body (which is permis¬ 
sible, owing to the smallness of the atomic vibrations within the molecule) is 


. = j (/i£>?+/ 3 £>1+/ 3 £>D + 


where I x , / 2 , / 3 are the principal moments of inertia, Q Xt Q 2 ,Q 3 are the components 
of the angular velocity along the principal axes of inertia, and M x = I X Q X , M 2 — 
I 2 Q 2 , Af 3 = I 3 Q 3 are the components of the angular momentum, which act as 
generalised momenta with respect to the velocities Q x , Q 2 , Q 3 . The normalised 
probability distribution for the angular-momentum components is 

dw M = (~ + ^7 + ~)l dM, dM 2 d M, 

and for the angular velocity 

dw a = (2*tfr 3/2 (/ 1 4/ 3 ) 1/2 exp \-±(i x Ql+i 2 Ql+i 3 Qt>} dQ x dQ 2 dQ 3 . 
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Problem 6. Find the mean squares of the absolute magnitudes of the angular 
velocity and angular momentum of a molecule. 

Solution. The above distributions give 


M 2 = T(/ 1 + / 2 + / 3 ). 


§ 30. The probability distribution for an oscillator 

Let us consider a body whose atoms are executing small oscillations about 
some equilibrium positions. They may be atoms in a crystal or in a gas mole¬ 
cule; in the latter case the motion of the molecule as a whole does not affect 
the oscillations of the atoms within it and so does not influence the results. 

As we know from mechanics, the Hamiltonian (the energy) of a system 
consisting of an arbitrary number of particles executing small oscillations can 
be written as a sum: 

E(p, q) = y £(/>£ +<*>&£), 

where q a are what are called the normal coordinates of the oscillations (equal 
to zero at points of equilibrium), p a = q a are the corresponding generalised 
momenta, and a> a are the oscillation frequencies. In other words, E(p, q) is 
a sum of independent terms, each corresponding to a separate normal oscil¬ 
lation (or, as we say, to an oscillator). In quantum mechanics the same is true 
of the Hamiltonian operator of the system, so that each oscillator is independ¬ 
ently quantised and the energy levels of the system are given by the sums 

£/fct) a (« a + i). 


the n a being integers. 

As a result of these facts the Gibbs distribution for the whole system is a 
product of independent factors, each giving the statistical distribution for a 
separate oscillator. In consequence we shall consider a single oscillator in 
what follows. 

Let us determine the probability distribution for the coordinate q of an 
oscillator;* the suffix a which gives the number of the oscillator will be omit¬ 
ted henceforward. In classical statistics the solution to this problem would be 
very simple: since the potential energy of the oscillator is \w 2 q\ the probabil¬ 
ity distribution is 

d w 9 = Ae- u>t 4* l2T dq, 


+ The normal coordinate has the dimensions cm-g 1 ^. 
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or, determining A from the normalisation condition, 

d *’ = V(^ <!_ " Wrd?: (30,1) 

the integration with respect to q may be taken from - °° to 4- °°, since the 
integral is rapidly convergent. 

Let us now consider the solution of this problem in the quantum case. Let 
ipj(q) be the wave functions of the stationary states of the oscillator, corre¬ 
sponding to the energy levels 

e n = ft(o(n -!--§-)• 

If the oscillator is in the nth state, the quantum probability distribution 
for its coordinate is given by (in the present case the functions y> n are real, 
and so we write simply ip* instead of the squared modulus |yj 2 ). The re¬ 
quired statistical probability distribution is obtained by multiplying yj by the 
probability w n of finding the oscillator in the nth state, and then summing over 
all possible states. 

According to the Gibbs distribution, 

w„ = ae~ e » /T , 

where a is a constant. Thus we have the formula 


dw q = adq £ * 

n—0 


(30.2) 


which is, of course, entirely in agreement with the general formula (5.8). 

To calculate the sum, we can proceed as follows. With the notation dw q = 
Q q dq, we form the derivative 


^-=2a 

dq H -o Y dq 


Using the momentum operator p = ih d/dq and/the fact that the oscillator 
momentum has non-zero matrix elements (see /Quantum Mechanics , § 23) 
only for transitions with n — n± 1, we can write 


d ip„ 

~dq 


= -l?(pn-\,n>Pn-\ +Pn+l,nfn+l) 


= jiqn-^Mn-l-qn+l.nfn+l)- 
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Pn- 1 . n = - ioiqn-l, n, Pn+1, n = «*>#/»+ 1 . /» 

between the momentum and coordinate matrix elements. Thus 

^ {| 0 »•->.» 

In the first sum we change the summation suffix from n to n +1 and use the 
relations 

«„+i = e n +1uo, q n +i, n = 9«,«+i, 9-i,o = 0, 

obtaining 

In an exactly similar manner we can prove that 

qq 9 = tf(l +e“*“ ,/r ) £ q„, n +iy>n'tpn+ie- e " rr . 

«-= o 

A comparison of the two equations gives 

dq q /2a> tko\ 

dq ~ ( h tenh 2 T)™ 9 ' 

whence 

g q = constantXexp | —tanh 

Determining the constant from the normalisation condition, we finally obtain 
the formula 

„ /to , fia>\ 1/2 ( .ft) , /kol - _ v 

dM, « = (sr tenh 2f) exp { ~ q I tanh 2r} d? (3a3) 

(F. Bloch, 1932). Thus in the quantum case also the probabilities of various 
values of the coordinate of an oscillator are distributed according to a law 
of the form exp (~ocq 2 ), but the coefficient a differs from that in the classical 
case. In the limit hco <tzT, where the quantisation is unimportant, formula 
(30.3) becomes (30.1), as we should expect. 

In the opposite limiting case ftco » T, formula (30.3) becomes 

dw 9 = 


V~ exp (—q 2 coJft) dq. 
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i.e. the purely quantum probability distribution for the coordinate in the 
ground state of the oscillator.* This corresponds to the fact that when 
T <*: hco the oscillations are hardly excited at all. 

The probability distribution for the momentum of the oscillator can be 
written by analogy with (30.3) without repeating the calculation. The reason 
is that the problem of quantisation of the oscillator is completely symmetrical 
as regards the coordinate and the momentum, and the oscillator wave func¬ 
tions in the p representation are the same as its ordinary coordinate wave 
functions (<q being replaced by plco; see Quantum Mechanics,§ 23, Problem 1. 
The required distribution is therefore 

**=(set tanh w) v exp { - ^ tenh ■&} dp - (3o - 4) 

In the limit of classical mechanics (hco <sc T) this becomes the usual Maxwel¬ 
lian distribution: 

dw p = (2nT)~ 1J2 e-p* /2T dp. (30.5) 


PROBLEM 

Determine the coordinate density matrix for a harmonic oscillator. 

Solution. The coordinate density matrix for an oscillator in statistical equilib¬ 
rium is 


q(q, q') = a £ e-*rJ T y„(q') y) n (q); 

n—0 


see the footnote following (5.4). We put q = r+s, q' = r—s, and calculate the 
derivative (dg/ds) r . As in the similar calculation above, we find 

_ 0g 0p 
0s 0$ dq' 

= -^(l+e-* u/r ) £ fc. >l +i[y«+i(9)^ / )“T^)V«.+i(9 / )]. 
n rbo 

On calculating sq = ^(q—q^Q in the same way and comparing it with the deriva¬ 
tive, we obtain 

(0p/0s) r = —sg(2co/fi) coth (hco/2T), 

whence 

Q(q, q') = A(r) exp coth ~ j. 

* This is the squared modulus of the wave function of the ground state of the 
oscillator. 
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The Free Energy in the Gibbs Distribution 

The function A(r) is determined by the condition that for s = 0, i.e. q = q' = r, 
the “diagonal elements” Q(q, q) of the density matrix agree with (30.3). The final 
result is 

. . /ft) hco \ 1/2 ( coiq-bq'T , hco Q)(q—q 0 2 , hto) 

!? («, ? 0=(^tan h —) exp |-tanh —-^—coth—j. 

§ 31. The free energy in the Gibbs distribution 

According to formula (7.9) the entropy of a body can be calculated as the 
mean logarithm of its distribution function: 

S = -(log w„). 

Substituting the Gibbs distribution (28.3) gives 
S =-log A+E/T, 

whence log A = ( E—TS)IT . But the mean energy E is just what is meant by 
the term “energy” in thermodynamics; hence E—TS — F and log A = F/T, 
i.e. the normalisation constant of the distribution is directly related to the free 
energy of the body. 

Thus the Gibbs distribution may be written in the form 

w„ = e^ F - E ^ T , (31.1) 

and this is the form most frequently used. The same method gives in the clas¬ 
sical case, using (7.12), the expression 

q = (2nh)- s e\ F - E <*><MT t (3L2) 


The normalisation condition for the distribution (31.1) is 
Zw n = e F r'£e- E 'J T = 1 , 


or 

F = -T logYe-W. (31.3) 

It 

This formula is fundamental in thermodynamic applications of the Gibbs 
distribution. It affords, in principle, the possibility of calculating the thermo¬ 
dynamic functions for any body whose energy spectrum is known. 

The sum in the logarithm in (31.3) is usually called the partition function 
(or sum over states). It is just the trace of the operator exp (—fi/T), where A 
is the Hamiltonian of the body:* 

Z = Y e~ EJT = tr exp (—AIT). (31.4) 


t In accordance with the general rules, exp (—A/T) denotes an operator whose 
eigenfunctions are the same as those of the operator A and whose eigenvalues are 
e~ E J T . 
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This notation has the advantage that any complete set of wave functions may 
be used in order to calculate the trace. 

A similar formula in classical statistics is obtained from the normalisation 
condition for the distribution (31.2). First of all, however, we must take ac¬ 
count of the following fact, which was unimportant so long as we were discuss¬ 
ing the distribution function as such and not relating the normalisation 
coefficient to a particular quantitative property of the body, viz. its free 
energy. If, for example, two identical atoms change places, then afterwards 
the microstate of the body is represented by a different phase point, obtained 
from the original one by replacing the coordinates and momenta of one atom 
by those of the other. On the other hand, since the interchanged atoms are 
identical, the two states of the body are physically identical. Thus a number of 
points in phase space correspond to one physical microstate of the body. 
Tn integrating the distribution (31.2), however, each state must of course be 
taken only once. f In other words, we must integrate only over those regions 
of phase space which correspond to physically different states of the body. 
This will be denoted by a prime to the integral sign. 

Thus we have the formula 

F = - T log f e- E M!T dT; (31.5) 

here and in all similar cases below, dT denotes the volume element in phase 
space divided by (2or fif: 

&T = dp dq/(27ihy . (31.6) 

Thus the partition function in the quantum formula (31.3) becomes an inte¬ 
gral over states. As already mentioned in§ 29, the classical energy E(p, q) can 
always be written as the sum of the kinetic energy K(p) and the potential 
energy U{q). The kinetic energy is a quadratic function of the momenta, and 
the integration with respect to the latter can be effected in a general form. 
The problem of calculating the partition function therefore actually reduces 
to that of integrating the function e~ U(9)IT with respect to the coordinates. 

In the practical calculation of the partition function it is usually convenient 
to extend the region of integration and include an appropriate correction 

* This becomes particularly evident if we consider the classical partition function 
(integral over states) as the limit of the quantum partition function. In the latter 
the summation is over all the different quantum states, and there is no problem 
(remembering that, because of the principle of symmetry of wave functions in 
quantum mechanics, the quantum state is unaffected by interchanges of identical 
particles). 

From the purely classical viewpoint the need for this interpretation of the statis¬ 
tical integration arises because otherwise the statistical weight would no longer 
be multiplicative, and so the entropy and the other thermodynamic quantities 
would no longer be additive. 
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factor. For example, let us consider a gas of N identical atoms. Then we can 
integrate with respect to the coordinates of each atom separately, extending 
the integration over the whole volume occupied by the gas; but the result 
must be divided by the number of possible permutations of N atoms, which 
is Nl. In other words, the integral J' can be replaced by the integral over all 
phase space, divided by iV!: 

r- dr= jfrj- dr - (31 - 7) 

Similarly, it is convenient to extend the region of integration for a gas 
consisting of N identical molecules: the integration with respect to the co¬ 
ordinates of each molecule as a whole (i.e. the coordinates of its centre of 
mass) is carried out independently over the whole volume, whilst that with 
respect to the coordinates of the atoms within the molecule is carried out 
over the “volume” belonging to each molecule (i.e. over a small region in 
which there is an appreciable probability of finding the atoms forming the 
molecule). Then the integral must again be divided by Nl. 


PROBLEMS 

Problem 1 . The potential energy of the interaction between the particles in a 
body is a homogeneous function of degree n in their coordinates. Using similarity 
arguments, determine the form of the free energy of such a body in classical sta¬ 
tistics. 

Solution. In the partition function 

z— jv^+^i^dr, 

we replace each q by Xq and each p by X n/2 p, where X is an arbitrary constant. If at 
the same time we replace T by X H T, the integrand is unchanged, but the limits of 
integration with respect to the coordinates are altered: the linear size of the region 
of integration is multiplied by 1/A, and so the volume is multiplied by 1/A 3 . In 
order to restore the limits of integration, we must therefore at the same time replace 
V by X s V. The result of these changes is to multiply the integral by A 3N(1+w/2) 
because of the change of variables in dT (s = 3 N coordinates and the same number 
of momenta, N being the number of particles in the body). Thus we conclude that 
the substitutions V -*■ A 3 F, T -*■ X n T give 

z - X 3 N( 1 +n/ 2 ) Z. 

The most general form of function Z(V, T ) having this property is 

2 — y3N(l/2+l/»)y()/7'-3/ff) t 


where / is an arbitrary function of one variable. 
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Hence we find for the free energy an expression of the form 

F = -3(|+ 1/n) NT log T+NT(j>(VT~^ n lN), (1) 

which involves only one unknown function of one variable; the number N is includ¬ 
ed in the second term in (1) so that F shall have the necessary property of additiv¬ 
ity. 

Problem 2. Derive the virial theorem for a macroscopic body for which the 
potential energy of interaction of the particles is a homogeneous function of degree 
n in their coordinates. 

Solution. Following the derivation of the virial theorem in mechanics (see 
Mechanics ,§ 10), we calculate the time derivative of the sum27r»p, where r and p 
are the radius vectors and momenta of the particles in the body. Since r = dK(p)/df> 
and K(p) is a homogeneous function of degree two in the momenta, we have 

-^2V.p = 2p. = 2K<j>)+Zr.b. 

at op 

The particles in the body execute a motion in a finite region of space with velocities 
which do not become infinite. The quantity 27r«p is therefore bounded and the 
mean value of its time derivative is zero, so that 

2K+(27r*£) = 0, 

where K = K(p). The derivatives p are determined by the forces acting on the 
particles in the body. In summing over all particles we must take into account not 
only the forces of interaction between the particles but also the forces exerted on 
the surface of the body by surrounding bodies: 

(Zr.fr) = -<^Zr. ^^-P r*df = —nU—3PV; 

the surface integral is transformed to a volume integral and we use the fact that 
div r = 3. Thus we have 2K—nU—3PV — 0 or, in terms of the total energy E = 
U+K, 

(n+2)JST= nE+lPV. (2) 

This is the required theorem. It is valid in both classical and quantum theory. 
In the classical case, the mean kinetic energy K = 3NT}2, and (2) gives 

E+0/n)PV = 3(|+ l/n)NT. (3) 

This formula could also be derived from the expression (1) for the free energy 
(Problem 1). 

When the particles interact by Coulomb’s law (n = — 1), we have from (2) 
K = -E+3PV. 

This is the limiting case of the relativistic relation 

E-3PV = Zmc* -v/a-^/c 2 ), 

in which the energy E includes the rest energy of the particles in the body; see 
Fields, § 35. 
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§ 32. Thermodynamic perturbation theory 

In the actual calculation of thermodynamic quantities there occur cases 
where the energy E(p , q) of a body contains relatively small terms which may 
be neglected to a first approximation. These may be, for instance, the poten¬ 
tial energy of the particles of the body in an external field. The conditions 
under which such terms may be regarded as small are discussed below. 

In these cases a kind of “perturbation theory” may be employed for the 
calculation of the thermodynamic quantities (R. E. Peierls, 1932). We shall 
first show how this is to be done when the classical Gibbs distribution is 
applicable. 

We write the energy E(p, q ) in the form 

E(p , q) = Eq(p, q) + V(p, q), (32.1) 


where V represents the small terms. To calculate the free energy of the body, 
we put 


e-Fir 


-f 


e -[Eo( P .<i)+v(p,<iwT dr 




(32.2) 


in the expansion in powers of V we shall always omit terms above the second 
order, in order to calculate the corrections only to the first and second orders 
of approximation. Taking logarithms and again expanding in series, we have 
to the same accuracy 


F= F 0 + 


rtf’"* 


e [F 0 -E 0 {p.q)yT dF 


>-E 0 (j>,q)\IT d jnl 2 

J 


where F 0 denotes the “unperturbed” free energy, calculated for V = 0. 

The resulting integrals are the mean values of the corresponding quanti¬ 
ties over the “unperturbed” Gibbs distribution. Taking the averaging in 
this sense and noticing that V 2 —P 2 = {(V—V) 2 ), we have finally 

F= F 0 + P~~{(V~Pf). (32.3) 


Thus the first-order correction to the free energy is just the mean value of 
the energy perturbation V. The second-order correction is always negative, 
and is determined by the mean square of the deviation of V from its mean 
value. In particular, if the mean value V is zero, the perturbation reduces 
the free energy. 

8 
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A comparison of the terms of the second and first orders in (32.3) enables 
ns to ascertain the condition for this perturbation method to be applicable. 
Here it must be remembered that both the mean value V and the mean 
square ((V— V) 2 ) are roughly proportional to the number of particles; cf. 
the discussion in § 2 concerning r.m.s. fluctuations of the thermodynamic 
quantities for macroscopic bodies. We can therefore formulate the desired 
condition by requiring that the perturbation energy per particle should be 
small in comparison with T . t 

Let us now carry out the corresponding calculations for the quantum case. 
Instead of (32.1) we must now use the analogous expression for the Hamilto¬ 
nian operator: 

#=#<> + ?. 

According to the quantum perturbation theory (see Quantum Mechanics , 
§ 38), the energy levels of the perturbed system are given, correct to the 
second-order terms, by 

= + + (32.4) 

where the£j 0) are the unperturbed energy levels (assumed non-degenerate); 
the prime to the sum signifies that the term with m—n must be omitted. 
This expression is to be substituted in the formula 

e -FiT — Y j e~ E » /T 
n 

and expanded in the same way as above. We thus easily obtain 

-^E^ + ^(E^„)\ (3Z5) 

where w H = exp [(F 0 —£j 0) )/r] is the unperturbed Gibbs distribution. 

The diagonal matrix element V m is just the mean value of the perturbation 
energy V in the given (nth) quantum state. The sum 

Y^VnnWn = V nn 
n 

is therefore the value of V averaged both over the quantum state of the body 
and over the (unperturbed) statistical distribution with respect to the vari- 

t In expanding the integrand in (32.2) we have, strictly speaking, expanded in 
terms of a quantity V/T, which is proportional to the number of particles and is 
therefore certainly not small, but the further expansion of the logarithm causes 
the large terms to cancel, and so a series in powers of a small quantity is obtained. 
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ous quantum states. This value gives the correction to the free energy in the 
first-order approximation, formally the same as the classical result above. 

Formula (32.5) may be rewritten as 

f = (3Z6) 

All the second-order terms in this expression are negative, since w m -w n has 
the same sign as E^ 0) —E^\ Thus the correction to the free energy in the 
second-order approximation is negative in the quantum case also. 

As in the classical case, the condition for this method to be applicable is 
that the. perturbation energy per particle should be small compared with T. 
On the other hand, the condition for the applicability of the ordinary quan¬ 
tum perturbation theory (leading to the expression (32.4) for E n ) is, as we 
know, that the matrix elements of the perturbation should be small compared 
with the separations of the corresponding energy levels; roughly speaking, 
the perturbation energy must be small compared with the separations of the 
energy levels between which allowed transitions can take place.* 

These two conditions are not the same, since the temperature is unrelated 
to the energy levels of the body. It may happen that the perturbation energy 
is small compared with T, but is not small, or indeed is even large, compared 
with the significant separations between energy levels. In such cases the “per¬ 
turbation theory” for thermodynamic quantities, i.e. formula (32.6), will be 
applicable while the perturbation theory for the energy levels themselves, i.e. 
formula (32.4), is not; that is, the limits of convergence of the expansion rep¬ 
resented by formula (32.6) may be wider than those of (32.4), from which 
the former expansion has been derived. 

The converse case is, of course, also possible (at sufficiently low tempera¬ 
tures). 

Formula (32.6) is considerably simplified if not only the perturbation 
energy but also the differences between energy levels are small in comparison 
with T. Expanding the difference w m —w n in (32.6) in powers of (E^—E^/T, 
we find in this case 


F = F„ + jl' (| F„„|2) + <(F„„-r„„) ! )|. 

The rule of matrix multiplication gives 

r I Vnm |* ■+ K, = £ I V nm I 2 = £ V nm V mn = (V*)„ n 


t These are in general the transitions in which the states of only a small number 
of particles in the body are changed. 

8 * 
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and we obtain an expression which is formally exactly the same as formula 
(32.3). Thus in this case the quantum formula is in formal agreement with the 
classical formula.* 


§ 33. Expansion in powers of h 

Formula (31.5) is essentially the first and principal term in an expansion of 
the quantum formula (31.3) for the free energy in powers of h in the quasi- 
classical case. It is of considerable interest to derive the next non-vanishing 
term in this expansion (E. P. Wigner, G. E. Uhlenbeck and L. Gropper, 
1932). 

The problem of calculating the free energy amounts to that of calculating 
the partition function. For this purpose we use the fact that the latter is the 
trace of the operator exp (—/?#) (see (31.4)), with the notation = 1 IT in 
order to simplify the writing of the involved expressions. The trace of an 
operator may be calculated by means of any complete set of orthonormal 
wave functions. For these it is convenient to use the wave functions of free 
motion of a system of N non-interacting particles in a large but finite volume 
V . These functions are 

Vp = eX P [(W £ PAt j > (33.1) 

where the q { are the Cartesian coordinates of the particles and the p { the 
corresponding momenta, labelled by the suffix /, which takes the values 
1,2, ...,<?, where s = 3N is the number of degrees of freedom of the system 
of N particles. 

The subsequent calculations apply equally to systems containing identical 
particles (atoms) and to those where the particles are different. In order to 
allow in a general manner for a possible difference between the particles, we 
shall add to the particle mass a suffix indicating the degree of freedom: m { . 
Of course the three m l corresponding to any one particle are always equal. 

The existence of identical particles in a body means that, in the quantum 
theory, exchange effects must be taken into account. This means, first of all, 
that the wave functions (33.1) must be made symmetrical or antisymmetrical 
in the particle coordinates, depending on the statistics obeyed by the parti¬ 
cles. It is found, however, that this effect leads only to exponentially small 
terms in the free energy, and so is of no interest. Secondly, the identity of 
particles in quantum mechanics affects the manner in which the summation 

t The more powerful methods of the “diagram technique”, allowing the whole 
perturbation theory series to be considered for thermodynamic quantities, will be 
described in Part 2. 
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over different values of the particle momenta must be carried out. We shall 
meet this later, for example in calculating partition functions for an ideal 
quantum gas. The effect produces a term of the third order in h in the free 
energy (as shown later) and so again does not affect the terms of order ft 2 
which we shall calculate here. Thus the exchange effects can be ignored in 
the calculation. 

In each of the wave functions (33.1) the momenta p, have definite constant 
values. The possible values of each p { form a dense discrete set (the distances 
between neighbouring values being inversely proportional to the linear 
dimensions of the volume occupied by the system). The summation of the 
matrix elements exp (—ffi) pp with respect to all possible values of the 
momenta may therefore be replaced by integration with respect to 
p (dp = dp x dp 2 ... dp a ), bearing in mind that the number of quantum 
states “belonging” to the volume V N dp of phase space (all values of the 
coordinates of each particle in the volume V and values of the momenta 
in dp) is 

V N dpl(2jthy. 


We shall use the notation 

1= exp [-(//£) exp(-/9#)exp JoV^) ( 33 - 2 ) 

The required matrix elements are obtained by integrating with respect to all 
the coordinates: 

e xp(- / 5#)„ = T Lj’/dg. (33.3) 

The partition function is then obtained by integration with respect to the 
momenta. 

Altogether, therefore, we must integrate / over all phase space, or more 
precisely over those of its regions which correspond to physically different 
states of the body, as explained in§ 31. This is again denoted by a prime to 
the integral sign: 

ZsJ^sJ'/dT. (33.4) 

Let us first calculate I by means of the following procedure. We take the 
derivative 


^ = —exp [-(iffyZpiq,] #{exp [(WZp#,]/}, 
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the operator A acting on all factors to its right, and expand the right-hand 
side, using the explicit expression for the Hamiltonian of the body: 


: + = -i^ 2 E— 

i 2m { 2 i m t dqf 


(33.5) 


where U = U(q lt q 2 . q s ) is the potential energy of interaction between 

all particles in the body. By means of (33.5) we obtain after a straightforward 
calculation the following equation for /: 


0/ 


E{p, 




0 / 

dq t 




where 

is the usual classical expression for the energy of the body. 

This equation is to be solved with the obvious condition that / 
p = 0. The substitution 

/ = g—PE(P> 

gives 


(33.6) 


1 when 
(33.7) 


9X 

dp 


-?*[■ 


UPpt 9 U 2/p, 


dq { 


% + - 


dq { Mdqf+P* 


ZP dq t dq t + dqj\ 



(33.8) 


with the boundary condition % = 1 for ($ — 0. 

In order to obtain an expansion in powers of h, we solve equation (33.8) 
by successive approximations, putting 

X= 1+#Xi + # 2 X2+ • (33.9) 

with Xi = 0, %2 = 0, ... for ($ — 0. Substituting this expansion in equation 
(33.8) and separating terms in different powers of h, we obtain the equations 


9Xi _ 

dp 


-ifiylL 

TMi dq t 


9Xa 
9 P 



“2 ipp, 


9 U 
9 q t 


%i + %Pi 


9Xi 
9 <7, 


9 *U 
9 qf 
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The first equation gives &, and then the second equation gives % 2 - A simple 
calculation leads to the results 


1 Pt dU 

Xl 2 0 ?, ’ 


■-T't? 


lLm\LmYYlLlLjHL (33 10) 
rm dq t ) + 6 P ffcw/ m* 89 / 89 * 1 ' 

1 0 2 t7 


4'?i(£)‘-to;;T5r 

The required partition function (33.4) is 


Z= f (l+«Xi + « J )[a)e- W( ' , - ,) dr. (33.11) 

The term of the first order in # in this integral is easily seen to be zero, since 
the integrand %\e~^ E(p ' 9) in that term is an odd function of the momenta 
(E(p, q ) being quadratic in the momenta and %u by (33.10), linear), and so 
the result on integrating with respect to momenta is zero. Thus we can write 
(33.11) as 

z = (i +tf 2 &) f *-***«> dr, 

where % 2 is the value of %2 averaged over the classical Gibbs distribution: 


_ j %^e~ pE{p ' q) dT 
%2 e-Wp><» dr 

Substituting this expression for the partition function in formula (31.3), we 
have for the free energy 

F= F d -I log (1+ffjQ, 
or, to the same accuracy, 

F = (33.12) 

Here F cl is the free energy in classical statistics (formula (31.5)). 

Thus the next term after the classical expression in the expansion of the 
free energy is of the second order in h. This is not accidental: in equation 
(33.8), solved here by the method of successive approximations, the quantum 
constant appears only as ih , and so the resulting expansion is one in powers 
of ih\ but the free energy, being a real quantity, can contain only powers of 
ih which are real. Thus this expansion of the free energy (ignoring exchange 
effects) is an expansion in even powers of h. 

It remains to calculate the mean value % 2 . We have seen in § 29 that in 
classical statistics the probability distributions for the coordinates and 
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momenta are independent; The averaging over momenta and over coordinates 
can therefore be made separately. 

The mean value of the product of two different momenta is clearly zero. 
The mean value of the square pf is m t ip. We can therefore write 

(PiPk) = (milP)d ik , 

where for i = k and 0 for t k. Having averaged with respect to 

momenta by means of this formula, we obtain 


__ p* v 1 /sen* ft 2 v 1 8 2 U 
2Ay ntt \ / 12 r m t dqf ' 


(33.13) 


The two terms here may be combined, since the mean values are related by 
the formula 


d 2 u __ /duy 
dqf - P \dq t ) * 


(33.14) 


This is easily seen by noticing that 


f d 2 U BUA dU Bu 0 C/dU\ 2 BUA 

j ~w e = w, e+? \ (sir ) eAq " 


The first term on the right-hand side gives only a surface effect, and since 
the body is macroscopic this effect may be neglected in comparison with 
the second term. 

Substituting the resulting expression for in formula (33.12), and replac¬ 
ing p by 1/T, we find the following final expression for the free energy: 


F = 



(33.15) 


We see that the correction to the classical value is always positive, and is 
determined by the mean squares of the forces acting on the particles. This 
correction decreases with increasing particle mass and increasing tempera¬ 
ture. 

According to the above discussion, the next term in the expansion given 
here would be of the fourth order. This enables us to calculate quite inde¬ 
pendently the term of order h 3 which occurs in the free energy because of the 
peculiarities of the summation over momenta resulting from the identity 
of particles in quantum mechanics. The term in question is formally the same 
as the correction term which appears in a similar calculation for an ideal 
gas, and is given by formula (56.14): 

~8/2 AT5US3 

F<3) = 4-11—___ 

2 g F7 n/2 m 3/2 


(33.16) 
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for a body consisting of N identical particles. The upper sign applies for 
Fermi statistics and the lower sign for Bose statistics; g is the total degree 
of degeneracy with respect to the directions of the electron and nuclear 
angular momenta. 

From these formulae we can also obtain the correction terms in the proba¬ 
bility distribution functions for the coordinates and momenta of the atoms 
of the body. According to the general results in§ 5, the momentum probabil¬ 
ity distribution is given by the integral of I with respect to q (see (5.10)): 

dw p = constant X dp j Id q. 

The term 9) in I contains a total derivative with respect to the co¬ 

ordinates, and the integral of it gives a surface effect which can be neglected. 
Thus we have 

dw p = constant X exp ^—{3 dp J (1 + ft 2 %<^e~ pu dq. 

The third and fourth terms in the expression (33.10) for % 2 give a small con¬ 
stant (not involving the momenta) on integration, and this can be neglected 
in the same approximation. Taking out also the factor f e~^ u d q and includ¬ 
ing it in the constant coefficient, we have 

♦'???;£ 313 * 

The mean values which appear here are related by 


&U 9 U du 

dqidq k P "dqi dq k ’ 

similarly to (33.14). Hence 

d"> = constant Xexp [l || g] dp. 

(33.17) 

This expression can be conveniently rewritten in the following final form: 


dw p = constantXexp 


HM- 


y PtPk 
2AT 3 r T rn ( m k 


ntim k dqi dq k j 


the bracket in (33.17) being replaced by an exponential function to the same 
degree of accuracy. 
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Thus we see that the correction to the classical distribution function for 
the momenta is equivalent to adding to the kinetic energy in the exponent an 
expression quadratic in the momenta, with coefficients depending on the law 
of interaction between the particles in the body. 

If it is desired to find the probability distribution for any one momentum 
p it then (33.17) must be integrated with respect to all the other momenta. All 
the terms involving the squares p\ (k ^ i) will then give constants negligible 
compared with unity, while the terms containing products of different 
momenta give zero. The result is, again in exponential form, 

dw « - “ nstantXex P l 1 "life©I) (33 ' 19) 

Thus the distribution obtained differs from the Maxwellian only in that the 
true temperature T is replaced by a somewhat higher “effective tempera¬ 
ture” : 

Similarly we can calculate the corrected coordinate distribution function 
by integrating I with respect to the momenta: 

d w q = constant X d q j I dp. 

The same calculations as led to (33.13) give 

x- {4 S]j 

(33.20) 


■§ 34. The Gibbs distribution for rotating bodies 

The problem of the thermodynamic relations for rotating bodies has already 
been considered in § 26. Let us now see how the Gibbs distribution is to be 
formulated for rotating bodies. This will complete the investigation of their 
statistical properties. As regards the uniform translational motion, Galileo’s 
relativity principle shows that, as already mentioned in § 26, this motion 
has only a trivial effect on the statistical properties and so needs no special 
consideration. 

In a system of coordinates rotating with the body, the usual Gibbs distri¬ 
bution is valid; in classical statistics, 

q = {2nfi)-°eV'- E '(P’ «>l' r , 


(34.1) 
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where E\p , q) is the energy of the body in this system, as a function of the 
coordinates and momenta of its particles, and F' the free energy in the same 
system (which, of course, is not the same as the free energy of the body when 
at rest). The energy E'(p, q) is related to the energy E(p, q) in a fixed system 
by 

E\p, q) = E(p, q)-Q.M(p, q), (34.2) 

where Q is the angular velocity of rotation and M(p, q) the angular momen¬ 
tum of the body (see § 26). Substituting (34.2) in (34.1), we find the Gibbs 
distribution for a rotating body in the form f 

q = (2nh)~ s <* F '-EU >. < 7 )+i 2 -M(p, q)]/T % (34.3) 

In classical statistics the Gibbs distribution for a rotating body can also 
be represented in another form. To obtain this, we use the following expres¬ 
sion for the energy of the body in the rotating coordinate system: 

E' = Em(£2Xrf + U, (34.4) 

where the v' are the velocities of the particles relative to the rotating system, 
and the r their radius vectors (see Mechanics , § 39). Denoting^by 

E 0 (y\ r) = 27 + U (34.5) 

the part of the energy which is independent of O, we obtain the Gibbs distri¬ 
bution in the form 

e = (2nfi)~s exp jl |>-£«(/, r)+Iz>»(OXr)*jJ. 

The function q determines the probability corresponding to the element 
of phase space dx x dy 1 dz 1 ... d p' lx d p' ly d p lz ...» where p' = rm'+m&Xr 
(see Mechanics , § 39). Since, in obtaining the differentials of the momenta, 
we must regard the coordinates as constant, dp' = m dv', and the probabil¬ 
ity distribution expressed in terms of the coordinates and velocities of the 
particle is 

dw = Cexp j£-I [W. r)-i7lm(fixr) 2 j| 

Xdxj dy x dz 1 ... dv’ u dv'^dv' lz ..., (34.6) 

where C denotes for brevity the factor ( 2jth)~ s together with the product of 
the particle masses which appears when we go from the momentum differen¬ 
tials to the velocity differentials. 

t The distribution (34.3), like the ordinary Gibbs distribution, is fully in agree¬ 
ment with the result (4.2) derived in § 4 from Liouville’s theorem: the logarithm 
of the distribution function is a linear function of the energy and angular momen¬ 
tum of the body. 
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For a body at rest we have 

dw = Ce IF-2?o(v>r) l /r dxi dyi dzi ... dv^ dv ly dv lz ..., (34.7) 

with the same expression (34.5) forF 0 (v, r), now a function of the velocities in 
the fixed coordinate system. Thus we see that the Gibbs distribution for the 
coordinates and velocities for a rotating body differs from that for a body at 
rest only by the additional potential energy —\Zm(Qxr) 2 . In other words, 
as regards the statistical properties of the body, the rotation is equivalent to 
the existence of an external field corresponding to the centrifugal force. The 
statistical properties are not affected by the Coriolis force. 

It should be emphasised, however, that this last result applies only to 
classical statistics. In the quantum case the expression 

w = exp Q.$l)/T] (34.8) 

gives the statistical operator corresponding to (34.3) for a rotating body. 
Formally we can reduce this operator to a form analogous to (34.6), the 
velocities v' being replaced by the operators V = ft'/m—Qx r, but the com¬ 
ponents of this vector operator do not commute, unlike those of the operator 
$ in the fixed system. The statistical operators corresponding to the expres¬ 
sions (34.6) and (34.7) will therefore in general be markedly different from each 
other, quite apart from the fact that one of them contains the centrifugal 
energy. 


§ 35. The Gibbs distribution for a variable number of particles 

So far we have always tacitly assumed that the number of particles in a body 
is some given constant, and have deliberately passed over the fact that in 
reality particles may be exchanged between different subsystems. In other 
words, the number N of particles in a subsystem will necessarily fluctuate 
about its mean value. In order to formulate precisely what we mean by the 
number of particles, we shall use the term subsystem to refer to a part of the 
system which is enclosed in a fixed volume. Then N will denote the number of 
particles within that volume. 1. 

Thus the problem arises of generalising the Gibbs distribution to bodies 
with a variable number of particles. Here we shall write the formulae for 
bodies consisting of identical particles; the further generalisation to sys¬ 
tems containing different particles is obvious (§ 85). 

t In deriving the Gibbs distribution in§ 28 we have in essence already understood 
subsystems in this sense; in going from (28.2) to (28.3) we differentiated the entropy 
whilst regarding the volume of the body (and therefore of the medium) as constant. 
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The distribution function now depends not only on the energy of the quan¬ 
tum state but also on the number N of particles in the body, and the energy 
levels E„m are of course themselves different for different N (as indicated by 
the suffix N). The probability that the body contains N particles and is in the 
nth state will be denoted by w^. 

The form of this function can be determined in exactly the same way as the 
function w n in § 28. The only difference is that the entropy of the medium is 
now a function not only of its energy E' but also of the number N' of particles 
in it: S' = S'(E',N'). Writing#' = E^-E nN andN' = N^—N (where N is 
the number of particles in the body, and iV (0) the given total number of par¬ 
ticles in the entire closed system, which is large compared with N ), we have in 
accordance with (28.2) 

WnN = constantXexp {S'(E^—E nNi N (0) —N)}; 


the quantity AE' is regarded as constant, as in § 28. 

Next, we expand S' in powers of E nN and N, again taking only the linear 
terms. Equation (24.5), in the form 


ds=^+£dr-£d*, 

T T T 


shows that (dS/dE) V Pf = l/T, (dS/dN) E> v — —pIT. Hence 

n<°>~n) a s\E0»,m <»)-~+!~, 

the chemical potential /j, (and the temperature) being the same for the body 
and the medium, from the conditions of equilibrium. 

Thus we obtain for the distribution function the expression 


w nN = Ae^-Enxw. (35.1) 

The normalisation constant A can be expressed in terms of the thermody¬ 
namic quantities in the same way as in § 31. The entropy of the body is 

S = - (log w*at> = -log A-^r +y , 


and so 

TlogA = E-TS-iift. 

But E—TS= F, and the difference F— fiN is the thermodynamic potential Q. 
Thus Flog A — Q y and (35.1) may be rewritten as 


WnN = ^o+^-E^rr m 


( 35 . 2 ) 
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This is the final formula for the Gibbs distribution for a variable number of 
particles. 1. 

The normalisation condition for the distribution (35.2) requires that the 
result of summing the w nN first over all quantum states (for a given N) and 
then over all values of N should be equal to unity: 

£ I HVy = = 1. 

Hence we obtain the following expression for the thermodynamic potential £: 


Q = -nog £ je'-'" 1 '£ 


(35.3) 


This formula together with (31.3) can be used to calculate the thermodynamic 
quantities for specific bodies. Formula (31.3) gives the free energy of the body 
as a function of T, N and V, and (35.3) gives the potential Q as a function of 
T, p and V. 

In classical statistics the probability distribution has the form 


where 


dwp{ = qn d pW d q w , 


q n = (2nh)~ s ‘™ IT . 


(35.4) 


The variable N is written as a subscript to the distribution function, and the 
same letter is written as a superscript to the element of phase volume in order 
to emphasise that a different phase space (of 2s dimensions) corresponds to 
each value of N. The formula for Q correspondingly becomes 


Q = — T log 




e -E S {p, q )iT&r N 


(35.5) 


Finally, we may say a few words concerning the relation between the Gibbs 
distribution (35.2) for a variable number of particles derived here and the 
previous distribution (31.1). First of all, it is clear that, for the determination 
of all the statistical properties of the body except the fluctuations of the total 
number of particles in it, these two distributions are entirely equivalent. On 
neglecting the fluctuations of the number N, we obtain Q 4- ptN = F, and the 
distribution (35.2) is identical with (31.1). 

The relation between the distributions (31.1) and (35.2) is to a certain 
extent analogous to that between the microcanonical and canonical distri¬ 
butions. The description of a subsystem by means of the microcanonical 
distribution is equivalent to neglecting the fluctuations of its total energy; the 
canonical distribution in its usual form (31.1) takes into account these fluc- 


t This distribution is sometimes called the grand canonical ensemble, 
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tuations. The latter form in turn neglects the fluctuations in the number of 
particles, and may be said to be “microcanonical with respect to the number 
of particles”; the distribution (35.2) is “canonical” with respect to both the 
energy and the number of particles. 

Thus all three distributions, the microcanonical and the two forms of the 
Gibbs distribution, are in principle suitable for determining the thermo¬ 
dynamic properties of the body. The only difference from this point of view 
lies in the degree of mathematical convenience. In practice the microcanon¬ 
ical distribution is the least convenient and is never used for this purpose. 
The Gibbs distribution for a variable number of particles is usually the most 
convenient. 


§ 36. The derivation of the thermodynamic relations from the Gibbs 
distribution 

The Gibbs distribution plays a fundamental part throughout statistical phys¬ 
ics. We shall therefore give here another justification of it. This distribution 
has essentially been derived in §§ 4 and 6 directly from Liouville’s theorem. 
We have seen that the application of Liouville’s theorem (together with 
considerations of the multiplicativity of distribution functions for subsys¬ 
tems) enables us to deduce that the logarithm of the distribution function of a 
subsystem must be a linear function of its energy: 

log w„ = a+££,,, (36.1) 

the coefficients /? being the same for all subsystems in a given closed system 
(see (6.4), and the corresponding relation (4.5) for the classical case). Hence 

w„ = e a+ ^ E »; 

using the purely formal notation (3 = — l/T, a = F/T, we have an expression 
of the same form as the Gibbs distribution (31.1). It remains to show that the 
fundamental thermodynamic relations can be derived from the Gibbs distri¬ 
bution itself, i.e. in a purely statistical manner. 

We have already seen that the quantity /5, and therefore T> must be the 
same for all parts of a system in equilibrium. It is also evident that (i < 0, i.e. 
T > 0, since otherwise the normalisation sum must diverge: owing ta 
the presence of the kinetic energy of the particles, the energy E n can take 
arbitrarily large values. All these properties agree with the fundamental 
properties of the thermodynamic temperature. 

To derive a quantitative relation, we start from the normalisation condi¬ 
tion 


£ e(.F- E Ji T = 1 . 
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We differentiate this equation, regarding the left-hand side as a function of T 
and of various quantities Ai, A 2 , ... which represent the external conditions 
to which the body considered is subject; these quantities may, for example, 
determine the shape and size of the volume occupied by the body. The energy 
levels E n depend on A x , A 2 , ... as parameters. 

Differentiation gives 



where for simplicity only one external parameter is used. Hence 
dF £ w„ = dA £ w„ + E WnE„^J. 

On the left-hand side Ew„ = 1, and on the right-hand side 




5 >. 


dE„ _ 0 E„ 
0A ~ 0A * 


Using also the formulae F—E — -TS and f 


we have finally 


dEjdX = 0#/0A, 


(36.2) 


dF = —S dT-t-dEfdX'dX. 

This is the general form for the differential of the free energy. 

In the same way we can derive the Gibbs distribution for a variable number 
of particles. If the number of particles is regarded as a dynamical variable, it 
is clear that it will be an “integral of the motion”, and additive, for a closed 
system. We must therefore write 

log w nN = oc + {SE n -f yN, (36.3) 

where A, like /?, must be the same for all parts of a system in equilibrium. 
Putting a = Q/T, (3 = — 1/F, y = p/T, we obtain a distribution of the form 
(35.2), and then by the same method as above we can deduce an expression 
for the differential of the potential Q. 


t If the Hamiltonian 12 (and therefore its eigenvalues F*) depends on a parameter 
A, then 

0F„/0A = 


see Quantum Mechanics, (11.16). On statistical averaging this gives (36.2). 



CHAPTER IV 


IDEAL GASES 

§ 37. The Boltzmann distribution 

One of the most important subjects of study in statistical physics is an 
ideal gas. By this is meant a gas in which the interaction between the par¬ 
ticles (molecules) is so weak as to be negligible. Physically, this approxima¬ 
tion may be allowable either because the interaction of the particles is small 
whatever the distances between them or because the gas is sufficiently rare¬ 
fied. In the latter case, which is the more important, the rarefaction of the gas 
results in its molecules’ being almost always at considerable distances apart, 
such that the interaction forces are quite small. 

The absence of interaction between the molecules enables the quantum- 
mechanics problem of determining the energy levels E n of the gas as a whole 
to be reduced to that of determining the energy levels of a single molecule. 
These levels will be denoted by e k , the suffix k representing the set of quantum 
numbers which define the state of the molecule. The energies E n are then given 
by the sums of the energies of the various molecules. 

It must be remembered, however, that, even when there is no direct force 
interaction, quantum mechanics gives a peculiar mutual effect of particles 
that are in the same quantum state (called the exchange effect). For example, 
if the particles obey Fermi statistics, this effect has the result that no more 
than one particle can be in each quantum state at one time; 1- a similar effect 
but in a different form occurs for particles which obey Bose statistics. 

Let n k be the number of particles in a gas which are in the kth quantum 
state; the numbers n k are called the occupation numbers of the various 
quantum states. Let us consider the problem of calculating the mean values 
n k of these numbers, and take in particular the extremely important case 
where for all k 

n k ^ 1. (37.1) 

f It should be emphasised that, when speaking of the quantum state of an indi¬ 
vidual particle, we shall always refer to states which are fully determined by a set 
of values of all the quantum numbers (including the orientation of the angular 
momentum of the particle, if any). These should not be confused with the quantum 
energy levels; several different quantum states correspond to a given energy level 
if the latter is degenerate. 

9 111 
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Physically this case corresponds to a sufficiently rarefied gas. We shall later 
establish a criterion which ensures the fulfilment of this condition, but it may 
be mentioned immediately that it is in practice satisfied for all ordinary 
molecular or atomic gases. The condition would be violated only at such high 
densities that the matter concerned certainly could not be regarded as an 
ideal gas. 

The condition rT k <«: 1 for the mean occupation numbers signifies that in 
fact not more than one particle is in each quantum state at any instant. 
Consequently, we may neglect not only the direct forces of interaction of the 
particles but also their indirect quantum interactions mentioned above. This 
in turn enables us to apply the Gibbs distribution formula to the individual 
molecules. For the Gibbs distribution has been derived for bodies which are 
relatively small, but at the same time macroscopic, parts of large closed sys¬ 
tems. The macroscopic nature of these bodies made it possible to regard them 
as quasi-closed, i.e. to neglect to some extent their interaction with other 
parts of the system. In the case under consideration the separate molecules of 
the gas are quasi-closed, although they are certainly not macroscopic bodies. 

Applying the Gibbs distribution formula to the gas molecules, we can say 
that the probability that a molecule is in the kth. state is proportional to e~ tk/T , 
and therefore so is the mean number W k of molecules in that state, i.e. 

W k = ae~ E * ,T , (37.2) 

where a is a constant given by the normalisation condition 

= N (37.3) 

(N being the total number of particles in the gas). The distribution of mole¬ 
cules of an ideal gas among the various states that is given by formula (37.2) 
is called the Boltzmann distributions it was discovered by Boltzmann for clas¬ 
sical statistics in 1877. 

The constant coefficient in (37.2) can be expressed in terms of the thermo¬ 
dynamic quantities for the gas. To do this we shall give another derivation of 
the formula, based on the application of the Gibbs distribution to the as¬ 
sembly of all particles in the gas that are in a given quantum state. We are 
able to do this (even if the numbers n k are not small) since there is no direct 
force of interaction between these particles and the remainder (or between any 
of the particles in an ideal gas), and the quantum exchange effects occur only 
for particles in the same state. Putting E = n k e k , N = n k and adding the 
suffix ktoQ’m the general formula for the Gibbs distribution for a variable 
number of particles (35.2), we find the probability distribution for various 
values of n k as 


w„ k = el 


( 37 . 4 ) 
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In particular, w 0 = e 0k!r i s the probability that there are no particles in 
the state concerned. In the case of interest here, for which ~n k <k 1, the 
probability w 0 is almost unity, and so in the expression wi = e i0k+ft ~ tk)/T for 
the probability of finding one particle in the kth state we can put eP^ 7 — 1 
to within terms of a higher order of smallness. Then Wi — e^~ ak)IT . The 
probabilities of values n k > 1 must be taken as zero in the same approxima¬ 
tion. Hence 

«* = = wi’l. 

and we have the Boltzmann distribution in the form 

W k = (37.5) 

Thus the coefficient in (37.2) is expressed in terms of the chemical potential 
of the gas. 


§ 38. The Boltzmann distribution in classical statistics 

If the motion of gas molecules (and of the atoms in them) were subject to 
classical mechanics, we could use, instead of the distribution over quantum 
states, the distribution of molecules in phase space, i.e. over momenta and 
coordinates. Let dNbe the mean number of molecules “contained” in a vol¬ 
ume element of phase space of the molecule, dp6q = dp 1 ... d p r d q 1 ... dq r 
(r being the number of degrees of freedom of the molecule). We may write 
this as 

dN = n{p , q) dr, dr = dp dqlQrrfiy (38.1) 

and call n(p, q) the density in phase space (although dr differs by a factor 
(2nh)~ r from the volume element in phase space). We then have, instead of 
(37.5), 

n(p, q) = e^~<P> W, (38.2) 

where e(p, q) is the energy of the molecule as a function of the coordinates 
and momenta of its atoms. 

Usually, however, it is not the entire motion of the molecule which is 
quasi-classical, but only the motion corresponding to some of its degrees of 
freedom. In particular, in a gas which is not in an external field, the transla¬ 
tional motion of molecules is always quasi-classical. The kinetic energy of the 
translational motion then appears in the energy e k of the molecule as an inde¬ 
pendent term, while the remaining part of the energy does not involve the 
coordinates x , y, z and momenta p x , p yi p x of the centre of mass of the mole¬ 
cule. This enables us to separate from the general formula for the Boltzmann 
distribution a factor which gives the distribution of the gas molecules with 


9 * 
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respect to these variables. The distribution of the molecules in the volume 
occupied by the gas is clearly just a uniform distribution, and we obtain for 
the number of molecules per unit volume with momenta (of the translational 
motion) in given intervals dp xi dp y , dp z the Maxwellian distribution: 

dN » = V&tnOyi* exp d p x dp y d p 2 , (38.3) 

N m 3/2 

m = v exp + *5+ f *>/ 27 ’] dv x dv y dv g (38.4) 

(m being the mass of a molecule), normalised to N/V particles per unit 
volume. 

Let us next consider a gas in an external field, in which the potential energy 
of a molecule depends only on the coordinates of its centre of mass: u — 
u(x, y, z) (for example, a gravitational field). If, as always occurs in prac¬ 
tice, the translational motion in this field is quasi-classical, then u{x, y, z) 
appears in the energy of the molecule as an independent term. The Max¬ 
wellian distribution for the velocities of the molecules remains unchanged, 
of course, while the distribution for the coordinates of the centre of mass is 
given by the formula 

di\T r = «<*?-"(*• * W dV. (38.5) 

This formula gives the number of molecules in an element of volume dV = 
dx dy dz; the quantity 

«(r) = noe-« x ' >• *) /r (38.6) 

is the number density of the particles. The constant n 0 is the density at points 
where u = 0. Formula (38.6) is called Boltzmann 1 s formula. 

In particular, in a uniform gravitational field along the z-axis, u = mgz, 
and the gas density distribution is given by the barometric formula 


• n(z) = nae~ m **i T , (38.7) 

where n 0 is the density at the level z = 0. 

At large distances from the Earth, its gravitational field must be described 
by the exact Newtonian expression, the potential energy u vanishing at in¬ 
finity. According to formula (38.6) the gas density should remain finite and 
not zero at infinity, but a finite quantity of gas cannot be distributed in an 
infinite volume with a density which is nowhere zero. This means that in a 
gravitational field a gas (such as the atmosphere) cannot be in equilibrium 
and must be continuously dissipated into space. 



§39 


Molecular Collisions 


115 


PROBLEMS 

Problem 1. Find the density of gas in a cylinder of radius/? and length l rotat¬ 
ing about its axis with angular velocity Q, there being a total of N molecules in 
the cylinder. 

Solution. It has been mentioned in § 34 that the rotation of a body as a whole 
is equivalent to the presence of an external field with potential energy — y/wi^r 2 
(where r is the distance from the axis of rotation). The gas density is therefore 


n(r) = Ae m ° trt ' 2T . 

Normalisation gives 

NmQ 2 e mQ>rt/2T 

Mr) ~ 

Problem 2. Find the momentum distribution of particles for a relativistic 
ideal gas. 

Solution. The energy of a relativistic particle is given in terms of its momen¬ 
tum by e = c \/(m 2 c 2 +/? 2 ), where c is the velocity of light. The normalised momen¬ 
tum distribution is 

dN = N_ exp{-cy(m 2 c 2 +p 2 )/r} _ dp x dp y dp z 

9 V liTlmc^K^m^l^+iT/mc^Koim^jT) 4n(tncf ’ 

where K 0 and K t are Macdonald functions (Hankel functions of imaginary argu¬ 
ment). In the calculation of the normalisation integral the following formulae are 
used: 


f e -zco*t sinh 2 1 dt = Kl (z)jz, 

6 

K[(z) = —K 1 (z)lz—K 0 (z). 


§ 39. Molecular collisions 

The molecules of a gas enclosed in a vessel collide with its walls as they 
move. Let us calculate the mean number of impacts between the molecules 
of a gas and a unit area of the wall per unit time. 

We take an element of surface area of the vessel wall and define a co¬ 
ordinate system with the z-axis perpendicular to this element, which may 
then be written as dx d y. Of the molecules in the gas, those which reach the 
vessel wall in unit time, i.e. collide with it, are just those whose z coordinate 
does not exceed the component v z of their velocity along that axis (which, 
of course, must also be directed towards the wall, not away from it). 

The number dv v of collisions of molecules per unit time (and per unit area 
of the wall surface), in which the velocity components are in given intervals 
dv x , dVy, dv z is therefore obtained by multiplying the distribution (38.4) by 
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the volume of a cylinder of unit base area and height v z : 


A/* / VM \ 3/2 

dv T = — j exp [-m(^ + v* + v*)/2T] X v s dv x dv y dv z . (39.1) 

From this we easily find the total number v of impacts of gas molecules on 
unit area of the vessel wall per unit time. To do so, we integrate (39.1) over 
all velocities v z from 0 to °° and over v x and v y from — oo to ; integration 
over v z from — oo to 0 is not required, since when v z < 0 the molecule is 
travelling away from the wall, and so does not collide with it. Hence 

V = E-\[JL _( 392 ) 

V ) 2nm V( 2mnT) ’ ' ' 


here we have expressed the density of the gas in terms of its pressure by 
means of Clapeyron’s equation. 

Formula (39.1) may be written in spherical polar coordinates in velocity 
space, using instead of v xi v yi v z the absolute magnitude of the velocity 
and the polar angles 0 and <f> which define its direction. Taking the polar axis 
along the z-axis, we have v z = v cos 0 and 


N 


V 



g-mvWTtfi s i n 0 cos 0 (J0 


(39.3) 


Let us now consider collisions between gas molecules. To do this, we must 
first find the velocity distribution of the molecules (the term velocity every¬ 
where referring to the velocity of the centre of mass) relative to one another. 
We take any one gas molecule and consider the motion of all the other mole¬ 
cules relative to it, i.e. consider for each molecule not its absolute velocity v 
(relative to the walls of the vessel) but its velocity if relative to some other 
molecule. That is, instead of dealing with individual molecules, we always 
consider the relative motion of a pair of molecules, ignoring the motion of 
their common centre of mass. 

We know from mechanics that the energy of the relative motion of two 
particles of masses m\ and/n 2 is where m' = mtfnzKmx+m^) is their 

“reduced mass” and v' their relative velocity. The relative-velocity distribu¬ 
tion of the molecules of an ideal gas therefore has the same form as the 
absolute-velocity distribution, except that m is replaced by the reduced mass 
nf. Since all the molecules are alike, rri = \m, and the number of molecules 
per unit volume with a velocity relative to the selected molecule between if 
and if+dif is 



e -mv?mT v '2& v >' 


(39.4) 
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A collision between molecules may be accompanied by various processes: 
deflection (scattering) through a certain angle, dissociation into atoms, and 
so on. The processes which occur in collisions are usually described by their 
cross-sections . The cross-section for a particular process which occurs in col¬ 
lisions between a given particle and others is the ratio of the probability of 
such a collision per unit time to the particle flux density (the latter being the 
number of such particles per unit volume multiplied by their velocity). The 
number of collisions (per unit time) between this and other particles which 
are accompanied by a certain process with cross-section o is therefore 

»' = y J J _ (39.5) 

0 

The total number of such collisions per unit time throughout the volume of 
the gas is obviously v'N/2. 


PROBLEMS 

Problem 1. Find the number of impacts of gas molecules on unit area of the 
wall per unit time for which the angle between the direction of the velocity of the 
molecule and the normal to the surface lies between 0 and 0+d0. 

Solution. 

N /2T\V Z 

dvff= — f — | sin0cos0d0. 

V \m7ij 

Problem 2. Find the number of impacts of gas molecules on unit area of the 
wall per unit time for which the absolute magnitude of the velocity lies between 
v and v+dv. 


Solution. 


dv t 


N / m \ 3/2 


Problem 3. Find the total kinetic energy E iac of the gas molecules striking 
unit area of the wall per unit time. 

Solution. 

Problem 4. Find the number of collisions between one molecule and the rest 
per unit time, assuming the molecules to be rigid spheres of radius r. 

Solution. The cross-section for collisions between molecules is then a — 
7t(2r) 2 = Ant 2 (since a collision occurs whenever two molecules pass at a dis¬ 
tance less than 2 r). Substitution in (39.5) gives 

V = lft* ] f — K = l 6r 2 1 f ^- p . 

’/ m V |/ mT 
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§ 40. Ideal gases not in equilibrium 

The Boltzmann distribution can also be derived, in a quite different man¬ 
ner, directly from the condition of maximum entropy of the gas as a whole, 
regarded as a closed system. This derivation is of considerable interest in 
itself, since it is based on a method whereby the entropy of gas in any non¬ 
equilibrium macroscopic state may be calculated. 

Any macroscopic state of an ideal gas may be described as follows. Let us 
distribute all the quantum states of an individual particle of the gas among 
groups each containing neighbouring states (which, in particular, have neigh¬ 
bouring energy values), both the number of states in each group and the 
number of particles in these states being still very large. Let the groups of 
states be numbered j = 1,2, ...» and let Gj be the number of states in 
group j, and Nj the number of particles in these states. Then the set of num¬ 
bers Nj will completely describe the macroscopic state of the gas. 

The problem of calculating the entropy of the gas reduces to that of deter¬ 
mining the statistical weight Ar of a given macroscopic state, i.e. the number 
of microscopic ways in which this state can be realised. Regarding each 
group of Nj particles as an independent system and denoting its statistical 
weight by zJJ), we can write 

Ar = Y[Arj. (40.1) 

J 

Thus the problem reduces to that of calculating the zJjP,. 

In Boltzmann statistics the mean occupation numbers of all quantum states 
are small in comparison with unity. This means that the numbers of particles 
Nj must be small compared with the numbers of states G } {N } GJ), but of 
course themselves still large. As has been explained in § 37, the smallness of 
the mean occupation numbers enables us to suppose that all the particles are 
entirely independently distributed among the various states. Placing each of 
the Nj particles in one of the Gj states, we obtain altogether Gp possible 
distributions, but among these the distributions which differ only by a per¬ 
mutation of particles are identical, since the particles themselves are identical. 
The number of permutations of Nj particles is Njl, and so the statistical 
weight of the distribution of Nj particles among Gj states is 

Arj — Gp/Nj\. (40.2) 

The entropy of the gas is calculated as the logarithm of the statistical 
weight: 

S = log Ar = Z log ATj. 

Substitution of (40.2) gives 

S-£(^logG,MogA,!). 

j 
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Since the numbers N f are large, we can use the approximate formula t 

log Nl e* N log (N/e), (40.3) 

obtaining 

S = ^Nj\og(eGjlNj). (40.4) 

This foiinula gives the solution of the problem, determining the entropy of 
an ideal gas in any macroscopic state defined by the set of numbers Nj. It may 
be rewritten by using the mean numbers Jy of particles in each of the quantum 
states in group j: ry = Nj/Gj. Then 

S = ^Gjnj\og(e/n]). (40.5) 

If the motion of the particles is quasi-classical, then in this formula we can 
change to the particle distribution in phase space. Let the phase space of 
a particle be divided into regions Ap^Aq^, each of which is small but 
nevertheless contains a large number of particles. The numbers of quantum 
states belonging to these regions are 

Gj = Aptn AqU^l(2nh) r = At^\ (40.6) 


where r is the number of degrees of freedom of the particle; the numbers of 
particles in these states may be written as N } — n(p , q) Az (J) i where n(p, q) is 
the particle density distribution in phase space. We substitute these expres¬ 
sions in (40.5), and use the fact that the regions At w are small in size and 
large in number to replace the summation over j by integration over the 
whole phase space of the particle: 

S = j n log (e/n) dr. (40.7) 

In a state of equilibrium, the entropy must be a maximum (as applied to 
the ideal gas, this statement is sometimes called Boltzmann's H theorem). We 
shall show how this condition may be used to find the distribution function 
for the gas particles in a state of statistical equilibrium. The problem is to 
find n } such that the sum (40.5) has the maximum value possible under the 
subsidiary conditions 

^Nj = ^Gjn,= N, 

^e l N l ='^ Cl G,n 1 = E, 


* When N is large, the sum logiV! = log 1 -flog 2+ ... -flog N may be approx¬ 
imately replaced by the integral 


N 

J logx*dx, 

o 


which leads to (40.3). 
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which express the constancy of the total number of particles N and of the 
total energy E of the gas. Following the usual method of Lagrange’s undeter¬ 
mined multipliers, we have to equate to zero the derivatives 

d(S+*N+ftE)/dnj = 0, (40.8) 

where a and ft are constants. Effecting the differentiation, we find 

G/—log nj+cc+ftej) = 0, 

whence log Wj = a+/?£,, or 

Wj — e*+fy . 

This is just the Boltzmann distribution, the constants a and ft being given in 
terms of T and p by a = [x/T, ft — — 1 /T. f 


§ 41. The free energy of an ideal Boltzmann gas 

We may use the general formula (31.3) 

F = -Tlog Y j e~ EJT (41.1) 

n 

to calculate the free energy of an ideal gas which obeys Boltzmann statistics. 

Writing the energy E H as a sum of energies e k , we can reduce the summation 
over all states of a gas to summation over all states of an individual molecule. 
Each state of the gas is defined by a set of N values of e k (where N is the num¬ 
ber of molecules in the gas), which in the Boltzmann case may be regarded 
as all different (there being not more than one molecule in each molecular 
state). Writing e~ E * IT as a product of factors e~ ,k/T for each molecule and 
summing independently over all states of each molecule, we should obtain 

(5 e “'* /r ) W - (41.2) 

The set of possible values of e k is the same for each molecule of the gas, and 
so the sums Se~ nrr are also the same. 

The following point must be borne in mind, however. Each set of N differ¬ 
ent values e k which differs only in the distribution of the identical gas mole¬ 
cules over the levels e k corresponds to the same quantum state of the gas. 
But in the partition function in formula (41.1) each state must be included 

t These values of a and ft could have been foreseen: equations (40.8) can be 
written as a relation between differentials, dS+a dN+ft dE = 0, which must be the 
same as the differential of the internal energy at constant volume, dE = TdS+p d N. 
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only once. f We must therefore again divide the expression (41.2) by the 
number of possible permutations of N molecules, i.e. by N\.$ Thus 

(4U) 

Substitution of this expression in (41.1) gives 

F = —TWTog £ e-*> T +T log N \. 


Since N is very large, we can use the formula (40.3) for log N\. This gives the 
formula 


F =-NT log 


[(*/*)£ 


e—*) r I, 


(41.4) 


which enables us to calculate the free energy of any gas consisting of identical 
particles obeying Boltzmann statistics. 

In classical statistics, formula (41.4) must be written in the form 

F = —NT log [(<?/#) J e~<P- dr]; (41.5) 

the integration is taken over the phase space of the molecule, and dr is defined 
by (38.1). 


§ 42. The equation of state of an ideal gas 

It has already been mentioned in § 38 that the translational motion of the 
molecules in a gas is always quasi-classical; the energy of a molecule may be 
written in the form 

£k(p x , Py, Pz) = (pl+Py+pf)/2m + e k , (42.1) 

where the first term is the kinetic energy of the translational motion, and e k 
denotes the energy levels corresponding to the rotation and internal state of 
the molecule; e k is independent of the velocities and coordinates of the centre 
of mass of the molecule (assuming that there is no external field). 

The partition function in the logarithm in formula (41.4) must now be 
replaced by the expression 

? JJ ex P C-**(P)/rj d 3 P dV = FK/Mr J e-VT; (4Z2) 

t See the second footnote to § 31. 

* Here it is important that in Boltzmann statistics the terms containing the 
same e k in (41.2) are of negligible significance. 
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the integration over V (dF = Ax AyAz) is, over the whole volume of the gas. 
For the free energy we obtain 

(42.3) 

The sum in (42.3) cannot, of course, be calculated in a general form 
without any assumptions as to the properties of the molecules, but an impor¬ 
tant fact is that it depends only on the temperature. The dependence of the 
free energy on the volume is therefore entirely determined by formula (42.3), 
and so we can derive from it various important general results concerning 
the properties of an ideal gas (which is not in an external field). 

Separating in (42.3) the term containing the volume, we may write this for¬ 
mula as 

F = -NT log (eV/N)+Nf(T), (42.4) 

where f(T) is some function of the temperature. Hence the pressure of the gas 
is P = -0F/0F = NT/V, or 


PV = NT. (42.5) 

Thus we have the familiar equation of state of an ideal gas (Clapeyron’s 
equation). If the temperature is measured in degrees, then 1 

PV = NkT. (42.5a) 

Knowing F, we can find the other thermodynamic quantities also. For 
example, the thermodynamic potential is 

0 = -iVTlog (eV/N)+Nf(T) + PV. 

Substituting V = NT/P according to (42.5) (since 0 must be expressed as a 
function of P and T) and using a new function of temperature %(T) = f(T) 
—T log T, we obtain 

0 = NT\o%P+N%{T). (42.6) 

The entropy is defined as 

S = - dF/dT = N log (eV/N)—Nf'(T), (42.7) 

or, as a function of P and T, 

S = -00/0T = — iVlog P-NyXT). (42.8) 


t For a gram-molecule of gas (N == 6.023X 10 23 = Avogadro’s number), the 
product R " Nfc is called the gas constant; R — 8.314X 10 7 erg/deg. 
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Finally, the energy is 

E = F+TS = Nf(T)-NTf'(T). (42.9) 

We see that the energy is a function only of the temperature of the gas (and 
the same is true of the heat function W = E 4 -PV = E +NT). This is evident 
a priori : since the molecules of an ideal gas are assumed not to interact, the 
change in their mean distance apart when the total volume of the gas varies 
cannot affect its energy. 

As well as E and W, the specific heats C v = (dE/dT) v and C p — ($WldT) P 
are functions only of the temperature. In what follows it will be convenient to 
use the specific heats per molecule, denoted by lower-case letter c: 

C v = Nc v , C p = Nc p . (42.10) 

Since for an ideal gas W—E = NT, the difference c p —c v has a fixed valued 

c p -c v = 1. (42.11) 


PROBLEMS 

Problem 1. Find the work done on an ideal gas in an isothermal change of 
volume from V 1 to V 2 (or of pressure from P x to P 2 ). 

Solution. The required work R is equal to the change in the free energy of the 
gas, and from (42.4) we have 

R = F 2 —F 1 = ATlog (VJVJ = AT log (P 2 /Pj). 

The quantity of heat absorbed in this process is 

Q = TXSjj-Si) = ATlog (Fjj/Ki). 

The latter result also follows directly from the fact that R+Q is the change of 
energy and is equal to zero for an isothermal process in an ideal gas. 

Problem 2. Two vessels contain two identical ideal gases at the same tempera¬ 
ture Tand with equal numbers of particles N but at different pressures P x and P 2 . 
The vessels are then connected. Find the change in entropy. 

Solution. Before the vessels are connected, the entropy of the two gases is 
equal to the sum of their entropies, S 0 = — N log {P 1 P^)—2N% , {T). After the con¬ 
nection, the temperature of the gases remains the same (as follows from the con¬ 
servation of energy for the two gases). The pressure is given by the relation 

1 = Vi+V* = 1 / I , *\ 

P 2NT 2 \Pi P 2 )' 

t Since the specific heat is the derivative of the energy (quantity of heat) with 
respect to temperature, C must be replaced by Cjk in the formulae when ordinary 
units (degrees) are used. For example, formula (42.11) in ordinary units becomes 
c p -c v = k. 
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s = 2Nlog ^p—2Nx'(T). 


The change in entropy is therefore 


AS = iVlog 


(P1+P2P 

4PiP* ' 


Problem 3. Find the energy of an ideal gas in a cylindrical vessel of radius R 
and length / rotating about its axis with angular velocity Q. 


Solution. According to § 34, the rotation is equivalent to the presence of an 
external “centrifugal” field with potential energy u = —\m(r being the dis¬ 
tance of a particle from the axis of rotation). 

When an external field is present, the integrand in (42.2) contains an extra factor 
e~ u{T , and so in the argument of the logarithm in (42.3) the volume V is replaced 
by the integral j e~ ufT dV. Thus 

e-^dV, 


F= Fq-NT log 


i 


where F 0 is the free energy of the gas in the absence of the external field. 

In the present case this formula for the free energy becomes (in a rotating coor¬ 
dinate system) 


F'= F 0 -NT log 



e mQ * r * /2T 2nr dr dz 


= F„-NTlog 


The angular momentum of the gas is 

M * -dF'/dQ 


2NT , NmR z Q 

Q + l_ e -mO*RWT * 


The energy in a system rotating with the body is 


E'= F'-TdF'ldT= 


„ Nm&R* 

E ° 2(1 —e~ mQlRtl2T ) 


4-A^r, 


and in a fixed system of coordinates (see (26.5)) 


E = E'+MQ = E 0 + 


Nm&R 2 

2(1 — e — mQ * R*ftTy 


NT, 


where E 0 is the energy of the gas at rest. 
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§ 43. Ideal gases with constant specific heat 

We shall see later that in many important cases the specific heat of a gas 
is constant, independent of temperature, over a greater or smaller tempera¬ 
ture interval. For this reason we shall now calculate in a general form the 
thermodynamic quantities for such a gas. 

On differentiating the expression (42.9) for the energy, we find that the 
function f(T) is related to the specific heat c v by — Tf"(T ) = c v . Integration 
of this relation gives 


f(T) = -<vTlog r-CT+eo, 

where £ and eo are constants. Substitution in (42.4) gives for the free energy 
the final expression 

F = Neo—NT log (eVfN)~NcfT log T—NCT. (43.1) 

The constant £ is called the chemical constant of the gas. For the energy we 
have 

E=Ne 0 +NcfT, (43.2) 

a linear function of the temperature. 

The thermodynamic potential 0 of the gas is obtained by adding to (43.1) 
the quantity PV = NT, the volume of the gas being expressed in terms of the 


pressure and the temperature. The result is 

0 = Ne 0 +NT log P-NcJ log T-NCT. (43.3) 

The heat function W — E+PV is 

W=Neo+NcfT. (43.4) 

Finally, differentiating (43.1) and (43.3) with respect to temperature, we ob¬ 
tain the entropy in terms of T and V and of T and P respectively: 

S = N log (eV/N)+Nc v log T+ (£ + c v )N, (43.5) 

S = -N log P+Nc p log T+tt + c p )N. (43.6) 


From these expressions for the entropy we can, in particular, derive im¬ 
mediately a relation (called the Poisson adiabatic) between the volume, tem¬ 
perature and pressure of an ideal gas (of constant specific heat) undergoing 
adiabatic expansion or compression. Since the entropy remains constant in 
an adiabatic process, we have from (43.6) — JV log P+Nc p log T = constant, 
whence T c '/P = constant or, using (42.11), 


Tvj*-v = constant. 


(43.7) 
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where y denotes the constant ratio 

y - c P /c v . (43.8) 

Using also the equation of state PV — NT, we obtain relations between T and 
V, and P and V: 

TV Y ~ 1 — constant, PV y = constant. (43.9) 


PROBLEMS 

Problem 1. Two identical ideal gases at the same pressure P and containing the 
same number of particles N but at different temperatures T x and T 2 are in vessels 
with volumes V x and V 2 . The vessels are then connected. Find the change in en¬ 
tropy. 

Solution. Before the vessels are connected, the entropy of the two gases, equal 
to the sum of their entropies, is by (43.6) S 0 — —2N log P-^NCp log (7 , 1 7’ 2 ). t 
After the connection, the temperatures of the gases become equal. The sum of the 
energies of the two gases remains constant. Using the expression (43.2) for the 
energy, we find T = ^(Ti+Tjj), where T is the final temperature. 

After the connection, the gas contains 2N particles and occupies a volume 

-l-V 2 = NiTi+T^/P. Its pressure is then 2NT/(V 1 +V 2 ) = P, i.e. the same as 
before. The entropy is 

5 *= — 2N log P-h 2Nc p log (|7\+|T 2 ), 


and the change in entropy is 


AS = S—S 0 


= Nc p log 


{T x +T 2 ? 

4 T x T 2 * 


Problem 2. Find the work done on an ideal gas in adiabatic compression. 

Solution. In an adiabatic process the quantity of heat Q = 0, and so R = 
E 2 —E 1% where E 2 —E 1 is the change in energy during the process. According to 
(43.2) R = NcpfTz—Tj), where T x and T 2 are the gas temperatures before and after 
the process. R can be expressed in terms of the initial and final volumes V x and V 2 
by means of the relation (43.9): 

R = NCpT.KVJV^- 1 -!] 

= ATc w r 2 [l-(K 2 /K 1 )’'- 1 ], 

Problem 3. Find the quantity of heat, gained by a gas in an isochoric process, 
i.e. one which occurs at constant volume. 

Solution. Since in this case the work R = 0, we have 
Q = E 2 —E x = Nc v (T 2 —T 1 ). 


t We everywhere omit the constant terms in the entropy and energy which are 
unimportant in the solution of problems. 
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Problem 4. Find the work done and quantity of heat gained in an isobaric 
process, i.e. one which occurs at constant pressure. 

Solution. At constant pressure 

R = -P(V 2 -V 1 ), Q— W 2 —W 1 , 

whence 

R = N^-TJ, Q = Nc^-TJ. 

Problem 5. Find the work done on a gas and the quantity of heat which it gains 
in compression from volume V 1 to V 2 in accordance with the equation PV n = a 
(a polytropic process). 

Solution. The work is 

p 

* = - 

Since the sum of the quantity of heat gained and the work done is equal to the 
total change in energy, we have Q= Nc v (T 2 —Tf)—R, and since T = PV/N- 
(a/N)V 1 ~ n , 

G= (Kj— 

Problem 6. Find the work done on an ideal gas and the quantity of heat which 
it gains on going through a cyclic process (i.e. one in which it returns to its initial 
state at the end of the process), consisting of two isochoric and two isobaric pro¬ 
cesses: the gas goes from a state with pressure and volume P lt V x to states P lY 
F 2 ; P 2 , V 2 ;P 2 , V x \P lt V x again. 

Solution. The change in energy in a cyclic process is zero, since the initial and 
final states are the same. The work done and the quantity of heat gained in such 
a process are therefore the same with opposite signs (R = —Q). In order to find 
R in the present case, we note that in isochoric processes the work done is zero, 
and for the two isobaric processes it is respectively —Pi(V 2 — V ± ) and —P 2 (}V 2 ). 
Thus R— (V 2 — Vi) (P 2 —Pf). 

Problem 7. The same as Problem 6, but for a cyclic process consisting of two 
isochoric and two isothermal processes, the successive volumes and temperatures 
of the gas being V lt 7\; V lt T 2 \ V s , T 2 \ V 2 , T x \ V lt T x . 

Solution. 

R=(T 2 -T 1 )Nlog(V 1 /V 2 ). 

Problem 8. The same as Problem 6, but for a cyclic process consisting of two 
isothermal and two adiabatic processes, the successive entropies, temperatures 
and pressures being S lt T lt P x ; S lt T 2 \ S 2 , T 2 , P 2 \ S 2 , 7\; S lt T lt P lm 

Solution. 


Q= (T 2 -7i)(S 2 -5i) 

= (r 2 -n) [AT log (PJPJ+Nc, log (T,/71)J. 


10 
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Problem 9. The same as Problem 6, but for a cyclic process consisting of two 
isobaric and two isothermal processes, the successive states being P lt 7\; P lt T 2 \ 
P*T % \P t ,Ti\Pi,Ti. 


Solution. The work done on the gas in the isobaric processes is (see Problem 4) 
and N(T 2 —T{), and that in the isothermal processes is NT 2 log (P 2 lPi) 
and NT ± log (Pi/P 2 )> The sum of these is R = N(T 2 —T{) log (P 2 /Pi). 

Problem 10. The same as Problem 6, but for a cyclic process consisting of two 
isobaric and two adiabatic processes, the successive states being P lt 5 lt 7\; P x , 
S 2 \ P 2 , S 2 , P 2 . Si ', Pi, Si, 7\. 

Solution. The temperature in the second state is 7' 2 CP 2 /P 1 ) (1-y)/y , and in the 
fourth state 7i(/ > 1 /P 2 ) (1-y)/y ; these are obtained from T x and T 2 by means of (43.7). 
The quantity of heat gained by the gas in adiabatic processes is zero, and in the 
isobaric processes it is (see Problem 4) 

Nc p [T 2 (P 2 /Pi)«-M-Ti] and 
Nc p [Ti(PilP 2 )^y-T 2 ). 

Hence 

G = Nc^d(PllPlf l - r »-inNc i r,l(P,IP 1 p--Wr- l] . 

Problem 11. The same as Problem 6, but for a cyclic process consisting of two 
isochoric and two adiabatic processes, the successive states being V x , 5 lt 7\; 
F 1 ,S 2 ;K 2 ,S 2 ,r 2 ;F 2 ,S 1 ;F 1 ,S 1 ,:r 1 . 

Solution. Using the result of Problem 2, we find 

R = Nc v T 2 [l—(V 2 /Vi) Y ~ 1 ]+NcJTi[l—(Vi[V 2 y~ 1 ]. 

Problem 12. Determine the maximum work that can be obtained by connecting 
vessels containing two identical ideal gases at the same temperature T 0 and with 
equal numbers of particles N but having different volumes V x and V 2 . 

Solution. The maximum work is done if the process occurs reversibly (i.e. 
if the entropy remains constant), and is equal to the difference between the ener¬ 
gies before and after the process (§ 19). Before the connection of the vessels, the 
entropy of the two gases is equal to the sum of their entropies, i.e. by (43.5) 

S 0 = N log (e 2 Vi F 2 /A*)+2M:, log T 0 . 

After the connection we have a gas consisting of 2N particles occupying a volume 
V r + V 2 at some temperature T. Its entropy is 

5 = 27Vlog [e(Vi+ V 2 )!2N]+2 Nc v log T. 


Equating S 0 and 5 gives the temperature T: 

t = t r 4v ' v * i (y ~ 1)/2 


re and after tl 
imum work is 

2 Afc„(r„-D= 2 Nc v T 0 |^1 — ( (g^ ) <, ~ 1>fl ]. 


The energy of the two gases before and after the connection is E 0 = 2NcJT 0 and 
E = 2Nc v T respectively. The maximum work is therefore 

\(y-l)/2 
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Problem 13. The same as Problem 12, but for gases with the same pressure P 0 
and different temperatures 7\ and T 2 before the connection of the vessels. 

Solution. We have similarly 

*™= Nc^Tt+Tt-V VPiTi) [(7^y ,-1V2 }- 

Problem 14. Find the minimum work that must be done on an ideal gas in 
order to compress it from pressure P x to P 2 at a constant temperature equal to 
that of the surrounding medium {T = T 0 ). 

Solution. According to (20.2) the minimum work is E min = (E 2 —E 1 )— 
— T 0 (S 2 — 5i)+P 0 (F 2 — Pi), where the suffixes 1 and 2 refer to the gas before and 
after compression. In the present case the energy is is unchanged (since the temper¬ 
ature is constant), i.e. E 2 —E 1 — 0. Using (43.6), we find the change of entropy 
corresponding to the change of pressure from P x to P 2 : S 2 —S x — Nlog ( [P x /P 2 ), 
and the change of volume is V 2 —V 1 = AT 0 (1/P 2 — 1/P X ). Hence 

^ b = ivr 0 [io g ^ + P 0 (±--i)]. 

Problem 15. Determine the maximum work which can be obtained from an 
ideal gas cooled from temperature T to the temperature of the medium T 0 at 
constant volume. 

Solution. From the general formula (20.3), 

= Nc v (T~T 0 )+Nc^ 0 log (T 0 m 

Problem 16. The same as Problem 15, but for a gas cooled from temperature 
T to the temperature of the medium T 0 and at the same time expanding from pres¬ 
sure P to the pressure of the medium P 0 . 

Solution. 

*nu« = Nc 9 (T-T 0 )+NT 0 log (P/P 0 )+Nc p T 0 log (T 0 IT)+N(TP 0 IP-TJ. 

Problem 17. Gas at temperature T 0 flows from a large thermally isolated reser¬ 
voir into an empty thermally isolated vessel, the gas pressure in the reservoir 
remaining constant. Find the change in the gas temperature. 

Solution. The energy E of the gas in the vessel consists of the energy E 0 which 
it had in the reservoir and the work done on it to “expel” it from the reservoir. 
Since the state of the gas in the reservoir may be regarded as steady, we have the 
condition W 0 = E (cf.§ 18). The gas temperature in the vessel is therefore T = yT 0 . 


§ 44. The law of equipartition 

Before going on to calculate in detail the thermodynamic quantities for 
gases, making allowance for the various quantum effects, it is useful to con¬ 
sider the same problem from the point of view of purely classical statistics. 


10* 
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We shall see later when and to what extent the results obtained are applicable 
to actual gases. 

A molecule is a configuration of atoms executing small oscillations about 
certain equilibrium positions which correspond to minimum potential energy 
of their interaction. The potential energy is then of the form 

r T«> 

w=e 0 + £ a ik qfl k , 

i, k-1 

where e 0 is the potential energy of interaction of the atoms when they are 
all in their equilibrium positions; the second term is a quadratic function of 
the coordinates which give the deviations of the atoms from their equilibrium 
positions. The number r vib of coordinates in this function is the number of 
vibrational degrees of freedom of the molecule. 

This number can be determined from the number n of atoms in the mole¬ 
cule. A molecule containing n atoms has a total of 3 n degrees of freedom. 
Three of these correspond to the translational motion of the molecule as a 
whole, and three to its rotation as a whole. If alt the atoms are collinear (and 
in particular for a diatomic molecule) there are only two rotational degrees 
of freedom. Thus a non-linear molecule of n atoms has 3n—6 vibrational 
degrees of freedom, and a linear one has 3«—5. For n = 1 there are, of 
course, no vibrational degrees of freedom, since all three degrees of freedom 
of an atom correspond to translational motion. 

The total energy e of the molecule is the sum of the potential and kinetic 
energies. The latter is a quadratic function of all the momenta, and these are 
equal in number to the full 3 n degrees of freedom of the molecule. The energy 
e is therefore of the form s = e 0 +f n (p,q), where f u (p, q) is a quadratic 
function of the momenta and coordinates; the total number of variables in 
this function is / = 6n—6 (for a non-linear molecule) or 6n—5 (for a linear 
molecule); in a monatomic gas, / = 3, since the coordinates do not appear 
at all in the expression for the energy. 

Substituting this expression for the energy in (41.5) we have 
e . e -*d T r 

F — —NT log —jj — dr . 

In order to find the dependence on temperature of the integral in this formula 
we substitute p = p’ y/T, q = q' <s/T for all the / variables on which the func¬ 
tion/^/?, q) depends. Since this function is quadratic,/ n (/?, q) = Tf u (p\ /), 
and T cancels in the exponent of the integrand. The transformation of the 
differentials of these variables in dr gives a factor T ,/2 , which can be taken 
outside the integral. The integration over the vibrational coordinates q is 
taken over the range of values corresponding to vibrations in which the 
atoms remain within the molecule. However, since the integrand diminishes 
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rapidly with increasing q t the integration may be extended to the whole range 
from — oo to oo, as well as over all the momenta. The above-mentioned 
change of variables then leaves the limits of integration unaltered, and the 
whole integral is a constant independent of temperature. Using also the fact 
that the integration with respect to the coordinates of the centre of mass of 
the molecule gives the volume V occupied by the gas, we obtain for the free 
energy an expression of the form 

F = -NT log (AVe-^T^IN), 

where A is a constant. Expanding the logarithm, we have an expression of 
exactly the type (43.1) with a constant specific heat equal to 

c. = \1. (44. 1 

The specific heat c p = c v + 1 is accordingly 

c„ = l(/+2). (44.2) 

Thus we see that a purely classical ideal gas must have a constant specific 
heat. Formula (44,1) enables us to state the following rule. Each variable in 
the energy e(p, q) of the molecule gives an equal contribution of ~ to the 
specific heat c v of the gas (~k in ordinary units) or, what is the same thing, 
an equal contribution of \T to its energy. This is called the law of equiparti¬ 
tion. 

Since for the translational and rotational degrees of freedom the energy 
e(p, q) contains only the corresponding momenta, we can say that each of 
these degrees of freedom gives a contribution of ~ to the specific heat. Each 
vibrational degree of freedom corresponds to two variables (coordinate and 
momentum) in the energy e(p, q\ and its contribution to the specific heat 
is 1. 

For the model considered here it is easy to find a general formula for the 
energy distribution of the gas molecules. For convenience we shall measure 
the energy of a molecule from the value eo, i.e. omit this constant from the 
expression for e(p, q). Let us consider the volume in the phase space of the 
molecule whose points correspond to values of e(p, q) not exceeding a given 
value e, i.e. determine the integral t(e) = J dr taken over the region e(p, q) 
e. According to the foregoing discussion, s(p, q) is a quadratic function of 
/ variables. We replace those / quantities /?, q on which the energy e(p, q) 
depends by new variables p' = pIV^ <f — #/V«* Then the condition e(/>, q) 
£ becomes e(p\ q') 1, and J dr becomes e 772 J dr'. The integral J dr' is 

clearly independent of e, and so r = constantX £ //a , whence dr(e) = con- 
stantXe**" 1 de and the energy probability distribution is 


dw e = Xe“* /r £* / ~ 1 de. 
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Determining A from the normalisation condition, we find 


d w, = 


1 


■/*£*/-! de. 


(44.3) 


PROBLEM 

Find the specific heat of an ideal gas in the extreme relativistic case, where the 
energy of a particle is related to its momentum by e = cp, c being the velocity 
of light. 

Solution. According to (41.5) we have 

F -~ NTl0e N^w\ 


or, after carrying out the integration, 

F = —NT log (A VT^/N), 

where A is a constant. The specific heat is therefore c v = 3, which is twice the value 
for a non-relativistic monatomic gas. 


§ 45. Monatomic ideal gases 

The complete calculation of the free energy (and therefore of the other 
thermodynamic quantities) for an ideal gas requires a calculation of the 
specific form of the partition function in the logarithm in (42.3), 

Z = ^e-yr, 

Here e k are the energy levels of the atom or molecule (the kinetic energy of 
the translational motion of the particle being excluded). If the summation is 
taken only over all the different energy levels, it must be remembered that a 
level may be degenerate, and in this case the corresponding term must appear 
in the sum over all states as many times as the degree of degeneracy. Let this 
be g k . The degree of degeneracy of the level is often called in this connection 
its statistical weight . Omitting for brevity the prime in s k , we can write the 
partition function concerned in the form 

z = 5^-'* /r - 

The free energy of the gas is 


(45.1) 

(45.2) 
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Turning now to the consideration of monatomic gases, we must first of all 
make the following important comment. As the gas temperature increases, so 
does the number of atoms in excited states, including the states of the 
continuous spectrum, which correspond to ionisation of the atom. When the 
temperature is not too high, the relative number of ionised atoms in the gas 
is negligible, but the gas is almost completely ionised at temperatures T of 
the order of the ionisation energy 7 ion , and not only for T » 7 ion (see § 104). 
Thus a non-ionised gas can reasonably be considered only at temperatures 
such that 

The atomic terms (neglecting their fine structure) are so situated that the 
separation between the ground state and the first excited level is comparable 
with the ionisation energy. At temperatures T <*: 7 ion , the gas will therefore 
be practically free not only of ionised atoms but also of excited atoms, and so 
all the atoms may be regarded as being in the ground state. 

Let us first consider the simplest case, that of atoms which in their ground 
state have neither orbital angular momentum nor spin (L — S = 0), such as 
the atoms of the inert gases. The ground state is not degenerate, and the 
partition function reduces to a single term, Z = <? -8#/r . For monatomic 
gases it is customary to put eo = 0, i.e. to measure the energy from the ground 
state of the atom, so that Z = 1. Expanding the logarithm in (45.2) as a sum 
of logarithms, we obtain for the free energy an expression of the type (43.1), 
with constant specific heat 

c v = 1 ( 45 . 3 ) 

and chemical constant 

(45 ' 4 > 

(O. Sackur and H. Tetrode, 1912). 

This value of the specific heat is due entirely to the translational degrees of 
freedom of the atom for each degree of freedom); it will be remembered 
that the translational motion of the gas particles is always quasi-classical. 
The “electronic degrees of freedom” under these conditions (no excited 
atoms in the gas) have, of course, no effect on the thermodynamic quanti¬ 
ties.* 

t For different atoms the temperature 7 ion /& lies between 5X10* degrees (alkali 
metal atoms) and 28 X10 4 degrees (helium). 

* The electronic part of the thermodynamic quantities, naturally, can never be 
treated classically. In this connection we may note the fact (which in essence has 
been tacitly assumed already) that in classical statistics the atoms must be regard¬ 
ed as particles without internal structure. The impossibility of applying to effects 
within the atom a statistics based on classical mechanics is further shown by the 
absurd result obtained on substituting the interaction energy between the electrons 
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These expressions enable us to deduce a criterion for the validity of Boltz¬ 
mann statistics. In this statistics it is assumed that 

Mfc = <?0'-e*)/r <§c 1 

{see (37.1)). It is clearly sufficient to require the fulfilment of the condition 
e* T «\: 

For the chemical potential fi — @/N we have from (43.3), with c v and 'Q 
given by (45.3) and (45.4), 





(45.5) 

Thus we obtain the condition 


(N/V) (h 2 /mT) m « 1. 

(45.6) 


For a given temperature, this condition requires that the gas should be 
sufficiently rarefied. Substitution of numerical values shows that in practice, 
for any atomic (or molecular) gas, this condition can be violated only at 
densities where the interaction of the particles becomes important and the 
gas can in any case no longer be regarded as ideal. 

It is useful to note the following intuitive interpretation of the above con¬ 
dition. Since the majority of atoms have energies of the order of T, and 
therefore momenta of the order of y/(rrtT\ we can say that all the atoms oc¬ 
cupy in phase space a volume of the order of V(rnT) m , corresponding to 
~ V(mT) m /ti 3 quantum states. In the Boltzmann case this number must be 
large compared with the number N of particles, and hence we have (45.6). 

Finally, we may make the following comment. The formulae derived in 
this section appear at first sight to contradict Nemst’s theorem, since neither 
the entropy nor the specific heat is zero at T = 0. However, it must be 
remembered that, under the conditions for which Nemst’s theorem is stated, 
all actual gases condense at sufficiently low temperatures. For Nernst’s 
theorem requires that the entropy of a body should tend to zero at T — 0 for 
a fixed value of its volume. But as T -+ 0 the saturated vapour pressure of all 


and the atomic nucleus in the classical distribution formulae. This energy is of the 
form — a(r , where r is the distance of the electron from the nucleus and a is a con¬ 
stant. The substitution would give a factor e* ,rT in the distribution, which becomes 
infinite for r = 0. This would mean that all the electrons would have to “fall” into 
the nucleus in thermal equilibrium. 



§ 46 The Effect of the Electronic Angular Momentum 135 

substances becomes arbitrarily small, so that a fixed finite quantity of matter 
in a fixed finite volume cannot remain gaseous as T — 0. 

If we consider a model of a gas, possible in principle, which consists of 
mutually repulsive particles, then, although such a gas will never condense, at 
sufficiently low temperatures Boltzmann statistics ceases to be valid, and the 
application of Fermi or Bose statistics leads, as we shall see later, to expres¬ 
sions which are in agreement with Nemst’s theorem. 


§ 46. Monatomic gases. The effect of the electronic angular momentum 

If only one of the angular momenta L and S is non-zero in the ground 
state of the atom, then this state again has no fine structure. In practice the 
absence of fine structure of the ground state is always due to a zero orbital 
angular momentum; the spin S is sometimes not zero (for example, atoms in 
the vapour of alkali metals). 

A level with spin S is (25-f l)-fold degenerate. The only difference as com¬ 
pared with the case discussed in § 45 is that the partition function Z is now 
25-fl instead of 1, and so the chemical constant (45.4) is increased by the 
quantity 1- 

= log(25+l). (46.1) 

If the ground term of an atom has a fine structure, it must be remembered 
that the intervals in this structure may generally be comparable with T , and 
so all the components of the fine structure of the ground state must be taken 
into account in the partition function. 

The fine-structure components differ in the value of the total angular 
momentum of the atom (with given orbital angular momentum L and spin 5). 
Let these levels, measured from the lowest of them, be denoted by e y . Each 
level with a given J is (2 J + l)-fold degenerate with respect to orientations of 
the total angular momentum.* The partition function therefore becomes 
Z= (2J + X)e-*J ,T ; (46.2) 

t We may write out for reference the formula for the chemical potential of a 
monatomic ideal gas with statistical weight (degree of degeneracy) of the ground 
states: 

r P /2te#Y /2 1 , [ N /27th 2 \ 3/2 l 

11 = 08 (^r) j = rlog M^r) j- (46 - la> 

This applies also to a Boltzmann gas of elementary particles; for instance, in an 
electron gas g = 2. 

* We assume that Russell-Saunders coupling is valid in the atom; see Quantum 
Mechanics, % 72. 
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the summation is taken over all possible values of J for the given L and S. 
We obtain for the free energy 

(«*> 

This expression becomes considerably simpler in two limiting cases. Let 
us assume that the temperature is so high that T is large in comparison with 
all the line-structure intervals: T-»Ej. Then we can put e~ tJ ' T =* 1, 
and Z becomes simply the total number of fine-structure components 
(2S+ 1)(2L+1). The expression for the free energy involves the constant 
specific heat c v — as before, and the quantity 

Csl = log [(25-f- 1) (2L+ 1)] (46.4) 

is added to the chemical constant (45.4). 

Similar expressions for the thermodynamic quantities (with a different £) 
are obtained in the opposite limiting case where T is small compared with the 
fine-structure intervals. 1. In this case all terms may be neglected in the sum 
(46.2) except the one with Ej = 0 (the lowest component of the fine structure, 
i.e. the ground state of the atom). In consequence the quantity added to the 
chemical constant (45.4) is 


C/ = log (2/ +1), (46.5) 

where J is the total angular momentum of the atom in the ground state. 

Thus, when the ground term of the atom has fine structure, the specific 
heat of the gas at sufficiently low and sufficiently high temperatures has the 
same constant value, but in the intermediate range it depends on the tem¬ 
perature and passes through a maximum. It must be borne in mind, however, 
that for gases concerned in practice (heavy-metal vapours, atomic oxygen, 
etc.) only the range of high temperatures, where the specific heat becomes con¬ 
stant, is of importance. 

So far we have ignored the possibility that the atom has a non-zero nuclear 
spin i. The existence of such a spin causes the hyperfine splitting of atomic 
levels. The intervals in this structure are, however, so small that they may be 
neglected in comparison with T at all temperatures where the gas remains a 
gas.i In calculating the partition function, the energy differences between the 

1 As examples, the quantities Sj/k for the components of the triplet ground state 
of the oxygen atom are 230° and 320°; for those of the quintet ground state of 
the iron atom they are between 600° and 1400°; and for the doublet ground state 
of the chlorine atom 1300°. 

£ The temperatures corresponding to the hyperfine structure intervals of various 
atoms range from 0.1° to 1.5°. 
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hyperfine multiplet components may be entirely neglected, and the splitting 
need be taken into account only as increasing the degree of degeneracy of 
each level (and therefore the sum Z) by a factor 2/+1. Accordingly, the free 
energy contains an additional “nuclear” term 

F nuc = -M*log(2i +1). (46.6) 

This term does not affect the specific heat of the gas (the corresponding 
energy E nac — 0) and simply changes the entropy by S nuc = AT log (2/+1), 
and the chemical constant by £ nuc = l°g (2i+1). 

Because the interaction between the nuclear spin and the electron shells is 
extremely weak, the “nuclear” part of the thermodynamic quantities usually 
plays no part in the various thermal processes and does not appear in the 
equations. We shall therefore omit these terms, as is usually done; in other 
words, we shall measure the entropy not from zero but from the value S auc 
due to the nuclear spins. 


§ 47. Diatomic gases with molecules of unlike atoms. Rotation of molecules 

Turning now to the calculation of the thermodynamic quantities for a 
diatomic gas, we may point out first of all that, just as monatomic gases can 
reasonably be considered only for temperatures T which are small compared 
with the ionisation energy, a diatomic gas can be regarded as such only if T 
is small compared with the dissociation energy of the molecule. 1. This in turn 
means that only the lowest electronic state of the molecule need be retained 
in the partition function. 

Let us begin with the most important case, where the gas molecule in the 
lowest electronic state has neither spin nor orbital angular momentum about 
the axis (S' = 0, A = 0); such an electronic term has, of course, no fine struc¬ 
ture. We must also distinguish molecules composed of unlike atoms (includ¬ 
ing different isotopes of the same element) from those composed of like 
atoms, since the latter case has certain specific properties. In the present sec¬ 
tion we shall assume that the molecule consists of unlike atoms. 

The energy level of a diatomic molecule is, to a certain approximation, the 
sum of three independent parts: the electron energy (which includes also the 
energy of the Coulomb interaction of the nuclei in their equilibrium position 
and will be measured from the sum of the energies of the separated atoms), 
the rotational energy, and the vibrational energy of the nuclei within the 
molecule. For a singlet electronic state, these levels may be written (see 

+ As examples, the temperatures / diss /A: for some diatomic molecules are H 2 
52,000°, N 2 113,000°, 0 2 59,000°, Cl 2 29,000°, NO 61,000°, CO 98,000°. 
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Quantum Mechanics , § 82) 

e„jr = e 0 + hco(v + -l) + h*K(K+ 1)/2 /, (47.1) 

where eo is the electron energy, ha> the vibrational quantum, v the vibrational 
quantum number, K the rotational quantum number (angular momentum of 
the molecule), / = m'rj the moment of inertia of the molecule {m = 
wiima/(wi+ m 2 ) is the reduced mass of the two atoms and 7*0 the equilibrium 
value of the distance between the nuclei). 

When the expression (47.1) is substituted in the partition function, the 
latter is resolved into three independent factors: 

Z = e-°o' T Z TOt Z vibi (47.2) 

where the “rotational” and “vibrational” sums are defined by 

Z rot = £ (2K+l)e-» iK ( K + 1 M TI i (47.3) 

Z vib = £ (47.4) 

v**o 

the factor 2^+1 in Z rot taking account of the degeneracy of the rotational 
levels with respect to the orientations of the angular momentum K. Accord¬ 
ingly, the free energy is the sum of three parts: 

F = -NT log ] +F r o. + Fvib+JV eo , (47.5) 

where m = mi+is the mass of the molecule. The first term may be called 
the translational part F tI (since it arises from the degrees of freedom of the 
translational motion of the molecules), and 

F rot = NT log Zrot, F vib — NT log Z v j b (47.6) 

the rotational and vibrational parts. The translational part is always given 
by a formula of the type (43.1) with a constant specific heat c tr = J- and 
chemical constant 

Ctr = y log • C 47 - 7 ) 

The total specific heat of the gas is the sum of several terms: 


c t I — ^tr + Crot + Cvib, 

Cp = Ct r + c tot + C v j b + 1, 


(47.8) 
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which arise respectively from the thermal excitation of the translational 
motion of the molecule, its rotation and the vibrations of atoms within 
the molecule. 

Let us next calculate the rotational free energy. If the temperature is so 
high that # 72 / (i.e. the “rotational quantum” # 72 /is small compared 
with 7V then the terms with larged are the most important in the sum(47.3). 
For large values of K, the rotation of the molecule is quasi-classical. In this 
case, therefore, the partition function Z rot can be replaced by the corre¬ 
sponding classical integral: 

Z I0t = je-«*)/r dTrot , (47.9) 

where e(M) is the classical expression for the kinetic energy of rotation as 
a function of the angular momentum M. Using a system of coordinates I, 
t 7 , £ rotating with the molecule, with the t-axis along the axis of the molecule, 
and bearing in mind that a diatomic molecule has two rotational degrees of 
freedom and the rotational angular momentum of a linear mechanical system 
is perpendicular to its axis, we can write 

e(M) = (Aff+ M 2 )J2I. 

The element dr rot is the product of the differentials dAf f , 6M V and the differ¬ 
entials d(j> (t d<^ of the “generalised coordinates” corresponding to M v M n 
(i.e. the infinitesimal angles of rotation about the £ and rj axes), divided by 
(2 nfif.t The product of two infinitesimal angles of rotation about the £ and 
rj axes is just the element of solid angle d o c for the direction of the third axis 
£, and integration over the solid angle gives An. Thus 8 

Z,o, = ~ j | exp + m e dM„ = 2 IT/fP. 

Hence the free energy is 

F I0t = —NT log T-NT log (27/fl 2 ). (47.10) 

t In practice this condition is always satisfied for all gases except the two iso¬ 
topes of hydrogen. As examples, the values of fp/2kl&rc: H 2 85.4°, D 2 43°, HD 64°, 
N 2 2.9°, 0 2 2.1°, Cl 2 0.36°, NO 2.4°, HC115.2°. 

$ It must be remembered that this notation is to some extent arbitrary, since 
dfe and d<j> v are not total differentials of any function of the position of the axes. 

8 This value of Z rot can also be derived in another way: assuming that the num¬ 
bers K in the sum (47.3) are large and replacing the summation by integration with 
respect to K, we have 


Z rot s J 2 Ke- Ktfl 'l* rT dK= 277/tfi 2 . 
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Thus, at the relatively high temperatures under consideration, the rotation¬ 
al part of the specific heat is a constant, c Tot = 1, in accordance with the 
general results of the classical treatment in § 44 (y for each rotational degree 
of freedom). The rotational part of the chemical constant is C rot = log (2//#*). 
We shall see below that there is a considerable range of temperatures over 
which the condition T » 6 2 /2/ holds and at the same time the vibrational 
part of the free energy, and therefore the vibrational part of the specific heat, 
are zero. Over this range the specific heat of a diatomic gas c v = c tT +c rot , i.e. 

Cv = b Cp = h (47.11) 

and the chemical constant £ — £ t r+£ ro t : 

C = log [(2 1/&) (47.12) 

In the opposite limiting case of low temperatures, T #72/, it is sufficient 
to retain the first two terms of the sum: 

Z rot = l+3e-*' ltT , 


and for the free energy we have in the same approximation 



F rot = -3 NTe-* tlIT . 

(47.13) 

Hence the entropy is 

3Nft 2 


Srot 

(47.14) 

and the specific heat is 



Crot = 3AT(/i 2 //r) 2 <?-* ,//r . 

(47.15) 


Thus the rotational entropy and specific heat of the gas tend to zero essen¬ 
tially exponentially as T -*■ 0. At low temperatures, therefore, a diatomic gas 
behaves like a monatomic one; both the specific heat and the chemical con¬ 
stant have the same values as in a monatomic gas of particles of mass m. 

In the general case of arbitrary temperatures the sum Z rot must be cal¬ 
culated numerically. Fig. 4 shows c rot as a function of 2TlltP. The rotational 
specific heat has a maximum of 1.1 at T = 0.81 (#72/), and then tends asymp¬ 
totically to the classical value 1.* 

t An asymptotic expansion of the thermodynamic quantities for large values of 
2TI/H 2 may be obtained. The first two terms of the expansion for the specific 
heat are 



It must be remembered, however, that this expansion gives only a poor approx¬ 
imation to the function c rot (T). 
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Fig. 4 


§ 48. Diatomic gases with molecules of like atoms. Rotation of molecules 

Diatomic molecules consisting of like atoms have certain specific proper¬ 
ties which necessitate changes in some of the formulae derived in § 47. 

First of all, let us consider the limiting case of high temperatures, where 
a classical treatment is possible. Since the two nuclei are identical, two oppo¬ 
site positions of the axis of the molecule (differing only in that the two nuclei 
are interchanged) now correspond to the same physical state of the molecule. 
The classical partition function (47.9) must therefore be halved, and so the 
chemical constant becomes 


fro. = log (W); (48.1) 

accordingly the factor 2 disappears from the argument of the logarithm in the 
sum Ctr+Crot (47.12). 

More important changes are needed at temperatures where the quantum 
treatment has to be used. Since in practice the entire problem is of interest 
only in its application to the two isotopes of hydrogen (H 2 and D 2 ), we shall 
consider these gases in what follows. The requirement of quantum-mechani¬ 
cal symmetry in the nuclei (see Quantum Mechanics , § 86) results in the 
electronic state *27+ (the ground term of the hydrogen molecule) having 
rotational levels of different nuclear spin degeneracy for even and odd values 
of K : levels with even and odd K respectively occur only for even and odd 
total spin of the two nuclei, and have relative degrees of degeneracy g g = 
z‘/(2z + l), g u = (z-f l)/(2z +1) for a half-integral spin i of the nuclei, and g g = 
(z -f l)/(2z+1), g u — z'/(2z +1) for integral z. For hydrogen there is an accepted 
terminology whereby the molecules in states of greater nuclear statistical 
weight are called orthohydrogen molecules, and those in states of smaller 
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statistical weight are called parahydrogen molecules. Thus for the H 2 and D 2 
molecules the statistical weights are 


H 2 (i - 


!){ 


ortho 

para 


Sg 


D 2 (/ 


,= 1) { 


ortho g g = 
para g u = 


The suffix g denotes that the molecule has an even total nuclear spin (0 for 
H 2 , 0 or 2 for D 2 ) and even rotational angular momenta K; the suffix u 
signifies odd total nuclear spins (1 for H 2 and D 2 ) and odd values of K. 

Whereas, in molecules with unlike nuclei, the nuclear degrees of degenera¬ 
cy of all the rotational levels are the same, and so the allowance for this degen¬ 
eracy simply gives an unimportant change in the chemical constant, here it 
causes a change in the form of the partition function, which must now be 


written 1- 


Z T ot = SgZI g + guZu > 

where 

(48.2) 

Z g = y (2 K +1 y-vw+iyuT' 

A'*»072, 


y ( 2 K+ iy-^^+D/ 2 /r, 

XslTB, ... 

(48.3) 

Similarly the free energy becomes 


T’rot = NT log (g g Z g -f- g u Z u ), 

(48.4) 


and the remaining thermodynamic quantities are likewise changed. At high 
temperatures, 

z s =* Z„ a |Z rot = TI/m, 


so that the previous classical expression is obtained for the free energy, as it 
should be. 

As T -*■ 0 the sum Z g tends to unity and Z u tends exponentially to zero; 
at low temperatures, therefore, the gas behaves as if monatomic (the specific 
heat c Tot — 0) and the chemical constant simply contains a nuclear part 
£nuc = Sg- 

The above formulae relate, of course, to a gas in complete thermal equi¬ 
librium. In such a gas the ratio of the numbers of molecules of parahydrogen 
and orthohydrogen is a definite function of temperature, which from the 
Boltzmann distribution is 


•*Hj -^ortho—Hi/^Vpara—Hj — SuZ u /g g Z g — 3Z U /Z gi ^ 

1/-^D* = -Wortho— D t /^para—D* = Sg^glSu^u = 2Z g /Z u . 

t The normalisation of the nuclear statistical weights which we use (such that 
8 g +8 u — 1) signifies that the entropy is measured from log (2/-f l) 2 , in accordance 
with the condition stated at the end of § 46. 
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As the temperature varies from 0 to °°, the ratio x Hj , varies from 0 to 3, 
and x Dl from 0 to ~ (at T = 0 all the molecules are, of course, in the state 
with the lowest value of AT, namely K = 0, corresponding to pure para-H 2 
and ortho-D 2 ). 

It must be borne in mind, however, that the probability of a change in the 
total nuclear spin in a collision between molecules is very small. The mole¬ 
cules of orthohydrogen and parahydrogen consequently behave practically as 
different modifications of hydrogen and are not 1 converted into each other. 
In practice, therefore, we are concerned not with a gas in equilibrium but with 
a non-equilibrium mixture of the ortho and para modifications, the relative 
amounts of which have given constant values.* The free energy of such a 
mixture is equal to the sum of the free energies of the two components. 

In particular, for x = «> (pure ortho-H 2 or para-D 2 ) we have 

F rot — —NT log 

At low temperatures (h 2 /21T » 1) only the first term in the sum need be 
retained in Z u , so that Z u = 3e~ h * IIT , and the free energy is 

Fra = NfP/I—NT log (3g u ). 

This means that the gas will behave as if monatomic (c rot = 0), the chemical 
constant including an additional term log (3g u ), and the energy a constant 
term NtF/I, corresponding to the rotational energy of all the molecules, with 
K= 1. 


§ 49. Diatomic gases. Vibrations of atoms 

The vibrational part of the thermodynamic quantities for a gas becomes 
important at considerably higher temperatures than the rotational part, 
because the intervals in the vibrational structure of the terms are large com¬ 
pared with those in the rotational structure. 8 

We shall suppose, however, that the temperature is not large enough to 
excite the very high vibrational levels. Then the vibrations are small, and 
therefore harmonic, and the energy levels are given by the usual expression 
bcofv +-|) as in (47.4). 

The calculation of the vibrational partition function Z vib (47.4) is ele¬ 
mentary. Owing to the very rapid convergence of the series, the summation 

* In the absence of suitable catalysts. 

* For an ordinary gas which has been at room temperature for a considerable 
time the ratios are x H , = 3, x Dl = 

8 As examples, the values of kco/k for some diatomic gases are H 2 6100°, N» 
3340°, O a 2230% NO 2690°, HC14140°. 

li 
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may be formally extended to v = «>. We shall measure the energy of the 
molecule from the lowest vibrational level (v = 0), i.e. include \fuo in the 
constant e<> in (47.1). Then 


Z vib = £ e-wr = i/(i-e-wr), 

t5-0 


and hence the free energy is 

F V i b = NT log (1 — e~*“ /r ), 

the entropy 

S vib = - N log (1 - e-*"' 71 )+ m(DlT(e*“» T - 1), 

the energy 


and the specific heat 


E yib = M(ol(e* a ‘i T - 1), 

gfiwlT 


(fvo \ 2 


l ) 2 

Figure 5 shows c vib as a function of T/hco. 



(49.1) 

(49.2) 

(49.3) 

(49.4) 


At low temperatures ( fuo » T) all these quantities tend exponentially to 
zero: 

F vib = —NTe~ f,,o/T , 

(49.5) 

c vib = (foo/Tfe-*" 17 '. 

At high temperatures (fuo « T) we have 

F vib = - AT log T+iVT log (fuo)-N'%h(o, (49.6) 

corresponding to a constant specific heat c vib = l f and a chemical constant 
t Again in accordance with the classical results of § 44. 
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£ V ib = —log (fc»). Adding these to the values (47.11), (47.12), we find that 
at temperatures T » toco the total specific heat of a diatomic gas is f 

7 9 

c v — Y* C P T’ 

and the chemical constant is 

the factor (2) must be omitted for molecules consisting of like atoms. The 
first two terms in the expansion of E yib are 

E y ib = NT—~Nhoi. (49.9) 

The constant term —\Nhto appears here because the energy is measured from 
the lowest quantum level (i.e. from the energy of the “zero-point” vibra¬ 
tions), whereas the classical energy would have to be measured from the 
minimum of the potential energy. 

The expression (49.6) for the free energy can also be derived classically, of 
course, since for T^>hco the important quantum numbers v are the large 
ones, where the motion is quasi-classical. The classical energy of small oscil¬ 
lations of frequency to is 

£ vib (P> q ) = £r+^'(«V, 


(49.7) 

(49.8) 


where m' is the reduced mass. The integration with this expression for e gives 
for the partition function 


Zyib = 


1 

27th 



e ~fya/T d/? dq = T/h(o, 


(49.10) 


which corresponds to (49.6);t owing to the rapid convergence of the integral 
the integration with respect to q may be taken from -ooto». 

At sufficiently high temperatures, when vibrations with large v are excited, 
the anharmonicity of the vibrations and their interaction with the rotation of 
the molecule may become important. These effects are in principle of the 
same order of magnitude. Since v is large, the corresponding correction to 
the thermodynamic quantities may be determined classically. 


+ As Fig. 5 shows, c vlb actually approaches its limiting value of 1 when Tzzhco; 
for T/hoi = 1, c vib = 0.93. As a practical condition for the applicability of the 
classical expressions we may write T » hco!3. 

* The same result is obtained on replacing the summation over v by an integra¬ 
tion. 


n* 
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Let us consider a molecule as a mechanical system of two particles inter¬ 
acting in accordance with the law U(r) in a coordinate system in which their 
centre of mass is at rest. The energy (Hamiltonian) which gives a precise 
classical description of the rotation and vibrations of the system is the sum 
of the kinetic energy (the energy of a particle with the reduced mass tri) and 
the potential energy U{r). The partition function, after integration over the 
momenta, reduces to an integral over the coordinates: J e~ U(r)IT dV , and 
after integration over the angles (in spherical polar coordinates) there 
remains the integral 

J e -U(r)IT r 2 fa 
0 

The approximation corresponding to independent harmonic vibrations and 
rotation of the molecule is obtained by putting U(f) = Uo + \m'co 2 (r-r 0 ) 2 
and, in the integration, replacing the slowly varying factor r 2 by t^, where r 0 
is the equilibrium distance between the particles: U 0 = U(r 0 ). In order to 
take into account the anharmonicity of the vibrations and their interaction 
with the rotation we now write 

U(r) = U 0 + i-m'cD 2 r>(?-oLP+!3Z*) t (49.11) 

where £ = r/r 0 — 1, and a and /? are constants, 1 and then expand the whole 
integrand in powers of £, separating the factor exp {—(t/ 0 + ym / co 2 r^| 2 )/J’}. 
In the expansion, only those terms need be retained which after integration 
give the highest and next highest powers of the temperature; the integration 
over £ is taken from — «> to . The zero-order term in the expansion gives 
the usual value of the partition function, and the remaining terms give the 
required correction. Omitting the calculations, we shall state the final result 
for the correction to the free energy: 

F„* = -JV7*^[l+3«-|/! + -£o4 (49.12) 

Thus the anharmonicity of the vibrations and their interaction with the rota¬ 
tion give a correction to the free energy which is proportional to the square of 
the temperature. Accordingly the specific heat has a further term proportion¬ 
al to the first power of the temperature. 


§ 50. Diatomic gases. The effect of the electronic angular momentum 

Some types of molecule, though not many, have a non-zero orbital angular 
momentum or spin in their electronic ground state. 

t These constants can be expressed in terms of the spectroscopic constants of 
the molecule; see Quantum Mechanics, § 82. 
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The presence of a non-zero orbital angular momentum A causes a twofold 
degeneracy of the electronic term, corresponding to the two possible direc¬ 
tions of this angular momentum with respect to the axis of the molecule . 1 
"this affects the thermodynamic quantities: because of the doubling of the 
partition function, a quantity 


Ca — log 2 (50.1) 

is added to the chemical constant. 

The presence of a non-zero spin S causes a splitting into 2S +1 levels, but 
the intervals in this fine structure are so small (when A = 0) that they can 
always be neglected in calculating the thermodynamic quantities. The pres¬ 
ence of the spin simply increases the degree of degeneracy of each level by a 
factor 25+1, and so the chemical constant is increased by 

£* = log(2S+l). (50.2) 

The fine structure which occurs when S ^ 0, A ^ 0 requires special con¬ 
sideration. Here the fine-structure intervals may reach values which have to be 
taken into account in calculating the thermodynamic quantities. We shall 
derive the formulae for the case of a doublet electron term.? Each component 
of the electron doublet has its vibrational and rotational structure, the param¬ 
eters of which may be regarded as the same for each component. The 
partition function (47.2) therefore contains a further factor 


Z e i = go+gie - A,T , 


where go, g i are the degrees of degeneracy of the components of the doublet, 
and A their separation. The free energy must accordingly contain an “elec¬ 
tronic part” 

F el = -NT\og(go+gie-* T ). (50.3) 


+ Strictly speaking, the term is split into two levels (A-doubling), but the sepa¬ 
ration between these is so small that it may be entirely neglected here. 

£ This case occurs for NO; the electronic ground state of the NO molecule is 
the doublet i7 1/2> 3/2 with width A = 178°. Each component of the doublet is 
doubly degenerate. 

An unusual case occurs for oxygen. The electronic ground state of the O a molecule 
is a very narrow triplet 3 27, the width of which may be neglected, but it happens 
by chance that the next (excited) state X A (doubly degenerate) is relatively near, 
at A = 11,300°, and at high temperatures it may be excited, with a consequent 
effect on the thermodynamic quantities. 
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We may also give the “electronic” specific heat which must be added to the 
other parts of the specific heat: 


Cel — 


_ (A/7? _ 

[1 + (go/gi)e AIT ] [1 + (gi/go)e- A/T ]\ • 


(50.4) 


In the limits T -* 0 and T — <*>, c el is of course zero, and it has a maximum 
at some temperature T ~ A. 


PROBLEM 

Determine the correction to the free energy for oxygen due to the first excited 
electronic state of the O a molecule (see the last footnote). The temperature is large 
compared with the vibrational quantum, but small compared with the distance A 
between the ground state 3 27 and the excited state X A. 

Solution. The partition function is 


Z = 


3 


t_ n 

hca & 


+2e- A ' T 


T TV_ 
fia/ 


where the two terms on the right are the partition functions for the ground and 
excited states, each of which is the product of electronic, vibrational and rotational 
factors. The required correction to the free energy is therefore. 


Fi* =-NT log 






where co, r 0 ,co', r' 0 are the frequencies and equilibrium distances between the nuclei 
in the ground and excited electronic states. 


§51. Polyatomic gases 

The free energy of a polyatomic gas, like that of a diatomic gas, can be 
written as the sum of translational, rotational and vibrational parts. The 
translational part, as before, is characterised by values of the specific heat 
and chemical constant 

C« = f, C„ = | log (m/2rf). (51.1) 

Owing to the large moments of inertia of polyatomic molecules (and the 
corresponding smallness of their rotational quanta) their rotation may always 
be treated classically. 1 The polyatomic molecule has three rotational degrees 

t Rotation quantisation effects would be observable only in methane CH 4 , where 
they should occur at temperatures of about 50°K; see the Problem at the end of this 
section. 
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of freedom and three principal moments of inertia 7i, J 2 , 7 S , which are in 
general different; its kinetic energy of rotation is therefore 


= Ml m Mf 
rot 2h + 27 a + 27a ’ 


(51.2) 


where £, rj, C are coordinates in a rotating system whose axes coincide with 
the principal axes of inertia of the molecule; for the present we disregard 
the special case of molecules consisting of collinear atoms. This expression is 
to be substituted in the partition function 


where 


Z TOt = JVwr dr rot , 
dtrot = d Mr, dM : d 4>$ d (f> v d, 


(51.3) 


and the prime denotes, as usual, that the integration is to be taken only over 
the physically different orientations of the molecule. 

If the molecule has axes of symmetry, rotations about these axes leave the 
molecule unchanged, and amount to an interchange of identical atoms. It is 
clear that the number of physically indistinguishable orientations of the mole¬ 
cule is equal to the number of possible different rotations about the axes of 
symmetry, including a rotation through 360° (the identical transformation). 
Denoting this number 1 by <r, we can take the integration in (51.3) simply over 
all orientations and divide by a. 

In the product dd <j> n d<j> : of three infinitesimal angles of rotation, 
d <j) s d(j) n may be regarded as an element do : of solid angle for directions of the 
C-axis. The integration over o f is independent of that over rotations d<j!> c 
about the C-axis, and gives An. The integration over <j!> c gives a further 2n. 
Integrating also over M n , M z from — «> to oo, we finally have 

8 jr2 

Z rot = (2tcT)^ (hhhf 12 = (2T)W {Tthhhf ^. 

Hence the free energy is 

F = - j NT log T—NT log ■ (51.4) 


Thus we have for the rotational specific heat, in accordance with § 44, 

fro, = 1, (51.5) 

t For instance, in H a O (an isosceles triangle) a = 2, in NH S (an equilateral tri¬ 
angular pyramid) a — 3, in CH 4 (a tetrahedron) a — 12, and in C B H B (a regular 
hexagon) a — 12. 
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and the chemical constant is 

c rot = l0g (?^. (51 . 6) 

For a linear molecule , i.e. one where all the atoms are collinear, there are, 
as in the diatomic molecule, only two rotational degrees of freedom and one 
moment of inertia I. The rotational specific heat and the chemical constant 
are, as in a diatomic gas, 

Crot = 1, trot = log (2/M 2 ), (51.7) 

where a = 1 for an asymmetric molecule (such as NNO) and o = 2 for a 
molecule symmetrical about its midpoint (such as OCO). 

The vibrational part of the free energy of a polyatomic gas is calculated 
in a similar way to that for a diatomic gas, given above. The only difference 
is that a polyatomic molecule has not one but several vibrational degrees of 
freedom: a non-linear molecule of n atoms clearly has r vlb = 3 n—6 vibra¬ 
tional degrees of freedom, while for a linear molecule of n atoms r vib = 
3n —5 (see § 44). The number of vibrational degrees of freedom determines 
the number of normal modes of vibration of the molecule, to each of which 
there corresponds a frequency ft). (the suffix a numbering the normal modes). 
It must be remembered that some of the frequencies ft). may be equal, in 
which case the frequency concerned is said to be degenerate. 

In the harmonic approximation, where the vibrations are assumed small 
(only temperatures for which this is so will be considered), all the normal 
modes are independent, and the vibrational energy is the sum of the energies 
of the individual modes. The vibrational partition function therefore falls 
into a product of partition functions of the individual modes, and the free 
energy is a sum of expressions of the type (49.1): 

F vib = NTY, lo § 0 - e (51.8) 

Each frequency appears in this sum a number of times equal to its degeneracy. 
Similar sums are obtained for the vibrational parts of the other thermody¬ 
namic quantities. 

Each of the normal modes gives, in its own classical limit (T » fco.), 
a contribution cJS = 1 to the specific heat; for T greater than the greatest 
#o>. we should obtain 

c v ib = r V ib- (51.9) 

In practice, however, this limit is not reached, since polyatomic molecules 
usually decompose at considerably lower temperatures. 

The various frequencies ft), for a polyatomic molecule generally range over 
a very wide interval. As the temperature increases, the various normal modes 
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successively contribute to the specific heat. In consequence the specific heat 
of polyatomic gases may often be regarded as approximately constant over 
fairly wide intervals of temperature. 

We may mention the possibility of a curious change from vibration to 
rotation, an instance of which is afforded by the ethane molecule C 2 Ha. This 
molecule consists of two CH a groups at a certain distance apart and oriented 
in a certain way to each other. One of the normal vibrations of the molecule is 
a “torsional” vibration, in which one of the CH 8 groups is twisted relative to 
the other. As the energy of the vibrations increases, their amplitude increases 
and ultimately, at sufficiently high temperatures, the vibration becomes a free 
rotation. The contribution of this degree of freedom to the specific heat, 
which is approximately 1 when the vibrations are fully excited, therefore 
begins to decrease as the temperature increases further, approaching asymp¬ 
totically the value typical of a rotation. 

Finally, it may be mentioned that, if the molecule has a non-zero spin S 
(for example, the molecules N0 2 and CIO 2 ), the chemical constant includes 
a term 

Cs = log (2S -f 1). (51.10) 


PROBLEM 

Determine the rotational partition function for methane at low temperatures. 

Solution. As already mentioned in the first footnote to this section, a quantum 
calculation of Z rot for methane is required at sufficiently low temperatures. 

The CH 4 molecule is a tetrahedron of the spherical-top type, and so its rotational 
levels are #V(/-fl)/27, where / is the common value of the three principal mo¬ 
ments of inertia, and J the rotational quantum number. Since the spin / of the 
H nucleus is and that of the C 12 nucleus is zero, the total nuclear spin of the 
CH 4 molecule may be 0,1 or 2, the corresponding nuclear statistical weights being 
1, 3 or 5; see Quantum Mechanics, § 105, Problem 5. For any given value of J 
there are definite numbers of states corresponding to values of the total nuclear 
spin. The following table gives these numbers for the first five values of /. 

Nuclear spin 
/= 0 
1 
2 

3 

4 

The value of the sum Z rot which is obtained by taking into account the total 
degree of degeneracy with respect to orientations of the rotational angular mo¬ 
mentum arid nuclear spin must be divided by 16 if the entropy is to be measured 
from the value log (2/-f-1) 4 = log 16 (cf. the first footnote to § 48). The result is 

^= 4 + 4 e " wr+ ^-” w +^-“ , " T+ ^- ,M ‘" r+ ••• • 


0 1 2 

— — 1 

2 1 — 

— 2 1 

2 2 1 
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§ 52. Magnetism of gases 

A body in an external magnetic field H is characterised by a further macro¬ 
scopic quantity, the magnetic moment 9R which it acquires in the field. 
For an ideal gas, this is *01 = Nm (where ttt is the mean magnetic moment 
of an individual atom or molecule), and so its calculation calls for a consid¬ 
eration only of the behaviour of these individual particles of the gas in the 
magnetic field. Note also that, since the magnetisation of a rarefied medium 
such as a gas is small in proportion to its density, we can neglect the influence 
of the medium on the field, i.e. assume that the field acting on each particle 
is just the external field H. 

The change in the Hamiltonian of the gas corresponding to a small change 
<5H in the external field is bB = —*fll«<5H, where *01 is the operator of the 
magnetic moment of the gas. 1- According to (15.11) (cf. also (11.4)), in which 
the external parameter X is now to be taken as the field H, we therefore have 

9R = — (0F/0H)r, v,N‘ (52.1) 

In calculating the free energy of the gas in the magnetic field, we must 
first determine the corrections, due to the field, to the energy levels of the gas 
particles. Let us first assume that the gas is monatomic. The Hamiltonian of 
an atom in a magnetic field is 

/?=#„-tf|.H + ^£(HXr„)’, (52.2) 

where Bo is the Hamiltonian of the atom in the absence of the field, e and m 
the electron charge and mass, r a the electron coordinates (the summation 
being over all the electrons), m = — j8(2S + L) is the operator of the “in¬ 
trinsic” magnetic moment of the atom (S and L being its spin and orbital 
angular momentum operators), and ft = \e\ft/2mc is the Bohr magneton 
(see Quantum Mechanics , § 113). Regarding the second and third terms in 
(52.2) as a small perturbation relative to Bo , we can determine the correction 
to the energy levels as far as the terms quadratic in the field. Tt is 

Ae k = e k -ef = -A k H-\B k H *, (52.3) 

t In classical mechanics, the small change in the Lagrangian of a system of parti¬ 
cles due to a change <5H in the field is 8L = 2Ufa, q)»dH, where Wt(q, q) is the mag¬ 
netic moment of the system as a function of its dynamical variables, the coordinates 
and velocities: see Fields , (45.3). The change in the Hamiltonian for given coordi¬ 
nates q and momenta p differs from <5 L only in sign (see Mechanics , (40.7)): <5 H = 
—9R(tf, />)»<5H. In quantum mechanics there is a corresponding expression for 
the change in the Hamiltonian, being the magnetic moment operator expressed 
in terms of the coordinates and momentum operators (and spins) of the particles. 
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Ak — (wt*)*fc» 


(52.4) 


B k = 2 


-u I (m,W I 2 


4 0) 4 me 2 a 




(52.5) 


and the z-axis is along H; the first term in (52.5) results in the second order 
of perturbation theory from the term linear in H in (52.2), and the second 
term in the first order, from the quadratic term in the Hamiltonian. 

In calculating the free energy, we shall assume that the gas temperature 
is not too low, so that Ae k <sc T. Then the partition function can be expanded 
in powers of H , and as far as the quadratic terms we have 





AlH 2 B k H 2 
+ 2 j2 + 2T . * 


The summation over k includes in particular an averaging over directions of 
the intrinsic magnetic moment ttt of the atom (on which the unperturbed 
levels do not depend); from symmetry it is evident that the mean value A is 
zero, leaving 


:= [ 1 + ^(t +5 )]? s 


-4 0) /r 


where the bar denotes averaging over the Boltzmann distribution unper¬ 
turbed by the field. Substituting this expression in (41.4) and then differen¬ 
tiating the free energy with respect to H, we obtain the magnetic moment in 
the form 9R = N% H, where 

X = j7t+B (52.6) 


is the molecular magnetic susceptibility of the gas (J. H. Van Vleck, 1927). 
Let us consider some particular cases. 

We shall suppose that the temperature T is small in comparison with the 
interval between the ground state and even the nearest excited level (including 
the fine-structure components of the ground state). Then we can say that 
only the ground state of the atom (k = 0) contributes to the mean values A 2 
and B. 

In the simplest case, where the atom (in the ground state) has neither spin 
nor orbital angular momentum (for example, the atoms of the inert gases), 
all matrix elements of the intrinsic magnetic moment of the atom are also 
zero. Then A 0 — 0, and only the second term in B 0 is non-zero. Because the 
wave function of a state with L = S = 0 is spherically symmetrical, the 
diagonal matrix elements (i.e. the mean values with respect to the state of 
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the atom) are = (^)oo = -|-(/^)oo- The result is 


% 


& 
6mc 2 


E(/$oo, 


(52.7) 


i.e. the gas is diamagnetic and its susceptibility is independent of the temper¬ 
ature (P. Langevin, 1905). r 

However, if the intrinsic magnetic moment of the atom is not zero, then 
Ao t*s 0 and (with the assumption made above about the temperature) the 
first term in (52.6) is large compared with the second term. A calculation 
according to the definition (52.4) gives 


Ao — —figMj, 


/(/+l)-L(L+l)+5(5+l) 
8 + 2J(J+1) 


where g is the Landd factor and Mj the projection of the total angular 
momentum J of the atom (see Quantum Mechanics, § 113). The averaging in 
(52,6) is equivalent to averaging over the values of Mj. Since 


^ = 27TT 


we find 


% = 4^/(/+l). (52.8) 

Thus the gas is paramagnetic and its susceptibility follows Curie’s law, 
being inversely proportional to the temperature (P. Langevin, 1905).* 

t Note that this diamagnetism, already mentioned in Quantum Mechanics , 
§ 113, is a quantum effect. Although the quantum constant does not appear expli¬ 
citly in (52.7), it in fact determines the “size” of the atom. In classical statistics, 
there are no macroscopic magnetic properties of matter, since in classical mecha¬ 
nics the Hamiltonian function of a system in a magnetic field differs from that in 
the absence of the field only in that the particle momenta p are replaced by P— 
cA(r)/c, where P are the generalised momenta and A(r) is the vector potential 
of the field. In the partition function, the integration is over all momenta P (and 
coordinates r). After a change of variables, with integration over p = P—cA/c 
instead of over P, we find that the partition function does not involve the magnetic 
field, and this therefore does not appear in any of the thermodynamic quantities, 

* Formula (52.8) can be applied not only to a gas, but also to a solid or a liquid 
where the magnetic moments of the atoms can for any reason be regarded as 
“free”. This is true, for instance, of the magnetism of rare-earth elements in solid 
salts and in solutions. The paramagnetism of these ions is due to the incomplete 
4 f shell. These relatively deep electrons are screened from the influence of neigh¬ 
bouring atoms by electrons further out, and the ions can therefore behave mag¬ 
netically like atoms of a rarefied gas. 
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If the orbital angular momentum and the spin of the atom are not zero, 
but equal in magnitude (L = S ^ 0), and combine to give a total angular 
momentum / = 0, then the diagonal matrix elements of the intrinsic mag¬ 
netic moment are zero, whereas the non-diagonal ones (for transitions 
L,S,J -* L, S , /± 1 within a multiplet) are not zero. Then Ao — 0, and the 
second (diamagnetic) term in B 0 (52.5) is small compared with the first term, 
whose denominators contain the relatively small spadngs of the ground-state 
fine structure. Here 2? 0 ^ 0: for the ground state in each term of the sum 
over k\ both the numerator and the denominator are positive. Thus in this 
case the gas is paramagnetic and its susceptibility is independent of the tem¬ 
perature: x = Bo (J. H. Van Vleck, 1928).* 

The magnetic susceptibility of molecular gases may be calculated similarly. 
At ordinary temperatures the rotation of the molecules is classical. The 
matrix elements of the magnetic moment may therefore be calculated first 
for fixed nuclei, and the averaging over orientations of the molecule then 
carried out as if it were a rigid classical magnetic dipole (see the following 
Problems). 1 * 


PROBLEMS 

Problem 1. Determine the magnetic susceptibility of a monatomic gas when 
the fine-structure spacing of the ground state of the atom is small in comparison 
with T. 

Solution. In this case the averaging in (52.6) must be taken over all the com¬ 
ponents of the ground state multiplet of the atom, and the Boltzmann factors 
exp (— eft/T) may be taken as equal for all components. Then 

A* = 

where the averaging is over all values of / and Mj (for given values of S' and L). 
The result of such an averaging, however, does not depend on whether it is carried 
out before or after the angular momenta S and L are added to give J. It may there¬ 
fore be calculated as 

; ^ = | (m l m s | m x | m l m s ) I 2 

with independent averaging over M L and M s . Since 

M s M l = W S W L = 0, Ml = iS(S+l), Ml = \L{L+ 1), 

we find 

^=/5 2 [4S(S+l)+L(L+I)]. 


t This case occurs for the Eu +++ ions in europium salts (see the previous foot¬ 
note). 

t The magnetic moment arising from the motion of the nuclei is very small in 
comparison with the electronic magnetic moment, and may therefore always be 
neglected. 
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In the expression (52.5) for B, the second term may be neglected. The first term 
(which might be large because its denominators, the multiplet spacings, are small) 
gives zero on averaging over the components of the multiplet: in the sum 

v , / \ {JMj\m,\ J'Mj)\ 2 
L ety-sf 

which is now taken over all numbers J, J\ Mj, Mj, the terms which differ by the 
interchange of J and /' cancel. The susceptibility is therefore 

Z = ^[«(S+l)+L(£+l)]. 

Problem 2. Determine the magnetic susceptibility of a diatomic gas when the 
fine-structure spacings of the electron ground state of the molecule are large in, 
comparison with T. t 

Solution. In this case it is sufficient to consider only the ground level of the 
molecule, i.e. the lowest component of the ground-state multiplet. The mean 
value of the magnetic moment of the molecule in a state where the projections of 
the orbital angular momentum and the spin on the axis of the molecule are A 
and 27 is 


(AE | to | AS) = —0n0+227), 

where n is the unit vector along the axis of the molecule. For classical rotation, 
n z ~ i"* and the magnetic susceptibility is 

Problem 3. The same as Problem 2, but with the fine-structure spacings small 
in comparison with T (molecular term case b). 

Solution. In this case the averaging must be taken over all components of the 
multiplet. The diagonal matrix elements of the z-component of the magnetic 
moment for given values of A and the spin z-component M s are 

(AM s \m,\AM s ) = -P(n z A+2M s ), 

Averaging the square of this over the values of M s and the directions of n, we find 
the susceptibility 


X=^H 2 +45(5+l)]. 

Problem 4. Determine the magnetic susceptibility of the gas NO. The electron 
ground term of the molecule is 2 27(i.e. A = 1,5= y), and the spacing/! between 

t At ordinary temperatures the multiplet spacings are certainly large in compari¬ 
son with the rotational structure of the levels, so that the molecular term belongs 
to case a coupling (see Quantum Mechanics , § 83). 
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the doublet components is comparab!e t to the temperature T (J. H. Van Vleck, 
1928). 

Solution. Here, in the averaging in (52.6), we have to take account of both 
components of the doublet level with different Boltzmann factors. The diagonal 
matrix elements of the magnetic moment for the two states \AE) are 


Hence 


<1,-||L+2S|1, —§-> = In—2.|n=0, 
<l,i|L+2S|l, i>=2n. 


A 2 = 


e-A/r 


l+e-W 


The operator t has non-zero matrix elements for transitions between these two 
states, since 27 changes in the transition but not A. The non-diagonal matrix ele¬ 
ments of the operator 2 S z are 

<1.4-125.11. -4>=<1, —4-125,11. 4) = -l-sin9, 

where 6 is the angle between n and the z-axis.* According to (52.5) (where we 
again neglect the second term), 

~ A 3 \+e- AIT ’ 

the factor -f coming from the averaging of sin 2 6. The complete expression for the 
susceptibility becomes 


Z = 




/{Aid. 


/(*> = 


4[l—e~ x (l—x)] 
xi\+e - x ) 


1 It is 180°. The lower and upper doublet components correspond to axial 
spin components 27 = and respectively. The term is case a. 

* The operator S = \a, where a represents the Pauli matrices with quantisation 
along the axis of the molecule, i.e. 



if the coordinates are |, rj, £ with the C-axis along n. 
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§ 53. The Fermi distribution 

If the temperature of an ideal gas (at a given density) is sufficiently low, 
Boltzmann statistics becomes inapplicable, and a different statistics must be 
devised, in which the mean occupation numbers of the various quantum 
states of particles are not assumed small. 

This statistics, however, differs according to the type of wave functions by 
which the gas is described when regarded as a system of N identical particles. 
These functions must be either antisymmetrical or symmetrical with respect 
to interchanges of any pair of particles, the former case occurring for particles 
with half-integral spin, and the latter case for those with integral spin. 

For a system of particles described by antisymmetrical wave functions, 
Pauli'sprinciple applies: in each quantum state there cannot simultaneously 
be more than one particle. The statistics based on this principle is called 
Fermi statistics , or Fermi-Dirac statistics. 1 

As in § 37, we shall apply the Gibbs distribution to the set of all particles 
in the gas which are in a given quantum state; as already mentioned in § 37, 
this may be done even if there is an exchange interaction between the par¬ 
ticles. We again denote by Q k the thermodynamic potential of this set of 
particles; by the general formula (35.3), 

Q k = —Tlog £ (^-«*>/*>, (53.1) 

»* 

since the energy of n k particles in the kth state is just n k e k . According to 
Pauli’s principle, the occupation numbers of each state can take only the 
values 0 and 1. Hence 


Q k = ~ T log (1 + 

Since the mean number of particles in the system is equal to minus the 
derivative of the potential Q with respect to the chemical potential j u, the 

It was proposed by E. Fermi (1926) for electrons, and its relation to quantum 
mechanics was elucidated by P. A. M. Dirac (1926). 
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required mean number of particles in the kt h quantum state is here obtained 
as the derivative 

_ _ dQ k 

dfi ~ \+e^-^ /T ’ 

or finally 

nk ~ et'it-n)iT+1 * ( 53>2 ^ 

This is the distribution function for an ideal gas obeying Fermi statistics, 
or in short a Fermi gas. All the HT k ^ 1, as is to be expected. When 
<<; formula (53.2) tends to the Boltzmann distribution function, as 
it should. 

The Fermi distribution is normalised by the condition 

?75=5W+T- W * (53 ' 3) 

where N is the total number of particles in the gas. This equation implicitly 
determines the chemical potential as a function of T and N. 

The thermodynamic potential Q of the gas as a whole is obtained by sum¬ 
mation of Q k over all quantum states: 

Q = _ t £ log (1 + eP-W). (53.4) 


§ 54. The Bose distribution 

Let us now consider the statistics obeyed by an ideal gas consisting of 
particles described by symmetrical wave functions, namely Bose statistics or 
Bose-Einstein statistics.* 

The occupation numbers of the quantum states when the wave functions 
are symmetrical are unrestricted and can take any values. The distribution 
function may be derived as in § 53; we put 


Q k = -T log X {eP-wy*. 

This geometric progression is convergent only if e^~*^ IT < 1. Since 
this condition must be satisfied for all e k , including e k = 0, it is clear that 
we must certainly have 

fi < 0. (54.1) 

+ This was introduced by S. N. Bose (1924) for light quanta, and generalised by 
Einstein. 
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In this connection it may be recalled that for a Boltzmann gas the chem¬ 
ical potential always has large negative values; for a Fermi gas ft may 
be either negative or positive. 

Summation of the geometric progression gives 

Q k = riog(l-^-«*V r ). 

Hence we find the mean occupation numbers ~n k = —dQ k /dp: 

(S42) 

This is the distribution function for an ideal gas which obeys Bose statistics 
(or, as it is called for brevity, a Bose gas). It differs from the Fermi distri¬ 
bution function in the sign of unity in the denominator. Like that function, 
it tends of course to the Boltzmann distribution function when e (f/ ~ tk)IT « 1. 
The total number of particles in the gas is given by the formula 

N = 5 et'*-M T - 1 ’ ^ 54 ' 3 ^ 

and the thermodynamic potential Q of the gas as a whole is obtained by 
summation of Q k over all quantum states: 

Q = T £ log (1 —(54.4) 


§ 55. Fermi and Bose gases not In equilibrium 

As in§ 40, we can calculate the entropy also for Fermi and Bose gases not in 
equilibrium, and again derive the Fermi and Bose distribution functions 
from the condition that the entropy be a maximum. 

In the Fermi case there can be no more than one particle in each quantum 
state, but the numbers Nj are not small, and are in general of the same order 
of magnitude as the numbers G } . (The notation is as in § 40.) 

The number of possible ways of distributing Nj identical particles among 
Gj states with not more than one particle in each is just the number of ways 
of selecting Nj of the G } states, i.e. the number of combinations of G } things 
Nj at a time. Thus 

Ar J = Gj\/Nj\(G J -Nj)\. (55.1) 

Taking the logarithm of this expression and using for the logarithm of 
each factorial the formula (40.3), we find 

5 = £ {Gj log Gj—Nj log Nj-iGj-Nj) log (Gj—Nj)}. (55.2) 
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Again using the mean occupation numbers of the quantum states, = Nj/Gj, 
we finally have the following expression for the entropy of a Fermi gas not in 
equilibrium: 

S' = - £ Gj[nj log nj + Q-ni) log (1 - «?)]• (55.3) 

From the condition for this expression to be a maximum according to 
(40.8) we easily find that the equilibrium distribution is given by the formula 

n } = l/(e«+^ + l), 

which is the Fermi distribution, as it should be. 

Finally, for Bose statistics, each quantum state may contain any number of 
particles, so that the statistical weight ATj is the total number of ways of 
distributing Nj particles among G } states. This number is 1 

Ar } = (Gj+Nj—\)\/(Gj—l)\Nj \. (55.4) 

Taking the logarithm of this expression and neglecting unity in comparison 
with the very large numbers Gj +Nj and Gy, we obtain 

5 = £ {(Gy+Ny) log {Gj+Nj)-Nj log Nj-Gj log Gj). (55.5) 

In terms of the numbers Wj we can write the entropy of a Bose gas not in 
equilibrium as 

5 = £ Gj[{ 1 +JiJ) log (1 +nJ)-Wj log Wj). (55.6) 

It is easily seen that the condition for this expression to be a maximum in 
fact gives the Bose distribution. 

The two formulae (55.2) and (55.5) for the entropy naturally tend, in the 
limiting case Nj « Gy, to the Boltzmann formula (40.4), and the statistical 
weights (55.1) and (55.4) for Fermi and Bose statistics tend to the Boltzmann 
expression (40.2); to see this, we must put Gy! as ( Gj—Nj)\ Gft, (Gy 4-2V}—1)! 

t The problem is to find the number of ways of distributing Nj identical balls 
among Gy urns. Let us imagine the balls as a line of Nj points, and number the urns; 
let us then imagine the latter to be separated by Gy— 1 vertical strokes placed at 
intervals along the line of points. For example, the diagram 


represents ten balls distributed among five urns: one in the first, three in the second, 
none in the third, four in the fourth and two in the fifth. The total number of 
places (occupied by points and strokes) in the line is Gj+Nj— 1. The required 
number of distributions of the balls among the urns is the number of ways of 
choosing Gy — 1 positions for the strokes, i.e. the number of combinations of N 4- 
Gy— 1 things Gy— 1 at a time, and this gives the result (55.4). 


12 * 
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.3* (Gy—1)! G^h It must be remembered, however, that, in going to the limit, 
terms of order NfjGj are neglected in the statistical weights, and these terms 
are not in general small; but when the logarithm is taken these terms give a 
correction to the entropy which is of the relatively small order NJGj. 

Finally, we shall give a formula for the entropy of a Bose gas in the impor¬ 
tant limiting case where the number of particles in each quantum state is 
large (so that Nj » G p rij » 1)j We know from quantum mechanics that this 
case corresponds to the classical wave picture of the field. The statistical 
weight (55.4) becomes 

Ar J = Nfi- 1 l(G,-iy. (55.7) 

and the entropy is 

S = ^G j \og{eN J IGj). (55.8) 

We shall make use of this formula in§ 71. 


§ 56. Fermi and Bose gases of elementary particles 

Let us consider a gas consisting of elementary particles, or of particles 
which under certain conditions may be regarded as elementary. As has 
already been mentioned, the Fermi or Bose distribution need not be used for 
ordinary atomic or molecular gases, since these gases are in practice always 
described with sufficient accuracy by the Boltzmann distribution. 

All the formulae derived in the present section are exactly similar in form 
for both Fermi and Bose statistics, differing only as regards one sign. The 
upper sign will always correspond to Fermi statistics and the lower sign to 
Bose statistics. 

The energy of an elementary particle is just the kinetic energy of its transla¬ 
tional motion, which is always quasi-classical. We therefore have 

« = (pl+Py+Pl)/ 2w, (56.1) 

and in the distribution function we make the usual change to the distribution 
in the phase space of the particle. Here it must be borne in mind that, for a 
given value of the momentum, the state of the particle still depends on the 
orientation of its spin. Hence the number of particles in a volume element 
d p x d p y dp z dV in phase space is found by multiplying the distribution (53.2) 
or (54.2) by 

g dr = g dp x dp y dp z dV/(2nhf , 
where g — 2s -f 1 ($ being the spin of the particle), giving 


6N — 


g dr 

et*-DiT ± \ • 


(56.2) 
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Integrating over V (which simply involves replacing dV by the total volume 
V of the gas) we find the distribution for the components of the particle 
momentum; using spherical polar coordinates in momentum space and 
integrating over angles, we find the distribution for the absolute magnitude 
of the momentum: , 


dN p = 


gVp 2 dp 

27rW" A)/r ±l) 


(56.3) 


where f =■ /> 2 /2m, or the energy distribution 

, _ gVm m y/ede 

e “ 2 ll2 7zW ± 1 


(56.4) 


These formulae take the place of the classical Maxwellian distribution. 

Integrating (56.4) with respect to e, we obtain the total number of particles 
in the gas: 

g VmW f y/ede 
2 l »7iW I e^~^ T ± 1 * 


In terms of a new variable of integration z = e/T, this equation can be written 
N _ g(mT)™ f y/zdz 

V ~ 2 x > 2 tiW I ^ ’ 

This formula implicitly determines the chemical potential fx of the gas as a 
function of its temperature T and density N/V. 

With the same change from summation to integration in formulae (53.4), 
(54.4), we find for the potential Q the expression 


f V* log (1 ±eO-VT) de . 

« 


Integration by parts gives 


2 gVm z/2 f e 3/2 de 

J 2 l /2^ 3 I e<-'-MT -hi 
i 


(56.6) 


This expression is the same, apart from the factor — as the total energy of 
the gas, 


E = 




fed N, = 


gVm m 

2™ 7iW 


e 3/2 de 


(56.7) 
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Since Q = -PV, we have therefore 

PV = \E. (56.8) 

This result is exact, and so must hold good in the limiting case of a Boltz¬ 
mann gas also; and in fact, on substituting the Boltzmann valueli = 3NT/2, 
we obtain Clapeyron’s equation. 

From formula (56.6), substituting e/T = z, we obtain 

Q = -PV = VT sl2 f(nlT), (56.9) 

where/is a function of a single variable, i.e. Q/Vis a homogeneous function 



are homogeneous functions of order |- in (x and T, and their ratio S/N is a 
homogeneous function of order zero, i.e. S/N = cf)(fx/T). Hence we see that 
in an adiabatic process ( S = constant) the ratio [x/T remains constant, and 
since N/VT m is also a function of / i/T only we have 

VT 8/2 = constant. (56.10) 

Then (56.9) shows that 

PV 513 = constant, (56.11) 

and also T 5I2 /P = constant. These equations are the same as that of the 
Poisson adiabatic (43.9) for an ordinary monatomic gas, but it must be 
emphasised that the exponents in (56.10), (56.11) are here unrelated to the 
ratio of specific heats, since the relations c p /c v = |- and c p —c v — 1 are 
not valid. 

Formula (56.6), in the form 


I* z 3/2 dz 

P ~ 3nW J e*-»i T ± 1 

o 


(56.12) 


together with (56.5) determines the equation of state of the gas (in parametric 
form, with parameter fj), i.e. the relation between P, V and T. In the limiting 
case of a Boltzmann gas (e /ilT «: 1) these formulae give Clapeyron’s equa- 


t If the energy is calculated from (56.9) as 

E = Nfx + TS-PV = -fx dQ/dfx - T dQ/dT+Q, 


we again obtain (56.8). 
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tion, as they should. We shall show this by means of a calculation which also 
gives the first correction term in the expansion in the equation of state. 

For e f,IT <sc 1 we expand the integrand in (56.12) as a series of powers of 
e M,T ~ x and, retaining only the first two terms, obtain 


= !v**"' r (lT2BT*")- 


Substitution in (56.12) gives 


Q = -PV = - e fl/T ( 1 T- — 

(27if lz fP [ + 2 S/2 j* 


If only the first term of the expansion is retained, we obtain precisely the 
Boltzmann value of the chemical potential of a monatomic gas (formula 
(46.1a)). The next term gives the required correction, so that we can put 


Q = .Qboi ± 


gVmWTM 
1 6j&W 


JfilT 


(56.13) 


But the small additions to all the thermodynamic potentials (expressed in 
terms of the appropriate variables; see (24.16)) are the same. Hence, express¬ 
ing the correction term in Q in terms of T and V (which can be done to the 
same accuracy by means of the Boltzmann expressions), we obtain the 
correction to the free'energy: 

F = Fsoi± 2 ^- • vr n mV 2 ■ (56-14) 

Finally, differentiating with respect to volume, we obtain the required equa¬ 
tion of state: 

[ jr3/2 TSJffl 1 

(56 - 15) 

The condition for the correction term in this formula to be small is naturally 
the same as the condition (45.6) for Boltzmann statistics to be applicable. 
Thus we see that the deviations of an ideal gas from classical properties, 
occurring when the temperature is lowered at constant density (the gas then 
being said to become degenerate ), cause in Fermi statistics an increase in 
pressure as compared with its value in an ordinary gas; we may say that in 
this case the quantum exchange effects lead to the occurrence of an additional 
effective repulsion between the particles. 
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In Bose statistics, on the other hand, the value of the gas pressure changes 
in the opposite direction, becoming less than the classical value; we may say 
that here there is an effective attraction between the particles. 


§ 57. A degenerate electron gas 

The study of the properties of a Fermi gas at sufficiently low temperatures 
is of fundamental significance. As we shall see below, the temperatures con¬ 
cerned may in practice be very high in other respects. 

In what follows we shall discuss an electron gas, with a view to the most 
important applications of Fermi statistics, and accordingly put g ~ 2 (the 
spin s — ~). 

Let us first consider an electron gas at a temperature of absolute zero (a 
completely degenerate Fermi gas). In such a gas, the electrons will be distrib¬ 
uted among the the various quantum states so that the total energy of the gas 
has its least possible value. Since no more than one electron can be in each 
quantum state, the electrons occupy all states with energies from the least 
value (zero) to some greatest value which depends on the number of electrons 
in the gas. 

With the twofold (g = 2) spin degeneracy of the levels, the number of 
quantum states of an electron moving in a volume V with absolute magnitude 
of momentum in the interval from p to p +d p is 


o 4^p 2 dp-F _ TZ p 2 dp 
(2 7lhf 7lW • 


(57.1) 


The electrons occupy all states with momenta from zero to a limit p = p F , 
called the radius of the Fermi sphere in momentum space. The total number 
of electrons in these states is 


N - 


V 

'' nW 


p*dp = 


Vpl 

3nW' 


whence the limiting momentum is given by 

p F = (3a: 2 ) 1 ' 3 (N/V) 113 h, (57.2) 

and the limiting energy by 


8 f - Pel^m 

= (37i*)M(&/2m)(ft/V) z *. (57.3) 

This energy has a simple thermodynamic significance. In accordance with 
the foregoing discussion, the Fermi distribution function over quantum 
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states (with fixed values of the momentum p and the spin component) is 


___ 1 
n p~ 1 


(57.4) 


and in the limit T -*» 0 it becomes a step function, equal to unity for e < (jl 
and zero for e >- p (the continuous line in Fig. 6). Hence we see that the 
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Fig. 6 


chemical potential of the gas for T = 0 is the same as the limiting energy of 
the electrons: 

H = e F . (57.5) 

The total energy of the gas is obtained by multiplying the number of states 
(57.1) by p 2 /2m and integrating over all momenta: 


F _ V ? _ Vrf 

2mnW J P dp 10 nrnW ’ 

or, substituting (57.2), 


„ 3(3jt 2 ) 2/3 h 2 (N\ m 

E - io~ -^{v) 


(57.6) 


Finally, from the general relation (56.8), we find the equation of state of the 


D _ (3jr 2 ) 2/a h 2 (N\W 
5 m\V) ' 


(57.7) 


Thus the pressure of a Fermi gas at absolute zero is proportional to the -| 
power of its density. 

Formulae (57.6), (57.7) are approximately valid also at temperatures which 
are sufficiently close to absolute zero (for a given gas density). The condition 
for them to be applicable (for the gas to be “strongly degenerate”) is clearly 
that T should be small in comparison with the limiting energy e F \ 


T (ft 2 /m) (AT/F) 2/3 . 


(57.8) 
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This condition is, as we should expect, the opposite of the condition (45.6) for 
Boltzmann statistics to be valid. The temperature defined by the relation 
T F s* e f is called the degeneracy temperature. 

A degenerate electron gas has the peculiar property that it increasingly 
approaches the ideal gas state as its density increases. This is easily seen as 
follows. 

Let us consider a plasma , i.e. a gas consisting of electrons and a correspond¬ 
ing number of positively charged nuclei which balance the charge on the 
electrons; a gas composed of electrons alone would obviously be entirely 
unstable, but we have not mentioned the nuclei hitherto, because the assump¬ 
tion of ideal-gas properties means that the presence of the nuclei does not 
affect the thermodynamic quantities for the electron gas. The energy (per 
electron) of the Coulomb interaction between the electrons and the nuclei is 
of the order of Ze 2 ja, where Ze is the nuclear charge and a ~ (ZVIN ) 1/a is 
the mean distance between the electrons and the nuclei. The condition for an 
ideal gas is that this energy should be small compared with the mean kinetic 
energy of the electrons, which in order of magnitude is equal to the limiting 
energy e F . The inequality Ze 2 /a <sc e F , after the substitution of a ~ ( ZV/N) ys 
and the expression (57.3) for e F , gives the condition 

N/V » (e^m/tiFf Z 2 . (57.9) 

We see that this condition is more nearly met as the density N/V of the gas 
increases.* 


PROBLEM 

Determine the number of collisions with a wall in an electron gas at absolute 
zero. 

Solution. The number of electrons per unit volume with momenta in the inter¬ 
val dp at an angle to the normal to the wall in the interval d 6 is 2*2 n sin 0 dd p 2 
dpKfyiKp. The required number of collisions v (per unit area of wall) is obtained 
by multiplying by v cos 6 (v = p/m ) and integrating with respect to 0 from 0 to 
and with respect to p from 0 to p F . The result is 

_ h lN\ m 

v ___ — - 


§ 58. The specific heat of a degenerate electron gas 

At temperatures which are low compared with the degeneracy temperature 
T F , the distribution function (57.4) has the form shown by the broken line in 
Fig. 6: it is appreciably different from unity or zero only in a narrow range of 

t The degeneracy temperature corresponding to the electron gas density 
(e^mlti*) 3 Z 2 is 40Z 4/:) eV =* 0.5X 10 fl Z 4/3 degrees. 
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values of the energy e close to the limiting energy e F . The width of this “tran¬ 
sition zone” of the Fermi distribution is of the order of T. 

The expressions (57.6), (57.7) are the first terms in the expansions of the 
corresponding quantities in powers of the small ratio TfT F . Let us now 
determine the next terms in the expansions. 

Formula (56.6) involves an integral of the form 


-14 


/(«) de 


-MT+ 1 


where/(e) is a function such that the integral converges; in (56.6), /(e) = e 3/2 « 
We transform this integral by the substitution e — p = Tz: 


' fiV + Tz) 
e x +l 


Tdz 


-mit 

mIT 


-t I 4^dz + rf ^ + f> dz. 

■* + l <?*+! 


r l 


In the first integral we put 1/(<?“*+1) = 1 — 1 /(e^-hi), obtaining 

HIT 

r /Y«» __l TV\ 

d z. 


1 = [/Mde-rf dz+r| 

0 0 0 


fQ*+Tz) 

e*+l 


In the second of these integrals we replace the upper limit by infinity, since 
pIT » 1 and the integral is rapidly convergent. 1 This gives 

0 0 

We now expand the numerator of the second integrand as a Taylor series of 
powers of z and integrate term by term: 


/ = |/(e)d e + 27r(M)[ 


zdz 

~?TT 




* This amounts to neglecting exponentially small terms. It must be remembered 
that the expansion (58.1) derived below is an asymptotic, not a convergent, series. 
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Substituting the values 1 of the integrals, we have finally 

/=[/(£) d*+^ ryw+rr"(rt +•• • • (58.i) 


y Integrals of this type are calculated as follows: 

= (l-2i-*)/V) £ 4' 


(-r +1 - 




where £(x) — Y l/n x is the Riemann zeta function. 

n-1 

For x = 1, the expression becomes indeterminate; the value of the integral is 


f—= 

J e ‘+ 1 


log 2 . 


For x an even integer (= 2n) the zeta function can be expressed in terms of the 
Bernoulli numbers B„: 


z Zn -idz 

e*+l 


22«-i-l 


2 n 


7t Zn B n . 


0 

The following integrals are calculated similarly: 


z x ~ x d z 
e*—\ 


=mew 


(x > 1 ). 


For x an even integer (= 2n), 

? z 2 ”- 1 dz _ (2n) Zn B n 
| e*—l 4 n 

o 

For reference we shall give the values of the first few Bernoulli numbers and of 
some zeta and gamma functions: 

B t = -Q-, B 2 = 3 ^, B 3 = jg, B a = 36 ; 

£(§■)= 2.612, £(-![)= 1.341, C(3) = 1.202, 

f(5>= 1.037, rt*)= |v*. 
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The third term in the expansion is given for reference; it will not needed 
here. 

Putting/ = e 8/2 in formula (58.1) and substituting in (56.6), we obtain the 
required next term in the expansion of the potential Q at low temperatures: 


Q = Q 0 - 


6h 3 


(58.2) 


where Q 0 denotes the value of Q at absolute zero. 

Regarding the second term as a small correction to Q 0 and expressing p in 
it in terms of T and V by means of the “zero-order approximation” (57.5), 
we can immediately write down an expression for the free energy (according 
to the theorem of small increments (24.16)): 


F = Fo-i^NT^iV/N) 2 ' 3 , 

(58.3) 

using for brevity the notation 


R (*\ Wm 

^ = \y) w 

(58.4) 

Hence we find the entropy 


5 = 0NT(V/N ) 213 , 

(58.5) 

specific heat T 

C = {$NT(VfN'f 13 , 

(58.6) 


E = Eq + yPNT 2 (V/N) 2/3 

= E 0 [l +0.1 %{mTjh 2 ) 2 (V]N ) m ]. (58.7) 


Thus the specific heat of a degenerate Fermi gas at low temperatures is 
proportional to the temperature. 


§ 59. Magnetism of an electron gas. Weak fields 

The magnetisation of an electron gas in weak magnetic fields is made up of 
two independent parts: a paramagnetic part due to the intrinsic (spin) 
magnetic moment of the electrons (the Pauli paramagnetism : W. Pauli, 
1927) and a diamagnetic part due to the quantisation of the orbital motion 
of the electrons in the magnetic field (the Landau diamagnetism : L. D. 

t The suffix v or p to the specific heat is omitted, since C v and C p are the same 
in this approximation. We have seen in § 23 that, if S tends to zero as T n when 
T -*■ 0, the difference C p — C v tends to zero as T 2n+ \ and so in this case C p — C v ~ T 3 . 
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Landau, 1930). Let us calculate the corresponding magnetic susceptibilities, 
assuming the gas to be degenerate (the temperature T <k e F ). The condition 
for the magnetic field to be weak is (see below) PH <*c T, where P = 
\e \ hf2me is the Bohr magneton.* 

For a degenerate gas, the thermodynamic calculations are more conven¬ 
iently performed with T, V and fx as independent variables (instead of T, V 
and N). Accordingly, in place of (52.1) for the magnetic moment of a Boltz¬ 
mann gas we shall use the derivative 


9ft = -(0£/0H) r ,K,„ (59.1) 


of the thermodynamic potential Q. 

Let us first find the paramagnetic part of the susceptibility. The additional 
(spin) energy of the electron in the magnetic field is ±pH, the two signs cor¬ 
responding to the two values ± \ of the spin component along the field. The 
statistical distribution of electrons in the magnetic field consequently differs 
from that in the absence of the field in that the energy e = p 2 /2m is replaced 
by e — p 2 l2m±fiH. But, since e appears in the distribution together with 
the chemical potential in the combination c— p, this change is equivalent to 
replacing /x by fx^pH. The potential Q of an electron gas in a magnetic 
field may therefore be written 

Q(/x) = i-Qo(fx+PH)+iQ 0 (fx-pH), (59.2) 


where Q 0 (/j) is the potential in the absence of the field (the arguments T and 
V are omitted, for brevity); the two terms in (59.2) correspond to the sets 
of electrons with different spin components, and the factors \ take account of 
the halving of the number of quantum states of the electron when the value 
of its spin component is fixed. 

Expanding (59.2) in powers of PH, we have 

Q(fx) - QM + \pPW- d 2 Q 0 (fx)/dfx z , (59.3) 


and the magnetic moment is therefore 9ft = —Hp 2 d 2 Q 0 /dfx 2 . The derivative 
0£ o /0/* = —N, and the paramagnetic susceptibility, which in this section 
is taken relative to unit volume of the gas, is 


Mo _ £ (dN\ 

Xpm V d/x 2 V\d(x) TV ' 


(59.4) 


+ In the opposite case of high temperatures (T » e F ), the electrons form a Boltz¬ 
mann gas, and the paramagnetic part of the susceptibility per unit volume is 
Xpara = N^/VT (formula (52.8) with g=2,J= -* ). 
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Neglecting the temperature effect, which is small when T <sz p, i.e. assuming 
the gas to be completely degenerate, we have from (57.3) 


N= V 


{2mix)W 


and differentiation gives 


Xpara — 


^( 2 mf'WF (PpF m 
2nW nW ' 


(59.5) 


Let us now calculate the diamagnetic susceptibility. The energy levels of 
the orbital motion of an electron in a magnetic field are 

s = + (59.6) 


where n = 0, 1, 2, ..., and p z is the momentum in the direction of the field, 
taking a continuous range of values from — oo to °° (see Quantum Mechanics , 
§112). The number of states in the interval d p x for any given value of n is 


n V\e\ H 
c Inhfc 


dp,. 


(59.7) 


the factor 2 taking account of the two directions of the spin. The expression 
(53.4) for the potential Q is 


Q = 20H % f[(x-(2n + l)PH], 
»«0 



(59.8) 

(59.9) 


The sum (59.8) can be calculated to the necessary accuracy by means of 
the formula* 


E F(n + i) - j F(x) dx + ^F'(O). (59.10) 

»-0 o 


* According to the familiar Euler-Maclaurin sum formula, 

-*F(a)+ £ F(a+n) s j° F(x) dx-±F'(a). (59.10a) 

n—1 a 

Formula (59.10) is obtained from this by putting a = \ and representing the func¬ 
tion F(x) in the range 0 x y by F(x) 9* F(0)+xF'(0). 
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The condition for this to be applicable is that the relative change of Fin one 
step (n — n + 1) is small. In respect of the function (59.9), the condition is 

Applying (59.10) to the sum (59.8), we have 

a = w\^-w*)to+wL rnegm 

K L lx-o 

The first term does not contain H, i.e. it is the potential Qo(p) of the gas in the 
absence of the field. Thus 

Q = (59.11) 

and hence the susceptibility ist 

Zdia 2Y 0^2 — 3 Zpara* (59.12) 

Altogether, the gas is paramagnetic, with susceptibility % = 2% pani /3. Here 
we have calculated its two parts separately in order to clarify their origin. 
It would, of course, be possible to calculate the total susceptibility % directly. 
To do so, we should have to write the electron energy levels in the form 
e = pl/2m +(2n + \)pH± pH, obtained by adding the spin magnetic energy 
±pH to (59.6). This set of values of e may also be written 

E = l!L+2nPH, n= 0, 1,2, ..., (59.13) 

2m 

each value with n 0 occurring twice, and that with n = 0 once; in other 
words, the number density of states with n j* 0 is given by the same formula 

t Otherwise, the condition is violated in the “dangerous” range of values of n 
where p — (2/i+ 1 )fiH is close to zero. This range causes (see § 60) the occurrence in 
Q of terms that oscillate rapidly as functions of H. These terms disappear if the 
series (59.8) is averaged over a range AH such that the change of the argument 
p—2(3nH near the point where it is zero is much greater than the difference of its 
two neighbouring values: 

pH « npAH ~ p AHIH, or AHjH » pH/p . 

Formula (59.10) then becomes again valid, and the result given by it is subject 
only to the condition PH <sc p. 

* This relation is valid for any degree of degeneracy of the gas. 
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(59.7), and that with n — 0 by half the amount. The potential Q is then given 
by the sum 

Q = ( 59 - 14 ) 

and is calculated by means of the formula* 

|f(0)+ £ F(n) = J F(x) dx-AF'(O). (59.15) 

»»— 1 0 


§ 60. Magnetism of an electron gas. Strong fields 

Let us now consider fields for which pH is again small in comparison with (x, 
but need not be small in comparison with T : 

T£PH<z:n. (60.1) 

Under these conditions, the effects of the quantisation of orbital motion 
cannot be separated from the spin effects, and both must be considered 
together; thus we must start from (59.14) in calculating Q. 

We shall see that the magnetisation of the electron gas for pH ^ T con¬ 
tains a part which oscillates with a large amplitude as a function of if, and it is 
this oscillatory part of the magnetisation that will concern us here. 

To separate the oscillatory parts of the thermodynamic quantities, it is 
convenient to transform the sum (59.14) by means of Poisson's formula :t 

|F(0)+ £ F(.n) = j F(x)dx+2re £ J F(x)e^ dx, (60.2) 

n—1 0 Ac—1 0 

after which it becomes 

Q = h, (60.3) 


* Obtained from the Euler-Maclaurin formula by putting « = 0. 

* This formula follows from the equation 

2 d(x-n)= f e™ kx - 


the sum of the delta functions on the left is a periodic function of x with unit 
period, and the sum on the right is the expansion of this function as a Fourier 
series. On multiplying the equation by any function F{x) and integrating over x 
from 0 to «>, we get equation (60.2); the integral J F(x) d(x) dx, which is the term 
with n = 0, extended only over the region on one side of x = 0, gives {-/’(O). 


13 
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where 

h = ~2(SH j | log [^1+exp (60.4) 

and Qo(f) is the thermodynamic potential in the absence of the field. 

In the integrals 4 , we replace the variable x by e = p\j2m +2xpH. For the 
required oscillatory part of the integrals, denoted by I k , we have 

h - - j | iog [ i+exp (^)] exp {jw ) exp (-31) d£dp ‘- 

In the integral over p x , the important values are p 2 j2m ~ pH. The oscillatory 
part of the integral, however, comes from the range of values of e near p 
(see below); the lower limit of integration over e is therefore taken as zero 
instead ofp 2 z [2m. 

The integration over p x is separable and is effected by means of the for¬ 
mula* 

j* e-fop* d p = 

leaving 

log [1 +ds. 


In this integral, we integrate twice by parts, and in the remaining integral 
make the change of variable (e—p)/T = Omitting the non-osdllatory part, 
we have 




r _ V(2m)(pHY* (inkp 
k Wk** P \ PH " 


F)f 


(e*+iy 


exp 


(inkT t \ 

xwv 


d?. 


The lower limit — p/T of the integral over I is replaced by — since pys>T 
When pH ^ T, the range I ~ 1 predominates in the integral, i.e. the range 


* This is derived by rotating the path of integration in the complex p-plane: 
we put p — e~ ,n,i u and integrate over real u from to », 
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of e values near fx (e— fx ~ T). The integral is calculated from the formula 1- 


(** + !)**“ 


d| = . . 

smh 7ix 


We finally have for the oscillatory part of Q 

\/2(mfH) s/2 TV ~ cos (Tt/xk/fH-^n) 
nW hi k 312 sinh (n 2 kT/PH) ' 


(60.5) 


In calculating the magnetic moment as the derivative of (60.5), only the 
most rapidly varying factors need be differentiated, namely the cosines in 
the numerators. This gives 


tfn _ V(2p)rrfi l2 [xTV ~ sin (nfxkfpH-^Tt) 
nh 3 V# hi Vk sinh ( n 2 kT/PH ) 


(60.6) 


(L. D. Landau, 1939). This function oscillates with high frequency. Its 
“period” in the variable l/H is constant, 

A(\/H) = 2p//x, (60.7) 

independent of the temperature. Here AHjH ~ fiH/fx <s: l.t 
When pH ~ T, the amplitude of oscillation of the magnetic moment 
~ V(xH^mP) 312 h~ 3 . The “monotonic” part of the magnetisation, 
determined from the susceptibility calculated in §59, is 2ft ~ Vfx 1/2 Hm 3/2 p 2 h~ 3 . 
Hence Wljyjl ~ (jx/fiH) 112 ; the amplitude of the oscillating part is large 
compared with the monotonic part. However, if pH <sc T, this amplitude is 
exponentially small, as exp (—n 2 T!PH), and becomes negligible. 


1 By the substitution u = l/(e*+l), the integral is reduced to a beta function: 

l 

J (1 -u) { * u-i* du = r{ 1 -}-/a)r(l-/a)/r(2) 
o 

and the result given in the text follows, since 

r(l —z) r(l 4 -z) — nzlsinnz. 

t The oscillations of the magnetisation were qualitatively predicted by Landau 
(1930). In metals, this phenomenon is called the de Haas-van Alphen effect. 
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§ 61. A relativistic degenerate electron gas 

As the gas is compressed, the mean energy of the electrons increases ( e F 
increases); when it becomes comparable with me 2 , relativistic effects begin to 
be important. Here we shall discuss in detail a completely degenerate extreme 
relativistic electron gas, the energy of whose particles is large compared with 
me 2 . In this case the relation between the energy and momentum of a particle 
is 

s = cp. (61.1) 

The previous formulae (57.1) and (57.2) give the number of quantum states 
and hence the limiting momentum. The limiting energy (i.e. the chemical 
potential of the gas) is now 

ep = cp, = (3 • (61.2) 


The total energy of the gas is 




or 

E=j(3 n ^ficNly\ . (61.3) 

The gas pressure can be obtained by differentiating the energy with respect 
to the volume at constant entropy (equal to zero). This gives 

E 1 /N\W 

p ^-W = J (?n ^ hc \T) ■ (6I. 4 ) 

The pressure of an extreme relativistic electron gas is proportional to the 4/3 
power of the density. 

It should be mentioned that the relation 

PV=\E (61.5) 

is actually valid for an extreme relativistic gas not only at absolute zero but 
at all temperatures. This is easily seen by exactly the same method as that 
used to derive the relation (56.8), with the energy given by e = cp instead of 
e = p 2 /2m. With e = cp, formula (53.4) leads to the following expression 
for Q: 

Q = -^J« S log(l +e6-VT) de , ^ 
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or, integrating by parts, 

Q 


1 V 
' 3 TtVfl 3 


H 


^ds 1 

w. = 


(61.6) 


Thus the limiting value that the pressure of any macroscopic body can have 
for a given E (see§ 27) is reached for an extreme relativistic Fermi gas. 

Using the variable of integration z = e/T, we have 


^ VT 4, f z 3 dz 
~ 3rcW e'“^ r +1 ' 

8 

This shows that 

Q = VT 4 f(p/T). (61.7) 

Hence, as in § 56, we find that in an adiabatic process the volume, pressure 
and temperature of an extreme relativistic Fermi gas are related by 

PV 4 ' 3 = constant, VT 3 = constant, T 4 jP = constant. (61.8) 

These are the same as the usual equation of the Poisson adiabatic with 
y = but it must be emphasised that y here is not the ratio of the specific 
heats of the gas. 


PROBLEMS 


Problem 1. Determine the number of collisions with a wall in an extreme rela¬ 
tivistic completely degenerate electron gas. 

Solution. The calculation is as in § 57, Problem; it must be remembered that 
the electron velocity v =* c. The result is v = \cN}V. 

Problem 2. Determine the specific heat of a degenerate extreme relativistic 
electron gas. 


Solution. Applying the formula (58.1) to the integral in (61.6), we find 


Q = Q 0 - 


(pT? 

6 (chf 


V. 


Hence[the entropy 


5 = 


3(c0 


3cti 



and the specific heat 


, Qjt 2 ) 2 / 3 
3 cfi 



T. 


Problem 3. Determine the equation of state of a relativistic completely de¬ 
generate electron gas (the electron energy and momentum being related by e 2 = 
cV+mV). 
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Solution. The previous formulae (57.1) and (57.2) give the number of states 
and the limiting momentum, and the total energy is 

Pe 

E = I* P 2 y/imW+p*) dp, 
o 

whence 

E = {Pfilp^+n^c 2 ) y/ip^+m^-imc)* sinh -1 (p F /mc)}. 

The pressure P = —(dE(d V) s ^ 0 is 

P - sinh -1 (p F /mc)J. 

These formulae are conveniently put in parametric form, using as parameter the 
quantity | = 4 sinh -1 (p F /mc). Then 

N/V — (mc/0-( 1 /3 n 2 ) sinh 3 

P — (jm^/ZlTi 2 ^ (-§- sinhl—y sinh -§-£+£), 

El V = (nA*/32rffP) (sinh |—|). 

The chemical potential p of the gas (including the rest energy of the particle) is 
equal to the limiting energy e F = e(p F ). It is related to the density by 


= 1 (P 

37l 2 fp \ C‘ 


\ 3/2 

7’” V ) ' 


§ 62. A degenerate Bose gas 

At low temperatures the properties of a Bose gas bear no resemblance to 
those of a Fermi gas. This is evident from the fact that for a Bose gas the 
state of lowest energy, occupied by the gas at T = 0, must be that with 
E = 0 (all the particles being in the quantum state with e = 0), whereas a 
Fermi gas has a non-zero energy at absolute zero. 

If the temperature of the gas is lowered at constant density N/V, the 
chemical potential p given by equation (56.5) (with the lower sign) will 
increase, i.e. its absolute magnitude will decrease (since p is negative). It 
reaches the value p = 0 at a temperature determined by the equation 


N _ g{mTf 12 f y/z dz 

V ~ ~2WnW J <?*~1 


(62.1) 
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The integral in (62.1) can be expressed in terms of the zeta function; see the 
second footnote to§ 58. Denoting the required temperature by 7o, we obtain 


_ 3.31 m (N\w 

°” m\v) * 


(62.2) 


For T < To, equation (56.5) has no negative solutions, whereas in Bose sta¬ 
tistics the chemical potential must be negative at all temperatures. 

This apparent contradiction arises because under the conditions in ques¬ 
tion it is not legitimate to go from the summation in formula (54.3) to the 
integration in (56.5): in this process the first term in the sum (with e k = 0) is 
multiplied by V £ = 0 and so disappears from the sum; but, as the tempera¬ 
ture decreases, more and more particles must occupy that state of lowest 
energy, until at T = 0 they are all in it. The mathematical effect of this is 
that, when the limit fx -*■ 0 is taken in the sum (54.3), the sum of all the terms 
in the series except the first tends to a finite limit given by the integral (56.5), 
but the first term (with e k = 0) tends to infinity. Consequently, by letting fx 
tend not to zero but to some small finite value, we can make this first term 
in the sum take the desired finite value. 

In reality, therefore, the situation for T < T 0 is as follows. Particles with 
energy e > 0 are distributed according to formula (56.4) with fx = 0: 


V fide 

e 2 1/! W ^ T -\ 


(62.3) 


The total number of particles with energies e =>• 0 will thus be 


N e > 0 = 



gV{mTf > 2 
2 WnW 


\/z d z 
e*-\ 


= N(TJT 0 ) 312 . 


The remaining 

= N[l-(T/T 0 ) 312 ] (62.4) 

particles are in the lowest state, i.e. have energy e = 0. f The energy of the gas 
for T < To is, of course, determined only by the particles with e > 0; putting 
fi = 0 in (56.7), we have 

gV(mT) 312 T 7 z 3 ' 2 dz 
h I e*-l ' 


t The steady increase of particles in the state with e = 0 is called Bose-Einstein 
condensation. It should be emphasised that this refers only to “condensation” in 
momentum space; no condensation actually occurs in the gas, of course. 
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This integral reduces to C(~) (see the second footnote to § 58), and we obtain 
E = 0.nONT(T/T 0 )™ 

= 0.l2Sg(m 3>2 T m /h s )V. (62.5) 

The specific heat is therefore 

C v = 5E/2T, (62.6) 

i.e. is proportional to T 3/2 . Integration of the specific heat gives the entropy: 

S = 5E13T, (62.7) 

and the free energy is 

F — E—TS = —\E. (62.8) 

This is obvious, since for ^ = 0 

F — 0—PV = Nfi +Q = Q. 

The pressure is 


P = -(0F/0F) r = 0.085 lgm^T^fh 3 . (62.9) 

We see that for T < To the pressure is proportional to T w and is independent 
of the volume. This is the natural consequence of the fact that particles in a 
state with e = 0 have no momentum and make no contribution to the 
pressure. 

At the point T = To itself, all the above-mentioned thermodynamic quan¬ 
tities are continuous, but it may be shown that the derivative of the specific 
heat with respect to temperature is discontinuous there (see the Problem). 
The curve of the specific heat itself as a function of temperature has a change 
in slope at T = T 0 , and the specific heat has its maximum value there (equal 
to 1.2&X3N/2).* 


PROBLEM 

Determine the discontinuity of the derivative (dCJdT) y at T = T 0 . 

Solution. To solve this problem we must determine the energy of the gas for 
small positive T—T 0 . The equation (56.5) is identical with 

t Note, however, that this behaviour of the specific heat is the result of entirely 
neglecting the interaction of the gas particles; even a weak interaction changes the 
situation. 
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where N 0 (T) is given by (62.1). Expanding the integrand and using the fact that [x 
is small near the point T = T 0 , and therefore the important part of the integral 
arises from the region where e is small, we find that the integral is equal to 




de 


Ve(e+l/i|) 




( 1 ) 


Substituting this value and then expressing /x in terms of N—N 0 , we have 


-/i = 


27iW /N 0 -N\ 2 


_7 *0 

fpnp \ TV 


) 


To the same accuracy we can write 
02s 
dp 

whence 


3 W 3 3 

Y l/T = ~ 2 N ~ ~ 2 N °’ 




where E 0 = E 0 (T) denotes the energy for /x = 0, i.e. the function (62.5). The sec¬ 
ond derivative of the second term with respect to temperature will clearly give 
the required discontinuity. The result of the calculation is 


\ZT] V ~ ginfiV* 



- 3.66NIT 0 . 


( 2 ) 


The value of the derivative (dCJdT) v for T= T 0 —0 is, from (62.5), +2.89JV/r 0 , 
and for T = T 0 +0 it is therefore —0.77 N/T 0 . 


§ 63. Black-body radiation 

The most important application of Bose statistics relates to electromagnetic 
radiation which is in thermal equilibrium—called black-body radiation. Such 
radiation may be regarded as a gas consisting of photons. The linearity 
of the equations of electrodynamics expresses the fact that photons do not 
interact with one another (the principle of superposition for the electro¬ 
magnetic field), so that the photon gas is an ideal gas. Because the angular 
momentum of the photons is integral, this gas obeys Bose statistics. 

If the radiation is not in a vacuum but in a material medium, the condition 
for an ideal photon gas requires also that the interaction between radiation 
and matter should be small. This condition is satisfied in gases throughout 
the radiation spectrum except for frequencies in the neighbourhood of ab¬ 
sorption lines of the material, but at high densities of matter it may be vio¬ 
lated except at very high temperatures. 
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It should be remembered that at least a small amount of matter must be 
present if thermal equilibrium is to be reached in the radiation, since the 
interaction between the photons themselves may be regarded as completely 
absent.* The mechanism by which equilibrium can be established consists in 
the absorption and emission of photons by matter. This results in an im¬ 
portant specific property of the photon gas: the number of photons N in it 
is variable, and not a given constant as in an ordinary gas. Thus N itself must be 
determined from the conditions of thermal equilibrium. From the condition 
that the free energy of the gas should be a minimum (for given T and F), we 
obtain as one of the necessary conditions dF/dN — 0. Since (dF/dN) T v — ^ 
this gives 

H = 0, (63.1) 


i.e. the chemical potential of the photon gas is zero. 

The distribution of photons among the various quantum states with 
definite values of the momentum fik and energies e = hco = hck (and defi¬ 
nite polarisations) is therefore given by formula (54.2) with /i = 0: 

fr k = l/(e*" /r —1). (63.2) 

This is called Planck's distribution. 

Assuming that the volume is sufficiently large, we can make the usual 
change (see Fields^ 52) from the discrete to the continuous distribution of eigen- 
frequencies of the radiation. The number of modes of oscillation for which 
the components of the wave vector k lie in the intervals d 3 fc = d k x d k y dk z is 
V d 3 k/(27t) 3 , and the number of modes for which the absolute magnitude 
of the wave vector lies in the range d k is correspondingly V-4nk 2 dkfthzf. 
Using the frequency co = ck and multiplying by 2 (for the two independent 
directions of polarisation of the oscillations), we obtain the number of 
quantum states of photons with frequencies between to and co +dco : 

Vco 2 dco/rc 2 c z . (63.3) 


Multiplying the distribution (63.2) by this quantity, we find the number of 
photons in this frequency interval: 


_ V co 2 dco 

~ ^3 e hm!T_ l 


(63.4) 


and a further multiplication by hco gives the radiation energy in this segment 
of the spectrum: 


4E , _ Vh co 3 dco 

d A ° “ ^,T_ ! 


(63.5) 


t Apart from the entirely negligible interaction (the scattering of light by light) 
which is due to the possible production of virtual electron-positron pairs. 
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This formula for the spectral energy distribution of black-body radiation is 
called Planck's formula . f In terms of the wavelength A = Incjco , it becomes 




1 6n 2 chV dA 

^5 g2 tAc/TX _ 1 


(63.6) 


At low frequencies (&o «: T), formula (63.5) gives 

d E m = V(Tln*c*)(Q 2 do. (63.7) 

This is the Rayleigh-Jeans formula. It should be noticed that formula (63.7) 
does not contain the quantum constant h , and can be derived by multiplying 
by T the number of modes (63.3); in this sense it corresponds to classical 
statistics, in which an energy T must correspond to each “vibrational degree 
of freedom”—the law of equipartition (§ 44). 

In the opposite limiting case of high frequencies (hco :» T), formula (63.5) 
becomes 

dE m = V{hl7c z c z )(D z e~ ha>JT do. (63.8) 


This is Wien's formula. 

Figure 7 shows a graph of the function x 3 /(e*— 1), corresponding to the 
distribution (63.5). 



Fig. 7 

The density of the spectral frequency distribution of the energy of black- 
body radiation, dEJdco, has a maximum at a frequency o m given by 

hcoJT = 2.822. (63.9) 

+ The discovery of this law by M. Planck (1900) was the foundation of the 
quantum theory. 
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Thus, when the temperature rises, the position of the maximum of the distri¬ 
bution is displaced towards higher frequencies in proportion to T (the 
displacement law). f 

Let us calculate the thermodynamic quantities for blade-body radiation. 
For p = 0, the free energy is the same as Q (since F = &—PV = Np +Q). 
According to formula (54.4), in which we put p = 0 and change in the usual 
way (by means of (63.3)) from summation to integration, we obtain 

F = co 2 log (1 -<?-*wr) doj. (63.10) 

With the new variable of integration x = hca/T, integration by parts gives 


F = 


-V 


T 4 

teWc 3 


x 3 dx 
e x -l ' 


The integral is equal to tt 4 /15 (see the second footnote to § 58). Thus 
F = -V-7i*T*/45(hcY 

= —4oVT A /3c. (63.11) 

If T is measured in degrees, the coeffident or (called the Stefan-Boltzmann 
constant) is 

a = n 2 k^l60h z c 2 

= 5.67 X10" 5 g/sec 3 deg 4 . (63.12) 

The entropy is 

S = - 0F/0T = \6oVT 3 /3c, (63.13) 

and is proportional to the cube of the temperature. The total radiation energy 
F+TS'is 


E = 4oVT*!c = - 3F. (63.14) 

This expression could, of course, be derived also by direct integration of the 
distribution (63.5). Thus the total energy of black-body radiation is propor¬ 
tional to the fourth power of the temperature. This is Boltzmann's law. 

For the spedfic heat of the radiation C v we have 

C v = (dE/dT) y = 1 6&T s V/c. (63.15) 

f The wavelength distribution density djE^/dA also has a maximum, but at a 
different value of the corresponding ratio: 2nfic/TX m = 4.965. Thus the maximum 
A w of the wavelength distribution is displaced in inverse proportion to the temper¬ 
ature. 



§63 Black-body Radiation 187 

Finally, the pressure is 

P = - ( dF/dV) T = 4orT 4 /3e, (63.16) 

PV=iE. (63.17) 

Thus for a photon gas the same limiting value of the pressure is obtained as 
for an extreme relativistic electron gas (§ 61); this is as it should be, since the 
relation (63.17) is a direct consequence of the linear relation (e = cp ) be¬ 
tween the energy and momentum of a particle. 

The total number of photons in black-body radiation is 


V r m 2 dm _ VT 3 
rfc 3 I 1 “ rcW 


x 2 dx 
e x — 1 * 


The integral can be expressed in terms of £(3); see the second footnote to 
§ 58. Thus 


N 


2C(3) / T \ 3 

7t 2 


f =°' 244 © 3 


F. 


(63.18) 


In an adiabatic expansion (or compression) of the photon gas, the volume 
and temperature are related by VT 3 = constant. From (63.16), the pressure 
and volume are then related by PV* 13 = constant. A comparison with (61.8) 
shows that the equation of the adiabatic for a photon gas coincides (as we 
should expect) with that for an extreme relativistic gas. 

Let us consider a body in thermal equilibrium with black-body radiation 
around it. The body continually reflects and absorbs photons incident on it, 
and at the same time emits new ones, and in equilibrium all these processes 
balance in such a way that the distribution of photons in frequency and direc¬ 
tion remains unchanged on the average. 

Owing to the complete isotropy of the black-body radiation, each volume 
element emits a flux of energy uniformly in all directions. We use the notation 


4 nV d m 4w 3 c 3 (^ r -l) ( ’ 19) 

for the spectral density of black-body radiation per unit volume and unit 
solid angle. Then the energy flux density with frequencies in the interval d m 
leaving each point and entering the solid angle element do is ce 0 (m) do dm. 
The radiation energy (with frequencies in dco) incident in unit time on unit 
area of the surface of the body at an angle 0 to the normal is therefore 
ce 0 (m ) cos 0 do dco, do — 2 ti sin 0 d0. 

Let A(m , 0) denote the absorbing power of the body as a function of the 
frequency and direction of incidence of the radiation; this quantity is defined 
as the fraction of the radiation energy incident on the surface of the body, in 
the given frequency interval, which is absorbed by the body, not including 
the radiation (if any) which passes through the body. Then the quantity of 
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radiation absorbed per unit time and surface area will be 

ce 0 (co) A(co, 0) cos 0 d o dco. (63.20) 

Let us assume that the body does not scatter radiation and is not fluores¬ 
cent, i.e. that the reflection occurs without change in the angle 0 or in the 
frequency. We shall also suppose that the radiation does not pass through 
the body; in other words, all radiation not reflected is completely absorbed. 
Then the quantity of radiation (63.20) must be balanced by the radiation 
emitted by the body itself in the same directions at the same frequencies. 
Denoting by /(ft), 6) dco do the intensity of emission from unit area of the sur¬ 
face and equating it to the absorbed energy, we obtain 

/(co, 0) = ce Q (co) A(co, 6) cos 0. (63.21) 

The functions /(co, 0) and A(co t 0) are, of course, different for different bodies, 
but we see that their ratio is independent of the properties of the body and is 
a universal function of frequency and direction: 

/(co, 0)/A(co, 0) = ce 0 {(o) cos 0, 

which is determined by the energy distribution in the black-body radiation 
spectrum (at a temperature equal to that of the body). This is Kirchhqff's law . 

If the body scatters radiation, KirchhofFs law can be formulated only in 
a more restricted way. Since in this case reflection occurs with a change in 
the angle 0, we can derive from the condition of equilibrium only the require¬ 
ment that the radiation (of a given frequency) absorbed from all directions 
should be equal to the total emission from the body in all directions: 

J /(co, 0) do = ce 0 (co) J A(co, 0) cos 0 do. (63.22) 

The angle 0 also changes, in general, when radiation can pass through the 
body (because of refraction on entering and leaving the body). In this case 
the relation (63.22) must be integrated over the entire surface of the body; 
the functions A(co, 0) and /(ft), 0) now depend not only on the material of the 
body but also on its shape and on the point considered on its surface. 

Finally, when there is scattering with change of frequency (fluorescence), 
KirchhofFs law applies only to the integrals over both direction and fre¬ 
quency of the radiation: 

JJ /(co, 0) do dco = c JJ e 0 (co) A(oo, 0) cos 0 do dco. (63.23) 
A body which completely absorbs all radiation incident on it is called a 
black body . f For such a body, A(co, 0) = 1 by definition, and its emissive 

t Such a body can be realised in the form of a cavity with highly absorbing 
internal walls and a small aperture. Any ray entering through the aperture can 
return to it and leave the cavity only after repeated reflection from the walls 
of the cavity. When the aperture is sufficiently small, therefore, the cavity will 
absorb practically all the radiation incident on the aperture, and so the surface 
of the aperture will be a black body. 
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power is entirely determined by the function 
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J 0 (co, 6) = ce 0 (coi) cos 6, (63.24) 

which is the same for all black bodies. It may be noted that the intensity of 
emission from a black body is a very simple function of direction, being pro¬ 
portional to the cosine of the angle to the normal to the surface of the body. 
The total intensity of emission from a black body, J 0 , is obtained by integrat¬ 
ing (63.24) over all frequencies and over a hemisphere: 

oo 71/2 

J 0 = c J e 0 (co) dft) J 2tc cos 0 sin 0 dd = cEjW , 
o o 

where E is given by (63.14). Thus 


Jo = <*T*, (63.25) 

i.e. the total intensity of emission from a black body is proportional to the 
fourth power of its temperature. 

Finally, let us consider radiation not in thermal equilibrium, having a non¬ 
equilibrium spectral or directional distribution. Let e(co, n) dco do be the 
volume density of this radiation in the frequency interval dco and with the 
direction n of the wave vector lying in the solid-angle element do. We can 
use the concept of the temperature of the radiation in each small interval of 
frequency and direction, defined as the temperature for which the density 
e{co , n) is equal to that given by Planck’s formula, i.e. e(co, n) = e 0 (co). 
Denoting this temperature by T mt n , we have 


T a 


fuo 


log 


i+ 


/fco 3 

4 ^ 3 " 


1 

e(co, n) 




(63.26) 


Let us imagine a black body emitting into a surrounding vacuum. The 
radiation is propagated freely along straight lines and will not be in thermal 
equilibrium outside the body; it is by no means isotropic, as equilibrium 
radiation must be. Since the photons are propagated in a vacuum and do not 
interact with one another, we are in a position to apply Liouville’s theorem 
rigorously to the photon distribution function in the corresponding phase 
space of coordinates and wave-vector components.* According to this theo¬ 
rem, the distribution function remains constant along the phase trajectories. 
But the distribution function is, apart from a factor dependent on frequency, 
the same as the volume density of radiation of a given frequency and 


t When considering the limiting case of geometrical optics, we can speak of 
coordinates of a photon. 
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direction, e(co, n, r). Since the radiation frequency is also constant during pro¬ 
pagation, we have the following important result: ih every solid-angle element 
where radiation is propagated (from a given point in space) the radiation 
density e(co, n, r) is equal to the density within the emitting black body, i.e. 
to the black-body radiation density e^co). Whereas, however, for equilibrium 
radiation the density exists for all directions, here it exists only for a certain 
interval of directions. 

Defining the temperature of non-equilibrium radiation by (63.26), we can 
express the result differently by saying that the temperature T m n is equal to 
the temperature T of the emitting black body for all directions in which radia¬ 
tion is being propagated (at any given point in space). If the radiation temper¬ 
ature is defined from the density averaged over all directions, however, it is 
of course less than the temperature of the black body. 

All these consequences of Liouville’s theorem remain fully valid when 
reflecting mirrors and refracting lenses are present, provided, of course, that 
the conditions for geometrical optics to be applicable are still satisfied. By 
means of lenses or mirrors the radiation can be focused, i.e. the range of 
directions from which rays reach a given point in space can be enlarged. This 
may increase the mean radiation temperature at the point considered, but the 
foregoing discussion shows that there is no means of raising it above the tem¬ 
perature of the black body which emitted the radiation. 
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§ 64. Solids at low temperatures 

Solids form another suitable topic for the application of statistical methods 
of calculating the thermodynamic quantities. A characteristic property of 
solids is that the atoms in them execute only small vibrations about certain 
equilibrium positions, the crystal lattice sites. The configuration of the lattice 
sites which corresponds to thermal equilibrium of the body is preferred, i.e. 
distinguished from all other possible distributions, and must therefore be 
regular. In other words, a solid in thermal equilibrium must be crystalline. 

According to classical mechanics, all the atoms are at rest at absolute 
zero, and the potential energy of their interaction must be a minimum in 
equilibrium. At sufficiently low temperatures, therefore, the atoms must 
always execute only small vibrations, i.e. all bodies must be solid. In reality, 
however, quantum effects may bring about exceptions to this rule. One such 
is liquid helium, the only substance which remains liquid at absolute zero 
(at pressures that are not too high); all other substances solidify well before 
quantum effects become important. 1. 

For a body to be solid its temperature must certainly be small in compari¬ 
son with the energy of interaction of the atoms (in practice, all solids melt 
or decompose at higher temperatures). From this it results that the vibrations 
of atoms in a solid about their equilibrium positions are always small. 

As well as crystals, there exist in Nature also amorphous solids, in which 
the atoms vibrate about randomly situated points. Such bodies are thermo¬ 
dynamically metastable, and must ultimately become crystalline. In practice, 
however, the relaxation times are so long that amorphous bodies behave as if 
stable for an almost unlimited time. All the following calculations apply 
equally to both crystalline and amoprhous substances. The only difference is 
that, since amorphous bodies are not in equilibrium, Nemst’s theorem does 
not apply to them, and as T -* 0 their entropy tends to a non-zero value. 

t Quantum effects become important when the de Broglie wavelength corre¬ 
sponding to the thermal motion of the atoms becomes comparable with the distan¬ 
ces between atoms. In liquid helium this occurs at 2-3°K. 
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Consequently, for amorphous bodies the formula (64.7) derived below for the 
entropy has to be augmented by some constant S 0 (and the free energy by a 
corresponding term — TS 0 ); we shall omit this unimportant constant, which, 
in particular, does not affect the specific heats of a body. 

The residual entropy, which does not vanish as T — 0, may also be ob¬ 
served in crystalline solids, because of what is called ordering of crystals. 
If the number of crystal lattice sites at which atoms of a given kind can be 
situated is equal to the number of such atoms, there will be one atom near 
each site; that is, the probability of finding an atom (of the kind in question) 
in the neighbourhood of each site is equal to unity. Such crystals are said to 
be completely ordered. There are also, however, crystals in which the atoms 
may be not only at their “own” positions (i.e. those which they occupy in 
complete ordering) but also at certain “other” positions. In that case the 
number of sites that may be occupied by an atom of the given kind is 
greater than the number of such atoms, and the probability of finding atoms 
of this kind at either the old or the new sites will not be unity. 

For example, solid carbon monoxide is a molecular crystal, in which the 
CO molecule can have two opposite orientations differing by interchange of 
the two atoms; the number of sites that may be occupied by carbon (or oxy¬ 
gen) atoms is here equal to twice the number of these atoms. 

In a state of complete thermodynamic equilibrium at absolute zero, any 
crystal must be completely ordered, and the atoms of each kind must occupy 
entirely definite positions.* However, because the processes of lattice re¬ 
arrangement are slow, especially at low temperatures, a crystal which is incom¬ 
pletely ordered at a high temperature may in practice remain so even at very 
low temperatures. This “freezing” of the disorder leads to the existence of a 
constant residual term in the entropy of the crystal. For instance, in the ex¬ 
ample of the CO crystal mentioned above, if the CO molecules have the two 
orientations with equal probability, the residual entropy will be So = log 2. 

Let N be the number of unit cells in the lattice, and v the number of 
atoms in each cell. Then the number of atoms is Nv. Of the total number of 
degrees of freedom 3iW, three correspond to translational and three to rota- 

* Strictly speaking, this statement also is valid only if quantum effects are neg¬ 
lected. The latter may become important (at T = 0) if the amplitude of the zero- 
point vibrations of the atoms in the lattice is comparable with the interatomic 
distances. In a “quantum crystal” of this kind, a situation is in principle possible 
where the number of sites in the ground state (the state at T = 0) exceeds the num¬ 
ber of atoms. The “zero-point” defects (free vacancies) then present in the lattice 
are, however, not localised at any particular sites as they would be in a "classical” 
crystal, and represent a collective property of the lattice without disturbing its 
strict periodicity; see A. F. Andreev and I. M. Lifshits, Soviet Physics JETP 29, 
1107, 1969. 
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tional motion of the body as a whole. The number of vibrational degrees of 
freedom is therefore 3Nv—6 , but since 3Nv is extremely large we can, of 
course, neglect 6 and assume that the number of vibrational degrees of free¬ 
dom is just 3Nv. 

It should be emphasised that in discussing solids we shall entirely ignore 
the “internal” (electronic) degrees of freedom of the atoms. Hence, if these 
degrees of freedom are important (as they may be, for example, in metals), 
the following formulae will relate only to the lattice part of the thermo¬ 
dynamic quantities for the solid, which is due to the vibrations of the atoms. 
In order to obtain the total values of these quantities, the electronic part 
must be added to the lattice part. 

In mechanical terms, a system with 3Nv vibrational degrees of freedom 
may be regarded as an assembly of 3 Nv independent oscillators, each corre¬ 
sponding to one normal mode of vibration. The thermodynamic quantities 
relating to one vibrational degree of freedom have already been calcuated 
in § 49. From the formulae there we can immediately write down the free 
energy of the solid as f 

F = Neo + TZlogil-e-*^ 7 ). (64.1) 

The summation is over all 3Nv normal vibrations, which are labelled by the 
suffix a.J We have added to the sum over vibrations a term Ne 0 which repre¬ 
sents the energy of all the atoms in the body in their equilibrium positions 
(more precisely, when executing their “zero-point” vibrations); this term 
depends on the density, but not on the temperature: e 0 = e 0 (N/V). 

Let us now consider the limiting case of low temperatures. For small T, 
only the terms with low frequencies (fao a ~ T) are of importance in the sum 
over a. But vibrations with low frequencies are just ordinary sound waves , 
whose wavelength is related to the frequency by X ~ u/co , where u is the 
velocity of sound. In sound waves the wavelength is large in comparison 
with the lattice constant (X » a ), and so co <sc u/a. In other words, the vibra¬ 
tions can be regarded as sound waves at temperatures such that 

T^Hu/a. (64.2) 

Let us assume that the body is isotropic (an amorphous solid). In an iso¬ 
tropic solid, longitudinal sound waves can be propagated (with velocity u t ) 
and so can transverse waves with two independent directions of polarisation 
and equal velocities of propagation u t \ see Elasticity , § 22. The frequency 

t Quantised vibrations were first used by Einstein (1907) to calculate the ther¬ 
modynamic quantities for a solid. 

J See (71.7) for an integral form of this. 


14* 
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of these waves is linearly related to the absolute magnitude of the wave 
vector k by co = u,k or co = u t k. 

The number of vibrational modes in the spectrum of sound waves with 
absolute magnitude of the wave vector lying in the interval 6k and with a 
given polarisation is V Ank 2 6k/(2nY, where V is the volume of the body. 
Putting for one of the three independent polarisations k = cofu/ and for the 
other two k — co/u t , we find that the interval dco contains altogether 


ft) 2 dft> / 1 2\ 

2rr \u} + u?) 


(64.3) 


vibrations. 

A mean velocity of sound u can be defined according to the formula 


_3_ 

0 



Then the expression (64.3) becomes 

V-3co*6co/200. (64.4) 

In this form it is applicable not only to isotropic bodies but also to crystals, 
where u = u(yiN) must be understood as the velocity of propagation of 
sound in the crystal, averaged in a certain way. The determination of the 
averaging procedure requires the solution of the problem (which belongs 
to the theory of elasticity) of the propagation of sound in a crystal of given 
symmetry. 1 " 

By means of (64.4) we can change from the summation in (64.1) to integra¬ 
tion, obtaining 


F = ATeo-f T 2^-J log (1 -e~*“>V)co 2 dco; (64.5) 

because of the rapid convergence of the integral when T is small, the integra¬ 
tion can be taken from 0 to °°. This expression (apart from the term Ned) 
differs from the formula (63.10) for the free energy of black-body radiation 
only in that the velocity of light c is replaced by the velocity of sound u and 
a factor appears. This resemblance is not surprising, since the frequency 
of sound vibrations is related to their wave number by the same type of linear 
formula as is valid for photons. The integers v m in the energy levels Evjhco^ of 
a system of sound oscillators may be regarded as occupation numbers of the 

t In an anisotropic medium, there are in general three different branches of the 
sound-wave spectrum, in each of which the velocity of propagation is dependent 
on direction (see Elasticity , § 23). 
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various quantum states with energies e a = hco a , the values of these numbers 
being arbitrary (as in Bose statistics). The appearance of the extra factor 
Y in (64.5) is due to the fact that sound vibrations have three possible 
directions of polarisation instead of two as for photons. 

Thus, without having to repeat the calculations, we can use the expression 
(63.11) derived in § 63 for the free energy of black-body radiation, if c is 
replaced by u and a factor J- included. The free energy of a solid is therefore 


the entropy is 

the energy 

and the specific heat 


F = Ne 0 ~V-7i 2 T*/30(fiuy; 

(64.6) 

S = V '2n 2 T 3 /15(fiu) 3 , 

(64.7) 

E = Neo + V • n 2 T l ! 1 0(huf , 

(64.8) 

C = 27c 2 T 3 V/5(huf . 

(64.9) 


Thus the specific heat of a solid at low temperatures is proportional to the 
cube of the temperature 1, (P. Debye, 1912). We write the specific heat as C 
simply (not distinguishing C v and C p ), since at low temperatures the differ¬ 
ence C p —C v is a quantity of a higher order of smallness than the specific 
heat itself (see § 23; here S oc T z and so C p —C v oc T 7 ). 

For solids having a simple crystal lattice (elements and simple compounds) 
the T 8 law for the specific heat does in fact begin to hold at temperatures of 
the order of tens of degrees, but for bodies with a complex lattice this law 
may be expected to be satisfactorily obeyed only at much lower tempera¬ 
tures. 


§ 65. Solids at high temperatures 

Let us now turn to the opposite limiting case of high temperatures (of 
order T » ftu/a, where a is the lattice constant). In this case we can put 
1 —e~ h<0aJT 2 * hcoJT, and formula (64.1) becomes 

F = Neo+T £ log {hcoJT). (65.1) 


The sum over a contains altogether 3 Nv terms. We define the “geometric 
mean” frequency co by 


l08 “ = 3 ^? l0g<0 - 


(65.2) 


1 It may be recalled that when “electronic degrees of freedom” are present 
these formulae give only the lattice part of the thermodynamic quantities. However, 
even when there is an electronic part (as in metals) it begins to affect the specific 
heat, for example, only at temperatures of a few degrees. 


14* 



196 


Solids 


Then the free energy of the solid is given by 

F = Ne 0 ~3NvT log T+ 3NvT log ha>. (65.3) 

The mean frequency eo, like u, is a function of the density, w(V/N). 

From (65.3) we find the energy of the body, E = F—TdF/dT: 

E=Ns 0 + 3NvT. (65.4) 

The case of high temperatures corresponds to the classical treatment of 
the vibrations of the atoms; it is therefore clear why formula (65.4) accords 
exactly with the law of equipartition (§ 44): apart from the constant iVe 0 , an 
energy T corresponds to each of the 3Nv vibrational degrees of freedom. 

For the specific heat we have 

C = Nc= 3Nv, (65.5) 

where c = 3v is the specific heat per cell. We again write the specific heat 
as C simply, since in solids the difference between C p and C B is always negli¬ 
gible (see the end of § 67). 

Thus at sufficiently high temperatures the specific heat of a solid is constant 
and depends only on the number of atoms in the body. In particular, the 
specific heat per atom must be the same for different elements with a 
simple crystal lattice (v = 1) and equal to 3; this is Dulong and Petits law . 
At ordinary temperatures this law is well satisfied for many elements. 
Formula (65.5) is valid at high temperatures for a number of simple com¬ 
pounds also, but for more complex compounds it gives a limiting value 
of the specific heat which in general is not reached before the substance 
melts or decomposes. 

Substituting (65.5) in (65.3) and (65.4), we can write the free energy and 
energy of a solid as 

F = N& 0 -NcT log T+NcT log ha> t (65.6) 

E = Neo+NcT. (65.7) 

The entropy S' = -dFfdT is 

S = Nc log T-Nc log (m/e). (65.8) 

Formula (65.1) can also, of course, be derived directly from classical 
statistics, using the general formula (31.5) 

F = - T log J' e~**- M dE. (65.9) 

For a solid, the integration over the coordinates in this integral is carried out 
as follows. Each atom is regarded as being situated near a particular lattice 
site, and the integration over its coordinates is taken only over a small 
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neighbourhood of that site. It is clear that all the points in the region of 
integration thus defined will correspond to physically different microstates, 
and no additional factor is needed in the integral. 1. 

We substitute in (65.9) the energy expressed in terms of the coordinates 
and momenta of the normal modes: 

E(p, q) = iY l (p« + (65.10) 

and write dT in the form 


Then the integral becomes a product of 3Nv integrals, all of the form 

J J exp {- (pi + colql)/2T} dp a d q x = 2nT/o } a , 

leading to formula (65.1); because of the rapid convergence of the integral, 
the integration over q a may be extended from — <» to <». 

At sufficiently high temperatures (provided that the solid does not melt or 
decompose) the effects of anharmonic vibrations of the atoms may become 
appreciable. The nature of these effects as regards the thermodynamic quanti¬ 
ties for the body may be investigated as follows; cf. the similar calculations 
for gases in§ 49. Taking into account the terms following the quadratic terms 
in the expansion of the potential energy of the vibrations in powers of q a , 
we have 

E(p, q) = h(p, q) +/s (q) +h(q) + • • •, 

where f%(p , q) denotes the harmonic expression (65.10) (a quadratic form in 
q a and pj, and fz(q\fi(q)> •.. are forms homogeneous in all the coordinates 
q a , of degree three, four, etc. Substituting in the partition function in (65.9) 
q<i = VT,p a = p' VT, we obtain 

Z = j' e~ E (P‘M T dr 

= r* w ’ j' exp «o-vwo- mn- ■ ■ •} ^• 

We see that, when the integrand is expanded in powers of the temperature, 
all odd powers of y/T are multiplied by odd functions of the coordinates, 
which give zero on integration over the coordinates. Hence Z is a series 
Z = Z 0 +rZi +T*Z 2 -I- ... which contains only integral powers of the 

t Whereas it was for a gas, where the integration over the coordinates of each 
particle was taken over the whole volume (cf. the end of § 31). 
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temperature. On substitution in (65.9), the first correction term to the free 
energy will accordingly be of the form 

F a nh = AT\ (65.11) 

i.e. proportional to the square of the temperature. In the specific heat it gives 
a correction proportional to the temperature itself. It should be emphasised 
that the expansion under discussion here is essentially one in powers of the 
ratio T/e 0 , which is always small, and not, of course, in powers of the ratio 
Tjhco , which in the present case is large. 

PROBLEMS 

Problem 1. Determine the maximum work which can be obtained from two 
identical solid bodies at temperatures T x and T 2 when their temperatures are made 
equal. 

Solution. The solution is similar to that in § 43, Problem 12, and gives 
\R\u»*= WVTi-VT 2 ) 2 . 

Problem Z Determine the maximum work which can be obtained from a solid 
when it is cooled from a temperature T to the temperature T 0 of the medium (at 
constant volume). 

Solution. From formula (20.3) we have 

! R I max = Nc(T-T 0 )+NcT 0 log (T 0 IT). 

§ 66. Debye’s interpolation formula 

Thus in both the limiting cases of low and high temperatures it is possible 
to make a sufficiently complete calculation of the thermodynamic quantities 
for a solid. In the intermediate temperature range, such a calculation in a 
general form is impossible, since the sum over frequencies in (64.1) depends 
considerably on the actual frequency distribution over the whole spectrum 
of vibrations of the body concerned. 

It is therefore of interest to construct a single interpolation formula giving 
the correct values of the thermodynamic quantities in the two limiting cases. 
More than one such formula can be found, of course, but we should expect 
that a reasonable interpolation formula will give at least a qualitatively cor¬ 
rect description of the behaviour of the body throughout the intermediate 
range. 

The form of the thermodynamic quantities for a solid at low temperatures 
is given by the distribution (64.4) of the frequencies in the vibration spectrum. 

t This correction is usually negative (corresponding to positive A in (65.11)). 
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Debye 1 s Interpolation Formula 

At high temperatures it is important that all the 3Nv vibrations are excited. 
To construct the required interpolation formula, therefore, it is reasonable to 
start from a model in which the law (64.4) (which in reality is valid only at 
low frequencies) governs the frequency distribution over the whole vibration 
spectrum, the spectrum beginning at co = 0 and terminating at some finite 
frequency co m determined by the condition that the total number of vibra¬ 
tions is equal to the correct value 3Nv: 


3V 

2n 2 & 


1 


co 2 dco — 


V< 

2 tzHP 


= 3Nv, 


whence 

co m = ii{6n 2 NvlV) m . (66.1) 

Thus the frequency distribution in this model is given by the formula 

9 Nvco 2 dco/co®, (a) co m ) (66.2) 

for the number of vibrations with frequencies in the interval dco (here u has 
been expressed in terms of co OT ). 

Changing from the sum in (64.1) to an integral, we now have 

F=Ne Q +T-?^- f co 2 log (1 -*.-*«/T) fa 
o 

The Debye temperature or characteristic temperature & of the body is defined 
by 

0 = hco m (66.3) 


(and is, of course, dependent on the density of the body). Then 

9IT 

F = Ne o + 9NvT(T/0f j z 2 log (1 - e~*) dz. (66.4) 

o 

Integrating by parts and using the Debye function 


!>(*) = Jr 


f 


z 3 dz 
e*-\ 


(66.5) 


we can rewrite this formula as 


F = Ne 0 +NvT[3 log (1 -e-^-Di&jT)}. 


( 66 . 6 ) 
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Hence the energy E — F—TdF/dT is 

E = Ne 0 +3NvTD(0/T) (66.7) 

and the specific heat is 

C = 3Nv{D(0/T)—(0/T) D'(0fT)}. (66.8) 

Figure 8 shows a graph of C/3Nv as a function of T/0. 



Fig. 8 

Formulae (66.6)—(66.8) are the required interpolation formulae for the 
thermodynamic quantities for a solid (P. Debye, 1912). 

It is easy to see that in both limiting cases these formulae in fact give the 
correct results. For T<z0 (low temperatures) the argument 0/T of the 
Debye function is large. In a first approximation we can replace x by °° in 
the upper limit of the integral in the definition (66.5) of Z)(x); the resulting 
definite integral is je 4 /15, and so f 

D(X) 9£ tz*15x* {x » 1). 

Substituting this in (66.8), we obtain 

C = (12 Nvt^/ 5) (T/0f, (66.9) 

which is the same as (64.9). At high temperatures (T » 0) the argument of 
the Debye function is small; for x <sc 1 we have D(x) ss 1 to a first approx- 

X oo oo 

^ Replacing J by J — J , expanding (e z — l ) -1 in the second integrand in pow- 

0 0 x 

ers of e~ z , and integrating term by term, we find that, for x » 1, 

D(x)= ~-3e-‘{l+OWx)}. 


The value given in the text is therefore correct to within exponentially small terms. 
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imation, 1- and (66.8) gives C = 3 Nv y again in full agreement with the previous 
result (65.5).t 

It is useful to point out that the actual form of the function D(x) is such 
that the criterion of applicability of the limiting expressions for the specific 
heat is the relative magnitude of T and ±0 : the specific heat may be regarded 
as constant for T » ^0 and proportional to T 3 for T <sc -|@. 8 

According to Debye’s formula, the specific heat is some universal function 
of the ratio 0/T. In other words, according to this formula, the specific 
heats of bodies must be the same if the bodies are in corresponding states , 
i.e. have the same value of 0/T. 

Debye’s formula gives a good description of the variation of specific heat 
with temperature (as far as can be expected from an interpolation formula) 
only for certain substances with simple crystal lattices: most of the elements, 
and some simple compounds such as the halides. It is inapplicable in prac¬ 
tice to substances of more complex structure; this is quite reasonable, since 
in such substances the vibration spectrum is extremely complicated. 


§ 67. Thermal expansion of solids 

The term proportional to T l in the free energy at low temperatures (64.6) 
can be regarded as a small correction to F 0 = Ne 0 (V/N). The small correction 
to the free energy (for given V and T) is equal to the small correction to the 
thermodynamic potential# (for given P and T; see (15.12)). We can therefore 
write immediately 


0 = 0 o (P)-:z*r*Vo(P)/3O(hu ) 3 . (67.1) 

Here #0(70 is the temperature-independent part of the thermodynamic poten¬ 
tial, Vo(P) the volume expressed as a function of pressure by means of the 
relations P = —dF 0 /dV = —N de 0 /dV, and u = u(P) is the mean velocity of 
sound, expressed in terms of the pressure by means of the same relations. The 


t For jc«la direct expansion of the integrand in powers of x and integration 
term by term gives 

D(x)= 1—f-x+Jj* 2 - ••• • 

* The specific heat at high temperatures accurate to the next term in the expan- 
sion is 

C = 3Nv{\-±(0/T)*}. 

§ As examples, the values of <9 for a number of substances, derived from their 
specific-heat values, are Pb 90°, Ag 210°, A1 400°, KBr 180°, NaCl 280°. For dia¬ 
mond, 0 is particularly large, ~ 2000°. 
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dependence of the volume of the body on the temperature is given by V = 
9 0/dP: 

< 67 - 2 > 

The thermal expansion coefficient is 

« = a/K)(8K/87> -~^r ± (£). (67.3) 

We see that at low temperatures a is proportional to the cube of the temper¬ 
ature. This result is already obvious from Nemst’s theorem (§ 23 ) together 
with the T 8 law for the specific heat. 

Similarly, at high temperatures we can consider the second and third terms 
in (65.6) as small corrections to the first term (we must always have T f 0 
if the body is solid), and obtain 

0 = 0 o (P)-NcT log T+NcT log /Sco(P), (67.4) 

whence 

V = V 0 (P) + ( NcT/a> ) dw/dP. (67.5) 

The thermal expansion coefficient is 

a = t NcfVooi ) daj/dP, (67.6) 

and is independent of the temperature. 

When the pressure increases, the atoms in a solid come closer together, 
and the amplitude of their vibrations (for a given energy) decreases, i.e. the 
frequency increases. Thus daj/dP > 0, so that a > 0, and solids expand 
when the temperature rises. Similar considerations show that the coefficient 
a given by formula (67.3) is also positive. 

Finally, we can make use of the law of corresponding states given at the 
end of § 66. The statement that the specific heat is a function only of the ratio 
Tie is equivalent to saying that the thermodynamic potential, for example, is 
of the form 

0 = 0 O (P) +@/(7y<9). (67.7) 

The volume is 

V = V o (P) + (dO/dP) [f— (770)/'], 
and the thermal expansion coefficient is 

a =-(T/F o 0 2 )(d0/dP)/ // . 

Similarly, we find the heat function W = 0—Td0/dT and the specific heat 
C = dW/dT: 


C = -(Tie)f'. 
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Taking the ratio of the two expressions for « and C, we obtain 
a 1 d 0 

~C “ 0V o (P) dP * 


(67.8) 


Thus, within the limits of validity of the law of corresponding states, the 
ratio of the thermal expansion coefficient to the specific heat of a solid is 
independent of temperature (Gruneiserts law). 

It has already been mentioned that in solids the difference between the 
specific heats C p and C v is very slight. At low temperatures this is a general 
consequence of Nernst’s theorem, which applies to all bodies. At high 
temperatures we have, using the thermodynamic relation (16.9), 


C p —C v — —T 


a % 2 

dVo/dP * 


where a = a(P) is the thermal expansion coefficient (67.6). We see that the 
difference C p —C v is proportional to T\ essentially this means that its expan¬ 
sion in powers of 77e 0 begins with a first-order term, whereas that of the 
specific heat itself begins with a zero-order (constant) term. Hence it follows 
that in solids C p —C v «Cat high temperatures also. 


§ 68. Highly anisotropic crystals 

It has been noted at the end of § 66 that Debye’s formula is inapplicable in 
practice to crystals of complex structure. These include, in particular, highly 
anisotropic crystal structures of the “layer” and “chain” types. The former 
may be dfescribed as consisting of parallel layers of atoms, the interaction 
energy of the atoms within each layer being large in comparison with the 
coupling energy of adjacent layers. Similarly, the chain structures consist 
of parallel chains of atoms that are relatively weakly coupled together. The 
acoustic vibration spectrum of such crystals has not one but several Debye 
temperatures with different orders of magnitude. The T 3 law for the specific 
heat then applies only at temperatures that are low compared with the lowest 
Debye temperature; in the intermediate regions, different limiting laws 
occur (I. M. Lifshitz, 1952). 

Let us first consider layer structures. Such a lattice is most rigid with re¬ 
gard to vibrations of atoms in the plane of the layers, which we take as the 
xy-plane; the rigidities for vibrations of one layer as a whole relative to the 
others are relatively very small. These properties bring about a dependence 
of the frequency on the wave vector (the dispersion relation) in three branches 
of the acoustic wave spectrum, as shown by the following formulae (which 
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are written here for the case of a crystal with hexagonal symmetry): 

col = Ufx 2 + u\k 2 „ o)l = Ubi 2 + t^k 2 , 

( 68 . 1 ) 

0)1 = u& 2 + uikl {x 2 = k 2 + k% 

with Uu Uz^uzy « 4 - Here the velocities of propagation U\, U% refer to 
vibrations of atoms in the plane of the layers, w 3 (in the branches a>i and co 2 ) 
to shear vibrations of layers with respect to one another, and w 4 to vibrations 
of the relative distance between the layers.* * * § 

The expressions (68.1) are, however, insufficient for studying the thermal 
properties of the crystal. They are in fact only the first terms in the expansion 
of the functions co 2 (k) in powers of the wave vector. In view of the “anoma¬ 
lous” smallness of some of the coefficients in the quadratic terms in such 
expansions, terms of the next (fourth) order begin to be important.* To 
ascertain their form, we note that, when the coupling between layers is 
entirely neglected, the dispersion relations of the waves become 

o)\=Ulx\ o)\=Ulx *, co§ = fx*. (68.2) 

The frequencies o )i and correspond to longitudinal vibrations in the plane 
of the layers, and co 3 to transverse vibrations, which in this case are bending 
waves of the layers, regarded as free elastic thin plates (cf. Elasticity , § 25). 
Hence, neglecting the small fourth-order terms that depend on the coupling 
between the layers, we can finally write the wave dispersion relation as 

" 1,2 = Ul,2 x2 + U l k % "i = wi* 2 4-w^* + A 4 - (68.3) 

We shall assume that U\ ~ U 2 , uz ~ k 4 , and use the notation rj ~ ujU for 
the small ratio which represents the coupling energy between the layers 
relative to that between the atoms in one layer. We shall also use the Debye 
temperature, or more precisely the highest of the Debye temperatures, 

* The assumption of hexagonal symmetry of the crystal has no fundamental 
significance, and is made only in order to give formulae (68.1) a more definite 
form. The velocities U lt ..., w 4 are expressed in terms of the elastic moduli A /Wlw 
of such a crystal by 

^1 = ^xyxylQ> — ^-xxxxIQ’ u Z ~ ^xzxz/Q* u t = ^zzzzIQ* 

where q is the density; these can be derived from the expressions in Elasticity , 

§ 23, Problem, by expanding in powers of the moduli A rrrr and X „„ , which for a 
layer crystal are small in comparison with 2 YTrT and hxyw The type of vibration 
mentioned in the text is evident from the sense of the various components 

* The equation giving the dispersion relation of waves is an algebraic equation 
for co 2 (see § 69). It is therefore the function eo 2 (k) that has a regular expansion in 
powers of k x , k y , k z . Since this function is even (see § 69), the expansion contains 
only even powers. 
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& = h(o m> where co m ~ C//a is the limiting frequency of the “hard” vibrations 
(a being the lattice constant); the limiting frequency of the “soft” vibrations 
is small in comparison with co m , in the ratio rj. Lastly, it is reasonable to 
suppose that the limiting frequency of the bending waves is of the same order 
as or less than co m ; let it be ~ co m S Under these conditions, let us find the 
nature of the temperature dependence of the specific heat of the crystal 
when T &.t 

With inclusion of the contribution from acoustic vibrations, the free 
energy of the body is given by 

F=Ne„ + T t (* log (1 - e-*-") Vdk ^ dk ‘ , (68.4) 

where the summation is taken over the three branches of the spectrum, and 
the integration over the whole range of variation of the wave vector. 5 

If T » r)&, we can neglect the coupling between layers, and therefore use 
the spectrum (68.2). The main contribution to the free energy comes from 
the “bending” branch co 3 . Because of the rapid convergence when T<n@, 
the integration over k x and k y can be extended from — °° to Replacing 
it by integration over 2nx dx, we find by an obvious substitution 

j* log (1 —e-*^ tlT )2nx dx = j* log (1 -e~ x ) civ. 

The integration over k z , with range \k z \ k zmtlx ~ 1/a, gives a tempera¬ 
ture-independent factor ~ 1/a. The result is that the temperature-dependent 
part of the free energy is proportional to T 2 and correspondingly, for the 
specific heat, 

Cocf for rj& <sc T « 0. (68.5) 

If T <$; rj9y we must use the full expressions (68.3) for co a (k) in the integrals 
(68.4), and the integration over each component of k can be extended from 
— oo to oo. The resulting temperature dependence of the free energy is fairly 
complicated, but two further limiting cases may be distinguished. If T » rf0, 
the main contribution again comes from the branch co 3 , and the term in x 2 
may be omitted, leaving 

<4 = 


t That is, we take y ~ 0 } m c? ~ Ua. It must be emphasised that the coefficient y, 
which is related to the “transverse rigidity” of the layers, is not expressible in terms 
of the elastic moduli X {k{m alone. 

t High temperatures T » 0 form the classical range, in which the specific heat 
C is constant. 

5 That is, over one reciprocal lattice cell; see (71.7). 
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This follows since the most important range in the integral over x dx is that 
where hyx* ~ T, for which hux ~ fm(Tlhy) m ~ T(rf©/T) 112 T. We then 
have 

log |^1-exp |-|\/(^+A 4 ) 

— constant x 7*/my, 


] 


2 7ix dx dkg , 



and so for the specific heat 

C oc T 2 for rf© <*zT rj&. (68.6) 

Lastly, when T « rf© we can show by the same method that the term in 
x 4 can be omitted from (68.3), and we then return to the acoustic spectrum 
(68.1) with co linearly dependent on k and the specific heat given by Debye’s 
law 

C ccT z for T<szr?&. (68.7) 

Crystals with a chain structure can be treated similarly; we shall take the 
direction of the chains as the z-axis. In this case, the dispersion relations in 
the three branches of the acoustic-wave spectrum are 

<2 = «!, 2 « 2 +wlkf+y 2 k 4 , coj = (68.8) 

where now «i, « 2 , u z « If the interaction between the chains is neg¬ 
lected, the relations (68.8) become 

<2 = 7 2 k\, coj = U\k \; 

the branch co z corresponds to longitudinal vibrations of the atoms in the 
chains, and the branches co ± and co% to bending waves in the chains, regarded 
as elastic strings. If we assume u\ ~ u z ~ u z and again use the small para¬ 
meter rj ~ ujU and the Debye temperature © ~ hU/a , we can derive the 
following limiting forms for the temperature dependence of the specific 
heat: 

C oc T 1 ' 2 for 1 

CocT^ for rf© ^T^rj©, 1 (68.9) 

CocT 3 for T<scrf©. j 


* Here we again take the particular case of hexagonal symmetry, in this in¬ 
stance about the direction of the chains The velocities u lt ..., t/ 4 are expressed in 
terms of the elastic moduli by the same formulae as in the first footnote to this 
section, but X xxxx , X xyxy and X xzxz are now small in comparison with X 2ZZZ . 




§69 


Crystal Lattice Vibrations 


207 


§ 69. Crystal lattice vibrations 

In the preceding sections, we have considered the thermal motion of atoms 
in a solid as a set of normal modes of small vibrations of the crystal lattice. 
Let us now consider more closely the mechanical properties of these vibra¬ 
tions. 

Each unit cell of the crystal generally contains several atoms. It is therefore 
necessary to specify each atom by stating which unit cell contains it and 
giving the number of the atom in that cell. The position of the unit cell can be 
defined by the radius vector r„ of any particular vertex of it; this takes values 
given by 

r„ = niai+n 2 a2+«sa3, (69.1) 

where m, / 12 , are integers and ai, a 2 , a 3 the basis lattice vectors corre¬ 
sponding to the edge lengths of the unit cell. 

We shall denote the displac em ents of the atoms in their vibrations by u„ 

where the suffix s is tfie number of the atom in the cell (s = 1, 2. v, 

with v the total number of atoms per cell). The Lagrangian of a crystal lattice 
as a mechanical system of particles executing small vibrations about their 
equilibrium positions (lattice sites) is 

L = i E Z 4*(n-n0 «„(n) u s , k {n'). (69.2) 

n, i n, n' 


where the “vector” n = (n lt « 3 ), m s are the masses of the atoms, and /, k 
are vector suffixes taking the values x, y, z; summation over repeated suffixes 
is, as usual, implied. The coefficients A depend only on the differences n—n', 
since the i nteraction_I bxces_b.etwe.en atoms can depend only on the. relative 
^p osition of the la ttice cells, not on their absolute position in space. These 
coefficients are symmetrical: 


4T00 = A'f(-n), (69.3) 

as is evident from the form of the function (69.2). 

The equations of motion 

mfia = ~ E ^'(n-nO w,,*(n') (69.4) 

n', / 

follow from the Lagrangian (69.2). Note that the coefficients A satisfy certain 
relations which express the fact that a parallel displacement or a rotation of 
the lattice as a whole gives rise to no forces on the atoms. For a parallel 
displacement, all the u,(n) are constant, and therefore 

S = 0. (69.5) 


is 
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We shall not pause to write out the relations that follow from the invariance 
under rotations. 

We shall seek solutions of the equations (69.4) in the form of a monochro¬ 
matic plane wave 

u,(n) = e 4 (k) exp [*(k«r„—co/)]. (69.6) 

The (complex) amplitude e 4 depends only on the suffix 5, i.e. differs only for 
different atoms in the same cell, but not for equivalent atoms in different 
cells. The vectors e, determine both the vibration amplitude and the direc¬ 
tion of polarisation of the vibrations. 

Substitution of (69.6) in (69.4) gives 

o) 2 m s e si exp (*k.r n ) = Y ^'(n-n>V* exp (/k.r n ,). 
n TVs' 

On dividing each side by exp (ik«r n ) and replacing the summation over n' by 
one over n'—n, we find 


£ = 0, (69.7) 

where 

4»(k) = £ Afk (n) exp ( - /k*r n ). (69.8) 

n 

The set of linear homogeneous algebraic equations (69.7) for the amplitudes 
has non-zero solutions if the consistency equation 


det = 0 (69.9) 

is satisfied. Since the suffixes i and k take 3 values each, and s and s' v values 
each, the order of the determinant is 3v, so that (69.9) is an algebraic equa¬ 
tion of degree 3v in co 2 . 

Each of the 3v solutions of this equation determines the frequency co as a 
function of the wave vector k; this is called the dispersion relation of the 
waves, and equation (69.9), which determines it, is called the dispersion equa¬ 
tion. Thus for any given value of the wave vector the frequency can in gen¬ 
eral take 3v different values. We can say that the frequency is a many-valued 
function of the wave vector, with 3v branches: co = co a (k), where the suffix a 
labels the branches of the function. 

From the definition (69.8) and the equations (69.3), it follows that 

4T(k) = ^f(-k) 

= W(k)]*. (69.10) 

Thus the quantities A'((k) form an Hermitian matrix, and the solution of 
equations (69.7) is mathematically one of determining the eigenvalues and 
corresponding “eigenvectors” of such a matrix. According to the known 
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properties of Hermitian matrices, the eigenvectors corresponding to differ¬ 
ent eigenvalues are orthogonal. In the present case, this means that 

]T m 4 ui a) *u^ a ' ) * = 0 for a ^ a', (69.11) 

where the superscript (a) to the displacement vector indicates the branch of 
the vibration spectrum to which it belongs. 1 The equations (69.11) express 
the orthogonality of the polarisations in different branches of the spectrum. 

Owing to the symmetry of the mechanical equations of motion under 
time reversal, if the propagation of a wave (69.6) is possible, then so is that 
of a similar wave in the opposite direction. This change of direction is equiv¬ 
alent to a change in the sign of k. The function co(k) must therefore be even: 

ft>(—k) = co( k). (69.12) 

The wave vector of the lattice vibrations has the following important 
property. The vector k appears in the expression (69.6) only through the 
exponential factor exp (/k«r n ). But this factor is unchanged when k is replaced 
according to 

k -► k-f-b, b = pibi + p 2 b 2 4-Psbs, (69.13) 

where b is any vector of the reciprocal lattice, bi, b 2 , b 3 are the basic vectors 
of that lattice, and p l9 p 2i pz are integers.! This means that the wave vector 
of the lattice vibrations is physically indeterminate: values of k differing by 
b are physically equivalent. The function co(k) is periodic in the reciprocal 
lattice: 

oo(k-f-b) = ft>(k), 

and in each branch it is therefore sufficient to consider values of the vector k 
that lie in a certain finite range, a single cell of the reciprocal lattice. If the 
coordinate axes (in the general case, oblique) are along the three basic vectors 
of the reciprocal lattice, we can take, for example, just the range 

~\bi< kr*ib t . (69.14) 

When k takes values in this range, the frequency co(k) in each branch of 
the spectrum takes values that occupy a band or zone of finite width. Differ¬ 
ent zones may, of course, partly overlap. 

In geometrical terms, the functional relation co = co(k) is represented by a 
four-dimensional hypersurface, different sheets of which correspond to 
the different branches of the function. These sheets may be not completely 

t The occurrence of the “weighting” factor m s in the relations (69.11) is due to 
the fact that the are eigenvalues not of the matrix Af£(k) itself, but of 
anc * the corresponding eigenvectors are . 

! The concepts used here are considered in detail in § 133. 


15* 
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separate, i.e. they may intersect. The possible types of such intersections 
depend considerably on the specific symmetry of the crystal lattice. The 
study of this topic involves the application of group theory (see § 136). 

Among the 3v branches of the vibration spectrum, there must be some 
which for wavelengths large compared with the lattice constant correspond 
to ordinary elastic (i.e. sound) waves in the crystal. It is known (see Elasticity , 
§ 23) that waves of three types with different dispersion relations can be 
propagated in a crystal regarded as a continuous medium, and for all three 
types co is a homogeneous function of the first order in the components of the 
vector k, and vanishes when k = 0. Thus the 3v branches of the function 
co(k) must include three for which the dispersion relation when k is small 
has the form 

cd = kf(k/k). (69.15) 

These three types are called acoustic waves ; they are characterised by the 
fact that (when k is small) the lattice vibrates as a whole, as a continuous 
medium. In the limit as k — 0, these vibrations become a simple parallel 
displacement of the entire lattice. 

In complex lattices containing more than one atom per cell, there are a 
further 3(v—1) types of wave. In these branches of the spectrum, the fre¬ 
quency does not vanish when k = 0, but tends to a constant limit as k -*■ 0. 
These vibrations- of the lattice are called optical vibrations. In this case the 
atoms in each unit cell are in relative motion, and in the limit k = 0 the 
centre of mass of the cell remains fixed.* 

The 3v—3 limiting frequencies (at k = 0) of the optical vibrations need 
not be all different. When the crystal has certain symmetry properties, the 
limiting frequencies of some of the optical branches of the spectrum 
may coincide or be degenerate (see § 136). 

The function co(k) with a non-degenerate limiting frequency can be expand¬ 
ed (near k = 0) in powers of the components of the vector k. Since the 
function <o(k) is even, this expansion can contain only even powers of k h 
and its leading terms are therefore 


co = co o + h>ikkik k , (69.16) 

where co 0 is the limiting frequency and the y ik are constants. 

t This last fact can be formally deduced directly from the equations of motion 
(69.7), (69.8). For k = 0, these become 

£ ^'(®)<V* = 


Summing both sides over s, we have zero on the left, by (69.5), and so we must 
also have Em s e s = 0 if the equations are consistent when k = 0. 
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If, however, the limiting frequencies of several branches coincide, the 
functions <w(k) for these branches cannot be expanded in powers of k, 
since the point k = 0 is a singular one (a branch point) for them. We can 
say only that, near k = 0, the difference co—coo will be a homogeneous 
function of the components of k, of either the first or the second order 
(depending on the symmetry of the crystal). 

Concerning the whole of the foregoing discussion, it must be emphasised 
once more that this has related only to the harmonic approximation, in 
which only those terms are taken into account, in the potential energy of the 
vibrating particles, which are quadratic in the displacements of the atoms. 
It is only in this approximation that the various monochromatic waves 
(69.6) do not interact but are freely propagated through the lattice. When the 
subsequent anharmonic terms are taken into account, various processes of 
decay and scattering of these waves by one another appear. The interaction 
may also lead to the formation of “bound states” of waves (phonons; see 
below), as new branches of the spectrum that do not exist in the harmonic 
approximation. 

Moreover, it is assumed that the lattice is perfectly periodic, but it must 
be borne in mind that the perfect periodicity is to some extent perturbed, 
even without allowing for possible impurities and other lattice defects, if the 
crystal contains randomly distributed atoms of different isotopes. This 
perturbation, however, is comparatively small if the relative difference of 
atomic weights of the isotopes is small or if the abundance of one isotope 
greatly exceeds those of the others. In such cases the above description 
remains valid in a first approximation, and in subsequent approximations 
there occur various processes of scattering of waves by inhomogeneities 
in the lattice. 1- 


§ 70. Number density of vibrations 

The number of vibrations corresponding to a range d z k = dk x dk y dk t of the 
values of components of the wave vector is d 3 k/(2n) 3 per unit volume of the 
crystal. The frequency distribution function g(cS) of the vibrations, which 
gives the number g(co ) dco of vibrations whose frequencies lie in a given range 
between co and co +dco, is a characteristic of the vibration spectrum of a 
particular lattice. This number is, of course, different for different branches 


t The presence of lattice defects also brings about certain changes in its vibra¬ 
tion spectrum, with new frequencies that correspond to “local” vibrations near 
the defects. For a study of these effects see I.M. Lifshitz and A.M. Kosevich, 
Reports on Progress in Physics 29, 217, 1966. 
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of the spectrum, but to simplify the notation we shall omit in this section the 
appropriate suffix a to the functions co(k) and g(co). 

The number g(co) dco is the volume (divided by 87 ^) in k-space that lies 
between two infinitesimally close surfaces of constant frequency eo(k) = 
constant. At each point in k-space, the gradient of the function co(k) is along 
the normal to the constant-frequency surface through the point. It is there¬ 
fore clear from the expression dco = dk»v k <w(k) that the distance between two 
such infinitesimally close surfaces (measured along the segment of the nor¬ 
mal between them) is dco/|v k «|. Multiplying this by the area d/ k of the 
constant-frequency surface element and integrating over the whole surface 
within one cell of the reciprocal lattice, we find the required part of the vol¬ 
ume of k-space, and division by (2ji) 3 gives the frequency distribution density: 

s(a>)= (2 *fJ !v k i(k)l ' (70 -° 

In each zone (range of values traversed by some branch co(k) in one cell 
of the reciprocal lattice of k) the function co(k) must have at least one mini¬ 
mum and one maximum. Hence it follows that this function must also have 
saddle-points. 1- The existence of these various stationary points leads to 
certain properties of the frequency distribution function g(co) (L. Van Hove, 
1953). 

Near an extremum at some k = k 0 , the difference co(k)— co 0 , where co 0 = 
co(k 0 ), has the form 

(o-o)o = \Vik{k,-kofi{k k -ko k ). 

Taking the axes in k-space along the principal axes of this quadratic form, 
we can write it as 

(o-o)o= \[yi(k x - k 0x ) 2 4- y*{k y - koyf 4- y 3 (k* - k 0i )% (70.2) 

where y x , y 2 , y s are the principal values of the symmetrical tensor y ik . 

Let us first consider a minimum or maximum of co(k). Then y lt y^ ys have 
the same sign. Using instead of k x , k y , k z the new variables x x , x y , x z accord¬ 
ing to x x = Vlyil (k x —k 0x ), etc., we have 

(o (o Q = ± \{x 2 4 .xj + x 2 ) = ±\x 2 . (70.3) 

In this case the constant-frequency surfaces in *-space are spheres. Changing 
to integration in K-space in (70.1), we have 

* (t0) = n^)T- y = I’w*!- vw 

T It can be shown (but we shall not pause to do so) that there must exist at 
least six saddle-points, three of each of two types, corresponding to the two signs 
in (70.8). 
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The surface element of the sphere is df H = x 2 do*, where do* is the element 
of solid angle. The gradient of the function (70.3) is v K o>(*) = The 
integral in (70.4) is therefore equal to 4nx; expressing x in terms of to — to© by 
(70.3), we have finally 

= (7a5) 

Thus the vibration number density has a square-root singularity; the deriv¬ 
ative dg/dco becomes infinite as co co 0 . 

It must be borne in mind, however, that in the general case (if co = co 0 
lies within and not on the edge of the frequency band) the constant-frequency 
surfaces for values of co close to coo may include other sheets in other parts of 
the k-space cell, as well as the ellipsoids round k = k<>. In the general case, 
therefore, the expression (70.5) gives only the “singular” part of the vibration 
number density, and it would be more correct to write 

g(m) = £(<»„) + ( 7a6 ) 


on one side of co = co<> (co < coo for a maximum, or co >• co<> for a minimum), 
and g{oS) — g(co 0 ) on the other side. 

Note also that formula (70.5) does not, of course, relate to the neighbour¬ 
hood of the lower edge (co = 0) of the acoustic vibration zone, where the 
dispersion relation has the form (69.15). It is easily seen that in this case 

g(co) = constant X co 2 . (70.7) 

Let us now consider the neighbourhood of a saddle-point. In this case 
two of the quantities y\, yz, y$ in (70.2) are positive and one negative, or 
vice versa. Instead of (70.3) we now have 

co -co 0 = ± \(x 2 + x 2 - x*). (70.8) 

Let us take the specific case of the upper sign. Then the constant-frequency 
surfaces for co < coo are hyperboloids of two sheets, and those for co > coo are 
hyperboloids of one sheet; the limiting surface co = co 0 is a double cone 
(Fig. 9, p. 214). 

The integration in (70.4) is now conveniently performed in cylindrical 
polar coordinates in x-space; x ± , x z , 0, where x ± = V&l +*£) and 0 is the 
polar angle in the K^-plane. The magnitude of the gradient is | I = «• 
For co < co 0 the integral is taken over the two sheets of the hyperboloid: 




2nx,x 


dx , 


£(«>) = 


1 


2nx , dx , 


(2 nfVy J VM.+2 (coo-co)) 
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the upper limit K (whose value does not affect the form of the resulting 
singularity) may be taken as any value of x large compared with ^(coo—oi), 
but also so small that the expression (70.8) still gives the form of the constant- 
frequency surface. The result is 

* ( “ )= 


For co >- (D 0t we similarly find 


K 

2 r 2 nx ± dx ± _ K 

~ (2 7c)Vr J - 2 TcVr ’ 


where x 2 min = 2(co-co 0 ). Thus the vibration number density near the saddle- 
point is 


g(co) = 


f —'\/\(Oo—(o\In 2 \/(2y) 

1 £(*><>) 


for co < (Do, 
for co >■ (Do . 


(70.9) 


Here again g(co) has a square-root singularity. 

For a saddle-point with the lower sign in (70.8), the result is similar with 
the regions co -e co 0 and co co 0 interchanged (square-root singularity for 
co >■ COo). 
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§ 71. Phonons 

Let us now consider the quantum treatment of lattice vibrations. 

Instead of the waves (69.6), in which the atoms have definite displacements 
at any instant, quantum theory uses the concept of phonons , which are 
“quasi-particles” propagated through the lattice, with definite energies and 
directions of motion. Since the energy of an oscillator in quantum mechanics 
is an integral multiple of hco (where co is the frequency of the classical wave), 
the phonon energy s is related to the frequency to by 

e = fm, (71.1) 

in the same way as for light quanta or photons. The wave vector k determines 
the quasi-momentum p of the phonon: 

p = ftk. (71.2) 

This is a quantity in many ways analogous to the ordinary momentum, but 
there is an important difference between them due to the fact that the quasi¬ 
momentum is defined only to within an arbitrary additive constant vector of 
the form ftb; values of p differing by such a quantity are physically equiva¬ 
lent. 

The velocity of a phonon is given by the group velocity of the correspond¬ 
ing classical waves, v = dcofdk. This formula may also be written 

v = 3s(p)/0p, (71.3) 

which is exactly analogous to the usual relation between the energy, momen¬ 
tum and velocity of particles. 

The whole of the discussion in §§ 69 and 70 of the properties of the classical 
vibration spectrum of a crystal lattice is entirely applicable (with the appro¬ 
priate change of terminology) to the phonon energy spectrum, i.e. the de¬ 
pendence of the phonon energy on the quasi-momentum. In particular, the 
phonon energy spectrum e(p) has 3v branches, including three acoustic 
branches. The vibration number density considered in § 70 here becomes 
the phonon quantum state number density. 

In the quantum picture, free movement of non-interacting phonons takes 
the place of free wave propagation in the harmonic approximation. In sub¬ 
sequent approximations, various elastic and inelastic phonon collision pro¬ 
cesses occur. These collisions provide the mechanism for the establishment 
of thermal equilibrium in the phonon gas, i.e. of an equilibrium thermal 
motion in the lattice. 

The laws of conservation of energy and quasi-momentum must be satisfied 
in all such processes. The latter law, however, demands the conservation of 
the total quasi-momentum of the phonons only to within any additive vector 
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of the form lib, because of the non-uniqueness of the quasi-momentum itself. 
Thus the initial and final quasi-momenta p and p' in any phonon collision 
process must be related by* 

i7p = 27p' -f hb. (71.4) 

Any number of identical phonons may be created simultaneously in the 
lattice. That is, any number of phonons may be in each of the phonon quan¬ 
tum states (in the classical picture, this corresponds to arbitrary wave inten¬ 
sity). This means that the phonon gas obeys Bose statistics. Since, further¬ 
more, the total number of particles in this gas is not given and is itself 
determined by the equilibrium conditions, its chemical potential is zero 
(see § 63). The mean number of phonons in a given quantum state (with 
quasi-momentum p and energy e) is therefore determined in thermal equi¬ 
librium by Planck’s distribution function: 

rip = l/^vr-l). (71.5) 

It may be noted that at high temperatures (T :» e) this expression becomes 

Tf P = T/e(p), (71.6) 

i.e. the number of phonons in a given state is proportional to the tempera¬ 
ture. 

The concept of phonons is a particular case of a more general one that is 
fundamental in the theory of quantum energy spectra of all macroscopic 
bodies. Any low excited state of a macroscopic body may be regarded in 
quantum mechanics as an assembly of separate elementary excitations , which 
behave as quasi-particles moving in the volume occupied by the body. So 
long as the number of elementary excitations is sufficiently small, they do not 
“interact” with one another (i.e. their energies are additive), and so the 
assembly of them may be regarded as an ideal gas of quasi-particles. It 
should again be emphasised that the concept of elementary excitations arises 
as a means of quantum description of the collective motion of the atoms in 
the body, and they cannot in any way be identified with the individual atoms 
or molecules. 

For phonons, their interaction corresponds (in the classical picture) to 
anharmonic vibrations of the atoms in the lattice. But, as already mentioned 
in § 64, these vibrations in solids are in practice always small, and are there¬ 
fore “almost harmonic”. The interaction of phonons in solids is therefore 
always weak in practice. 

* Processes in which the total quasi-momentum does not remain constant but 
changes by Hb are called Umklapp processes. 



§ 71 Phonons 217 

In conclusion, we shall give the formulae for the thermodynamic quantities 
of a solid in terms of the phonon spectrum in it. 

The free energy of a solid in thermodynamic equilibrium is given by (64.1). 
Changing from summation to integration over a continuum of phonon states, 
we have 

F = JVs » + r |J 1 °® ['-“P (-^)] W • C71.7) 

where the summation is over all branches of the spectrum and the integration 
over the values of k in one reciprocal lattice cell. 1. In terms of the number 
density of states g a (co) in each branch of the spectrum, with a change to 
integration over frequencies, we can also write this formula as 

F = Ne o + TV £ J log (1 - e~™ T ) g x (co) d co. (71.8) 

The non-equilibrium macroscopic state of a solid is described by some non¬ 
equilibrium distribution of phonons among their quantum states, as for an 
ideal gas. The entropy of a body in such a state can be calculated by means 
of the formulae derived in § 55 (for a Bose gas). In particular, when there are 
many phonons in each state, the entropy is 

S = ^Gjlog(eNj/Gjl 

where Nj is the number of phonons in a group of G } neighbouring states (see 
(55.8)). This case corresponds to high temperatures (T >> 0). 

We can rewrite this formula in an integral form corresponding to the 
classical picture of thermal vibrations. The number of phonon states (of 
each branch of the spectrum) which correspond to the interval d 3 k of values 
of the wave vector and the space volume element dV is 

J d 3 fc dV 

~ (2 nf • 

Let UJi , k) dt be the energy of thermal vibrations in the same phase-space 
element dr. The corresponding number of phonons is £/ # (r, k) dt/hcoj^k). 
Substituting these expressions for Gj and Nj and changing to integration, 
we have the following formula for the entropy of a solid with a given non¬ 
equilibrium distribution of energy in the spectrum of thermal vibrations: 

■S = Y. J log [*£/.(r, k)/fc».(k)] dr. (71.9) 


t This formula has already been used in § 68 for the free energy contribution 
from the acoustic branches of the spectrum. 
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§ 72. Phonon creation and annihilation operators. 

We shall now show how the ideas defined in § 71 occur in the consistent 
quantisation of the lattice vibrations. The formulae obtained also have 
independent significance, since they form the basis for the mathematical 
formalism in the analysis of phonon interaction events. 

Any vibrational motion of the crystal lattice can be represented as a super¬ 
position of travelling plane waves. 1 " If the volume of the lattice is taken to be 
large but finite, the wave vector k will take a series of close but discrete values. 
The atomic displacements u/f, n) are then given by the discrete sum 

“) = 7iv .1, ? ( 72 . i) 

where N is the number of unit cells in the lattice. The summation is taken over 
all (non-equivalent) values of k and over all branches of the vibration spec¬ 
trum; the remaining notation is as follows. 

The vectors ej° in (72.1) are the vibration polarisation vectors, i.e. the 
amplitudes which not only satisfy equations (69.7), but are now assumed 
normalised in a particular way. The normalisation condition is written 
(together with the orthogonality relations (69.11)) as 

t % ef , (k)-e<“' ) -(k) = , (72.2) 

j-i m 

where m = Um s is the total mass of the atoms in one cell. The conditions 
(72.2) still leave arbitrary the common phase factor (independent of s) 
in the vectors e£ a) . This arbitrariness enables us to impose on the vectors the 
further conditions 

e<“>(-k) = e«*(k); (72.3) 

the possibility of such a choice is evident, since by (69.10) the vectors on each 
side of equation (72.3) satisfy the same equations. 

The coefficients a kt , in (72.1) are functions of time, satisfying the equations 

4«+<^(k)a ka = 0, (72.4) 

which are obtained by substituting (72.1) in equations (69.4). We put 

a ka oc exp [—/o>«(k)/]; (72.5) 

then each term in the sum depends only on the difference kT„— coj, i.e. is a 
wave travelling in the direction of k. 

+ Exactly as for a free electromagnetic field (cf. Fields ,§ 52). 
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The vibrational energy of the lattice is expressed in terms of the displace¬ 
ments and velocities of the atoms by 

E = i £ m s x%(n )+ i £ Af k (n -n') u s ,(n)u s , k (n'). (72.6) 

n, s n, n' 

Here we substitute the expansion (72.1). All terms in the resulting sums that 
contain factors exp[±i(k±k')*r n ] with k±k' ^ 0 vanish on summation 
over n, since 

£ = N for q = 0, 

= 0 for q ^ 0, 

where q takes all non-equivalent values (see§ 133). Using also the conditions 
(72.2) and (72.3), we can transform the kinetic energy into 
^ nwl{a k A + i(n k «tf-k« + aLa*-k*)Y 

The potential energy in (72.6) can be rewritten by means of .the equations of 
motion (69.4), as 


and then transformed similarly; it then takes a form that differs from the 
kinetic energy only in the sign of the second term in the braces. Addition of 
the two parts of the energy gives 

E= ^ 2ma>l(k) | a kx | 2 . (72.7) 

Thus the total energy of the lattice vibrations is expressed as the sum of the 
energies associated with each wave separately. 

Let us now carry out a transformation of the equations of motion of the 
lattice into the canonical equations of mechanics. To do so, we use real 
“canonical variables” Qk at and Aa defined by 

Qkx = V m ( a k* + *k«), 

(72. o) 

P k « = — K»ot(k) m(a k<x —«£«) = 2k«. 

Expressing a k(t and in terms of these and substituting in (72.7), we obtain 
the Hamiltonian of the lattice: 

H = i £ [PL+<ol(k)QL]. (72.9) 

The Hamilton’s equations dH/dP ka = (J kat are the same as P ka = (J ka , and 
from dH/dQ km — —P ka we obtain 

5k«+^*(k)0k« = 0* 
which are the equations of motion of the lattice. 
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Thus the Hamiltonian is represented as a sum of independent terms, each 
in the form of the Hamiltonian of a one-dimensional harmonic oscillator. 
This way of describing a classical vibrational motion makes evident the 
means of the transition to the quantum theory. 1. We must now consider the 
canonical variables (the generalised coordinates Q ka and generalised mo¬ 
menta P kat ) as operators with the commutation rule 

= -«• (72.10) 

The Hamiltonian (72.9) is replaced by a similar operator, whose eigenvalues 
are known from quantum mechanics: 

E = ^feo.(k)(« k . + |), m,. = 0, 1, 2... . (72.11) 


This formula enables us to define the concept of phonons as in § 71: the 
excited state of the lattice may be regarded as a set of elementary excitations 
(quasi-particles), each with an energy faojtk) that is a definite function of the 
parameter (quasi-momentum) k. The quantum numbers n k<x then become the 
occupation numbers of the various quasi-particle states.* 

In accordance with the known properties of the harmonic oscillator in 
quantum mechanics, the quantities a>JM)Q kx ±iP kai have non-zero matrix 
elements only for transitions in which the numbers n ka change by unity 
(see Quantum Mechanics , § 23). If we use the operators 


4+1 = VP«l.(k)] tM * {k)!2k “ “ ‘ PU 


(72.12) 


the non-zero matrix elements are 


(n k * -114«! «k«> = <«k« I &! «k« -1> 

= V"k«. (72.13) 


The commutation rules for these operators are obtained from the definition 
(72.12) and the rule (72.10): 

iv.et.-dA, = 1. (72.14) 


t As in the transition from the classical description of a free electromagnetic 
field to the quantum picture of photons (see RQT, § 2). 

* The “zero-point” energy 27^co a which remains in (72.11) when all the n ka = 0 
is to be included in the ground-state energy of the body. It is finite (because the 
sum contains only a finite number of terms) and its existence does not here lead 
to any difficulties of principle (in contrast to quantum electrodynamics, where the 
sum27#co diverges). 
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It is seen from (72.13) that, when acting on functions of the occupation 
numbers, the operators 4« and are phonon annihilation and creation 
operators. The rule (72.14) corresponds to Bose statistics, as it should. 

Together with the quantities c k(X , the displacement vectors 1, also become 
operators (in second quantisation): 


»Un) 


-/■ 


h „ 1 

2mN & VK(k)] 


(72.15) 


From this, the anharmonic terms in the Hamiltonian (terms of the third 
and higher powers in the displacements) can be expressed in terms of prod¬ 
ucts of various numbers of phonon creation and annihilation operators. 
These terms represent the perturbation that leads to various phonon¬ 
scattering processes, with changes of the phonon occupation numbers. 


§ 73. Negative temperatures 

Let us now consider some peculiar effects related to the properties of para¬ 
magnetic dielectrics. In such substances the atoms have angular momenta, 
and therefore magnetic moments, which are more or less freely oriented. The 
interaction of these moments (magnetic or exchange interaction, depending 
on their distance apart) brings about a new “magnetic” spectrum which is 
superposed on the ordinary dielectric spectrum. 

This new spectrum lies entirely within a finite interval of energy, of the 
order of magnitude of the energy of interaction of the magnetic moments of 
all the atoms of the body, lying at fixed distances apart at the crystal lattice 
sites; the amount of this energy per atom may be from tenths of a degree to 
hundreds of degrees. In this respect the magnetic energy spectrum is com¬ 
pletely different from the ordinary spectra, which, owing to the presence 
of the kinetic energy of the particles, extend to arbitrarily high energy 
values.* 

Because of this property we can consider an interval of temperatures large 
compared with the maximum possible interval of energy values per atom. 
The free energy F mag pertaining to the magnetic part of the spectrum is cal¬ 
culated in exactly the same way as in § 32. 

t It is easily seen from the definitions (72.8) and (72.12) that the quantities c ka 
differ from the a k<x only by a factor. 

* The electronic (including the magnetic) spectra of various categories of sol¬ 
ids will be studied in Part 2. In this section we are considering only the purely 
thermodynamic consequences of the above-mentioned general property of the 
magnetic spectrum. 
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Let E n be the energy levels of the system of interacting moments. Then 
we have for the required partition function 


E, 


?(>-*+*) 


Here, as in § 32, a formal expansion in powers of the quantity EJT, which is 
not in general small, will give (after taking logarithms) an expansion in terms 
of a small quantity ~EJNT i where Wis the number of atoms. The total num¬ 
ber of levels in the spectrum under consideration is finite and equal to the 
number of all possible combinations of orientations of the atomic moments; 
for example, if all the moments are equal, this number is g N , where g is the 
number of possible orientations of an individual moment relative to the 
lattice. Taking the average here as the ordinary arithmetic mean, we can 
write Z mag as 


Finally, taking logarithms and again expanding in series with the same accu¬ 
racy, we obtain for the free energy the expression 


F mag — — T log Zmag 


= -NT\ 0i g + ~E„~~ ((£•„ -Y.Y). 

(73.1) 

Hence the entropy is 


s«.« = N log g-—-Kf), 

(73.2) 

the energy 


E w = E n -L{(E'-E„f), 

(73.3) 

and the specific heat 



(73.4) 


We shall regard the atomic magnetic moments fixed at the lattice sites and 
interacting with one another as a single isolated system, ignoring its interac¬ 
tion with the lattice vibrations, which is usually very weak. Formulae (73.1)— 
(73.4) determine the thermodynamic quantities for this system at high tem¬ 
peratures. 

The proof given in § 10 that the temperature is positive was based on the 
condition for the system to be stable with respect to the occurrence of internal 
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macroscopic motions within it. But the system of moments here considered is 
by its nature incapable of macroscopic motion, and so the previous argu¬ 
ments do not apply to it; nor does the proof based on the normalisation con¬ 
dition for the Gibbs distribution (§ 36), since in the present case the system 
has only a finite number of energy levels, themselves finite, and so the norma¬ 
lisation sum converges for any value of T. 

Thus we have the interesting result that the system of interacting moments 
may have either a positive or a negative temperature. Let us examine the 
properties of the system at various temperatures. 

At T = 0, the system is in its lowest quantum state, and its entropy is zero. 
As the temperature increases, the energy and entropy of the system increase 
monotonically. At T — <», the energy is W H and the entropy reaches its maxi¬ 
mum value N log g; these values correspond to a distribution with equal 
probability over all quantum states of the system, which is the limit of the 
Gibbs distribution as T -* °°. 

The temperature T = — °° is physically identical with T = <»; the two 
values give the same distribution and the same values of the thermodynamic 
quantities for the system. A further increase in the energy of the system corre¬ 
sponds to an increase in the temperature from T = — <», with decreasing 
absolute magnitude since the temperature is negative. The entropy decreases 
monotonically (Fig. 10).* Finally, at T = 0—the energy reaches its greatest 



value and the entropy returns to zero, the system then being in its highest 
quantum state. 

Thus the region of negative temperatures lies not “below absolute zero” 
but “above infinity”. In this sense we can say that negative temperatures are 
“higher” than positive ones. This is in accordance with the fact that, when a 
system at a negative temperature interacts with one at a positive temperature 
(i.e. the lattice vibrations), energy must pass from the former to the latter 
system; this is easily seen by the same method as that used in § 9 to discuss the 
exchange of energy between bodies at different temperatures. 

t The curve S = S(E) is symmetrical near its maximum, but in general need not 
be symmetrical far from the maximum. 
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States with negative temperature can be attained in practice in a paramag¬ 
netic system of nuclear moments in a crystal where the relaxation time t% for 
the interaction between nuclear spins is very small compared with the relaxa¬ 
tion time t\ for the spin-lattice interaction (E. M. Purcell and R. V. Pound, 
1951). Let the crystal be magnetised in a strong magnetic field, and let the 
direction of the field then be reversed so quickly that the spins “cannot fol¬ 
low it”. The system is thus in a non-equilibrium state, with an energy which 
is obviously higher than E n . During a time of the order of / 2 , the system reach¬ 
es an equilibrium state with the same energy. If the field is then adiabati- 
cally removed, the system remains in the equilibrium state, which will clearly 
have a negative temperature. The subsequent exchange of energy between the 
spin system and the lattice, whereby their temperatures are equalised, takes 
place in a time of the order of t\. 



CHAPTER VII 


NON-IDEAL GASES 


§ 74. Deviations of gases from the ideal state 

The equation of state of an ideal gas can often be applied to actual gases with 
sufficient accuracy. This approximation may, however, be inadequate, and it 
is then necessary to take account of the deviations of an actual gas from the 
ideal state which result from the interaction between its component mole¬ 
cules. 

Here we shall do this on the assumption that the gas is still so rarefied that 
triple, quadruple, etc., collisions between molecules may be neglected, and 
their interaction may be assumed to occur only through binary collisions. 

To simplify the formulae, let us first consider a monatomic actual gas. 
The motion of its particles may be treated classically, so that its energy has 
the form 


E( P' l ti=t l -^ + U < (74-1) 

where the first term is the kinetic energy of the N atoms of the gas, and U is 
the energy of their mutual interaction. In a monatomic gas, U is a function 
only of the distances between the atoms. The partition function f e~ EiP> 9)IT dJT 
becomes the product of the integral over the momenta of the atoms and the 
integral over their coordinates. The latter integral is 

j ... je- u ' T dV 1 ...dV N , 

where the integration over each dV a = dx a dy a dz a is taken over the whole 
volume V occupied by the gas. For an ideal gas, U = 0, and this integral 
would be simply V N . It is therefore clear that, on calculating the free energy 
from the general formula (31.5), we obtain 

F = Fm—T log^f.-.f e~ u,T dVi ...dV K , (74.2) 

where F jd is the free energy of an ideal gas. 
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Adding and subtracting unity in the integrand, we can rewrite formula 

(74.2) as 

F = F u -T log j-^ f ... J ( e -wr_i)dKi... dF„ + lj. (74.3) 

For the subsequent calculations we make use of the following formal 
device. Let us suppose that the gas is not only sufficiently rarefied but also 
so small in quantity that not more than one pair of atoms may be assumed 
to be colliding in the gas at any one time. This assumption does not affect 
the generality of the resulting formulae, since we know from the additivity 
of the free energy that it must have the form F = Nf(T, V/N ) (see § 24), 
and therefore the formulae deduced for a small quantity of gas are necessarily 
valid for any quantity. 

The interaction between atoms is very small except when the two atoms 
concerned are very dose together, i.e. are almost colliding. The integrand in 

(74.3) is therefore appredably different from zero only when some pair of 
atoms are very close together. According to the above assumption, not 
more than one pair of atoms can satisfy this condition at any one time, and 
this pair can be selected fromiV atoms in -|7V(7V— 1) ways. Consequently, the 
integral in (74.3) may be written 

jrN(N— 1) J ... J (e~W- 1) dFi. .. dV N , 

where Uu is the energy of interaction of the two atoms (it does not matter 
which two, as they are all identical); U\ 2 depends only on the coordinates of 
two atoms, and we can therefore integrate over the remaining coordinates, 
obtaining V N ~ 2 . We can also, of course, write N 2 instead of N(N— 1), since 
N is very large; substituting the resulting expression (74.3) in place of the 
integral, and using the fact that log (1 +x) s x for x <sc 1, we have 1 

F = F u -^ f J (e~W- 1) dVi dV„ 

where dVi dV 2 is the product of differentials of the coordinates of the two 
atoms. 

But f/i 2 is a function only of the distance between the two atoms, i.e. of 
the differences of their coordinates. Thus, if the coordinates of the two 
atoms are expressed in terms of the coordinates of their centre of mass and 
their relative coordinates, U\ 2 will depend only on the latter (the product of 

t We shall see later that the first term in the argument of the logarithm in (74.3) 
is proportional to N 2 /V. The expansion in question therefore depends on precisely 
the assumption made above, that not only the density NfV but also the quantity 
of the gas is small. 
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whose differentials will be denoted by dV). We can therefore integrate with 
respect to the coordinates of the centre of mass, again obtaining the volume 
V. The final result is 

F = F ilX +WTB{T)IV, 

where 

B(T)= ±$(l-e- u »iT)dV. 

From this we find the pressure P = —dF/dV : 

since P* = NTIV. Equation (74.6) is the equation of state of the gas in the 
approximation considered. 

As we know from the theorem of small increments (§ 15), the changes in 
the free energy and the thermodynamic potential resulting from small 
changes in the external conditions or properties of a body are equal, one 
being taken at constant volume and the other at constant pressure. 

If we regard the deviation of a gas from the ideal state as such a change, 
we can change directly to 0 from (74.4). To do so, we need only express the 
volume in terms of the pressure in the correction term in (74.4) by means 
of the equation of state for an ideal gas, obtaining 

0 = 0 iA +NBP. (74.7) 

The volume may hence be expressed as a function of the pressure: 

NT 

V=- f +NB. (74.8) 

The whole of the foregoing discussion applies to monatomic gases. The 
same formulae remain valid, however, for polyatomic gases also. In this 
case the potential energy of interaction of the molecules depends not only on 
their distance apart but also on their relative orientation. If (as almost always 
happens) the rotatioh of the molecules may be treated classically, we can say 
that U 12 is a function of the coordinates of the centres of mass of the mole¬ 
cules and of rotational coordinates (angles) which define the spatial orienta¬ 
tion of the molecules. It is easy to see that the only difference from the case 
of a monatomic gas amounts to the fact that dV a must be taken as the prod¬ 
uct of the differentials of all these coordinates of the molecule. But the 
rotational coordinates can always be so chosen that the integral J dV a is 
again equal to the volume V of the gas. For the integration over the coordi¬ 
nates of the centre of mass gives this volume F, while the integration over 
angles gives a constant, and the angles can always be normalised so that this 
constant is unity. Thus all the formulae derived in this section have the 


(74.4) 

(74.5) 

(74.6) 
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same form for polyatomic gases, the only difference being that in (74.5) dV 
is now the product of the differentials of coordinates defining both the dis¬ 
tance between two molecules and their relative orientation. 1- 

All the above formulae are meaningful, of course, only if the integral (74.5) 
converges. For this to be so it is certainly necessary that the forces of inter¬ 
action between the molecules should decrease sufficiently rapidly with 
increasing distance: U 12 must decrease at large distances more rapidly than 
1/r 3 .* 

If this condition is not satisfied, a gas consisting of identical particles can¬ 
not exist as a homogeneous body. In this case every region of matter will be 
subject to very large forces exerted by distant parts of the gas. The regions 
near to and far from the boundary of the volume occupied by the gas will 
therefore be in quite different conditions, and so the gas is no longer homo¬ 
geneous. 



For monatomic gases the function U\ 2 (r) has the form shown in Fig. 11; 
the abscissa is the distance r between the atoms. At small distances, t /12 in¬ 
creases with decreasing distance, corresponding to repulsive forces between 
the atoms; beginning approximately at the place where the curve crosses the 
abscissa axis, it rises steeply, so that t /12 rapidly becomes very large, corre¬ 
sponding to the mutual “impenetrability” of the atoms (for which reason the 
distance r 0 is sometimes called the radius of the atom). At large distances, 
t /12 increases slowly, approaching zero asymptotically. The increase of t /12 
with distance corresponds to a mutual attraction of the atoms. The fninimum 

+ If the particles in the gas have spin, the form of the function t/ 12 depends in 
general on the orientation of the spins. In that case a summation over spin ori¬ 
entations must be added to the integration with respect to dV. 

$ This condition is always satisfied for atomic and molecular gases: the forces 
of interaction between electrically neutral atoms or molecules (including dipoles), 
when averaged over the relative orientations of the particles, decrease at large 
distances as U ]2 02 1/r 6 ; see Quantum Mechanics, § 89. 
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of U 12 corresponds to a stable equilibrium. The absolute value U 0 of the 
energy at this point is usually small, being of the order of the critical temper¬ 
ature of the substance. 

For a polyatomic gas, the interaction energy has a similar form, but it 
cannot, of course, be represented by the curve in Fig. 11, since it is a function 
of a larger number of variables. 

This information as to the nature of the function C /12 is sufficient to deter¬ 
mine the sign of B(T) in the limiting cases of high and low temperatures. 
At high temperatures (T» Uq) we have | Ui 2 \/T «: 1 throughout the region 
r > 2r 0 , and the integrand in B(T) (74.5) is almost zero. Thus the value of 
the integral is mainly determined by the region r < 2r 0 , where U 12 /T is 
large and positive; in this region, therefore, the integrand is positive, and so 
the integral itself is positive. Thus B(T ) is positive at high temperatures. 

At low temperatures (T <sc U 0 ), on the other hand, the region r > 2r 0 is 
the important one in the integral, and in this region U 12 IT is large and nega¬ 
tive. At sufficiently low temperatures, therefore, B(T) must be negative, and 
its temperature dependence is essentially given by the exponential factor 
-e UolT . 

Being positive at high temperatures and negative at low temperatures, 
B(T) must pass through zero at some temperature. 1- 

Finally, let us consider a Joule-Thomson process involving a non-ideal 
gas. The variation of temperature during the process is given by the derivative 




see (18.2). For an ideal gas this derivative is of course zero, but for a gas with 
the equation of state (74.8) we have 

(74 - ,o » 

As in the discussion of B(T) t it is easy to see that at high temperatures 
( dT/dP) w < 0, i.e. when the gas goes from a higher to a lower pressure 
in a Joule-Thomson process its temperature rises; at low temperatures, 
(dT/dP) w > 0, i.e. the gas temperature falls with the pressure. At a def¬ 
inite temperature for each gas, called the inversion point , the Joule- 
Thomson effect must therefore change sign.* 


t The temperature T B for which B(T b ) = 0 is called the Boyle point. If PVfT is 
plotted against P for various given T, the isotherm T = T B has a horizontal tan¬ 
gent as P -*■ 0, and separates isotherms with positive and negative initial slopes; 
all the isotherms start from the point PV(T = 1, P = 0. 

* It will be recalled that we are considering a gas which is only slightly non-ideal, 
so that the pressure is relatively low. The result that the inversion point is independ¬ 
ent of pressure is valid only in this approximation; cf. § 76, Problem 4. 
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PROBLEMS 

Problem 1. Determine B(T) for a gas whose particles repel one another accord¬ 
ing to U 12 = (tjf 1 (n > 3). 

Solution. In (74.5) we put dV = 4 nr 2 dr and integrate by parts with respect 
to r from 0 to ~ ; the substitution <x/Tr n = x then reduces the integral to a gamma 
function: 

Problem 2. The fugacity of a gas is the pressure P* which it would have for given 
values of the temperature and chemical potential if so rarefied that it could be 
regarded as an ideal gas. Determine the fugacity of a gas with the thermodynamic 
potential (74.7). 

Solution. The chemical potential of the gas is (with /x id given by (42.6)) 
p = m d +BP = TlogP+tfT)+BP. 

Equating this to T log P*+%(T) by the definition of the fugacity, we have to the 
same accuracy as that of (74.7) 



§ 75. Expansion in powers of the density 


The equation of state (74.6) derived in § 74 consists essentially of the first 
two terms in an expansion of the pressure in powers of 1/F: 


P = 


NT /, , NB(T) , N*C(T) , 
V [ 1+ V + V 2 + 


(75.1) 


The first term in the expansion corresponds to an ideal gas. The second term 
is obtaining by taking into account the interaction between pairs of mole¬ 
cules, and the subsequent terms must involve the interactions between 
groups of three, four, etc., molecules. 1 

The coefficients 2?, C, ... in the expansion (75.1) are called the second, 
third, etc., virial coefficients. To determine these quantities, it is convenientto 
begin by calculating the potentials, not the free energy. Let us again consid¬ 
er a monatomic gas, and start from the general formula (35.5), which for a 
gas consisting of identical particles becomes 




N\ 


e nN!T | e-Exip, Q)/T^r N . 


(75.2) 


t The dimensionless small parameter with respect to which the expansion is 
made is actually the ratio Nv 0 /V of the “volume” v n of one molecule to the gas 
volume per molecule V/N. 
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The factor l/N\ is included and the integration is then taken simply over the 
whole phase space of the system of N particles; cf. (31.7). 

In the successive terms of the sum over N, the energy E N (p, q ) has the 
following forms. For N = 0, of course, E 0 (p, q) = 0. For N = 1, it is simply 
the kinetic energy of one atom: 

Ei(p, q) = p 2 /2m. 

For N = 2 it consists of the kinetic energy of the two atoms and the energy 
of their interaction: 

£*(/>. ?)= 

Similarly, 

£»(/>.«)= 


where U 12 s is the interaction energy of three atoms (which in general is not 
equal to the sum C/12-f C/13+C/23), and so on. 

We substitute these expressions in (75.2) and use the notation 

-sj—-Hsr- (?5 - 3) 

We shall see below that this is simply equal to P id /T, where P id is the pressure 
of an ideal gas for given T and V. We obtain 


-riog ji+IF+ 
, {* 


5JI- 


e-v»ir dVidV 2 




e -twr dFldF2dF3+ .. 


Each of the C/ 12 , C/ 123 , • • • is a function only of the distances between the 
atoms; hence, by using the relative coordinates of the atoms (relative to the 
first atom, say), we reduce the multiplicity of the integrals by one, with a 
further factor V entering: 


fi = -PF = -riog jl+£K+^ e-«./rdK, 


+^-^e-"^dV 2 dV s + 


Finally, we expand this expression in powers of £; the resulting series can be 
written as 


P = 



(75.4) 
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where 

/i = 1, j 2 = n e ~u lt /T_^ dV 

rr J (75.5) 

/, = JJ (e-v*«iT-e- u *dT- e - u »lT- e -u»tT + 2) dv 2 dV 3 , 

etc. The structure of the integrals J n is evident; the integrand in J n is appreci¬ 
ably different from zero only if n atoms are close together, i.e. in a collision 
of n atoms. 

Differentiating (75.4) with respect to fi , we obtain the number of particles 
in the gas, since N = —(dQ/dfJ>) T>v = V(dP/dfi) Tt v . Bearing in mind that 
by definition (75.3) 81/0^ = i/T, we have 


N = 


V 


Jn 

(«-!)! 


i". 


(75.6) 


The two equations (75.4) and (75.6) give in parametric form (with para¬ 
meter i) the relation between P, V and T, i.e. the equation of state of the 
gas. Eliminating £, we can obtain the equation of state in the form of the 
series (75.1) with any desired number of terms. 1. 


§ 76. Van der Waals’ formula 

In gases the interaction between molecules is very weak. As this inter¬ 
action increases, the properties of the gas differ more and more from those 
of ideal gases, and finally the gas condenses into a liquid. In the latter, the 
interaction between molecules is strong, and the properties of this interaction 
(and therefore those of the liquid) depend considerably on the particular 
liquid concerned. For this reason it is, as already mentioned, impossible to 
derive any general formulae giving a quantitative description of the proper¬ 
ties of a liquid. 

We can, however, find an interpolation formula which gives a qualitative 
description of the transition between the liquid and gaseous states. This for¬ 
mula must give the correct results in the two limiting cases. For rarefied 
gases it must become the formulae valid for ideal gases. When the density 
increases and the gas approaches the liquid state, it must take account of 
the finite compressibility of the substance. Such a formula will then give 

1 In the first approximation, P = T£,N= Vi, whence P = NTIV = P id . In the 
second approximation, P — Ti(\+\j 2 i), N = Vi(\ +J 2 i); eliminating i from 
these equations (with the same accuracy), we have 

D _ NT N 2 T 
V 2V* 2 ’ 


in agreement with (74.6). 
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a qualitative description of the behaviour of the gas in the intermediate 
range also. 

To derive such a formula, let us examine in more detail the deviations from 
the ideal state at high temperatures. As in the preceding sections, we shall 
first consider a monatomic gas; by the same arguments as used previously, 
all the resulting formulae will be equally applicable to polyatomic gases. 

The type of interaction between gas atoms described in § 74 (Fig. 11) en¬ 
ables us to determine the form of the leading terms in the expansion of B(T) 
in inverse powers of the temperature; here we shall assume that the ratio 
U 0 /T is small: 

Uo/T « 1. (76.1) 

Since C /12 depends only on the distance r between the atoms, we write in 
the integral (74.5) dF = 4n r 2 dr. Dividing the range of integration with re¬ 
spect to r into two parts, we write 

B(T)=2jt 2 j\l-e- u »' T )r*dr + 2n f (l~e~^ T )r 2 dr. 

0 2r 0 

For values of r between 0 and 2r 0 , the potential energy U 12 is in general 
very large. In the first integral we can therefore neglect the term e~ UltlT in 
comparison with unity. Then this integral is equal to the positive quantity 
b = 16jt/o/ 3; if r 0 for a monatomic gas is regarded as the radius of the 
atom, then b is four times its volume. In the second integral, we have every¬ 
where | U 12 |/T UolT« 1. The integrand can therefore be expanded in 
powers of Ui%/T as far as the first non-vanishing term. The second integral 
then becomes 


2n C 2a 

-y- ) \U 12 \r*dr = - Y , 

2 r„ 

where a is a positive constant. 

Thus we find 

B(T) = b-a/T, (76.2) 

and substitution of this in (74.4) and (74.7) gives for the free energy of the 
gas 

F = F id + N\Tb - a)fV, (76.3) 

and for the thermodynamic potential 

0 = 0 ld +NP(b-a/T). (76.4) 

The desired interpolation formula can be obtained from (76.3), which 
itself does not satisfy the necessary conditions, since it does not take account 
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of the finite compressibility of the substance. Tn (76.3) we substitute the 
expression for from (42.4); this gives 

F = Nf{T)-NT\og (e/N)-NT( log V-Nb/V)-N*a/V. (76.5) 

In deriving formula (74.4) for the free energy of a gas we assumed that the 
gas, though not sufficiently rarefied to be regarded as an ideal gas, never¬ 
theless occupies such a large volume that we can neglect triple and higher- 
order collisions between molecules, so that the distances between molecules 
are in general considerably larger than their dimensions. We may say that 
the gas volume V is always considerably greater than Nb; hence 
log (V—Nb) = log V +log (1 —Nb/V) 
s* log V-Nb/V. 

Hence (76.5) may be written 

F = Nf(T)-NT log [e{V-Nb)/N]-N*a/V 
= F id -NT log (1 —Nb/V)—N 2 a/V. (76.6) 


In this form the conditions stated above are satisfied, since when V is 
large the formula for the free energy of an ideal gas is obtained, and when V 
is small the formula shows that the gas cannot be indefinitely compressed, 
since the argument of the logarithm becomes negative when V < Nb* 

If the free energy is known, we can determine the gas pressure: 


P = -dF/dV = 


NT 

V-Nb 


N*a 

F 2 


or 

( P+f w) <y~ m ) = JW- (76.7) 

This is the required interpolation formula for the equation of state of an 
actual gas. It is called van der Waals ’ equation. 

Van der Waals* formula is, of course, only one of an infinity of possible 
interpolation formulae which satisfy the requirements stated, and there is no 
physical reason to select any one of them; van der Waals* formula is merely 
the simplest and most convenient.* 

From (76.6) we can find the entropy of the gas: 

S = Si d +Wlog (1 -Nb/V), (76.8) 

and thence the energy E = F+TS: 

E = E id -N*a/V. (76.9) 


+ In actual applications of this formula, the values of the constants a and b 
must be chosen so as to give the best agreement with experiment. The constant b 
cannot then be regarded as four times the molecular volume, even for a mon¬ 
atomic gas. 
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Thus the specific heat C v = ( dE/dT) y of a van der Waals gas is equal to that 
of an ideal gas; it depends only on the temperature and, in particular, may be 
constant. The specific heat C p is easily seen (cf. Problem 1) to depend not 
only on the temperature but also on the volume, and so cannot be constant. 

The second term in (76.9) corresponds to the energy of interaction of the 
gas molecules; it is, of course, negative, since on average the forces between 
molecules are attractive. 


PROBLEMS 

Problem 1. Find C p —C v for a non-ideal gas described by van der Waals’ for¬ 
mula. 


Solution. Using formula (16.10) and van der Waals’ equation, we find 

c _ c N 
p v 1-2 NalY-NbflTV* * 


Problem 2. Find the equation of an adiabatic process for a van der Waals gas 
of constant specific heat C v . 

Solution. Substituting in (76.8) S id = N log V+Nc v log T (omitting unimpor¬ 
tant constants) and putting S = constant, we obtain the relation ( V—Nb)T c • = 
constant. This differs from the corresponding equation for an ideal gas in that 
V is replaced by V—Nb. 


Problem 3. For a gas of the same kind as in Problem 2, find the change in 
temperature on expansion into a vacuum from volume V 1 to V 2 . 


Solution. In an expansion into a vacuum, the energy of the gas remains con¬ 
stant. Thus formula (76.9), with E ld = NC V T, gives 


Tt-T x 


Na /J_ l \ 

c v \v % ~v 1 y 


Problem 4. For a van der Waals gas find the temperature dependence of the 
inversion point for the Joule-Thomson effect. 


Solution. The inversion point is determined by the equation (07/0 V) P = T/V 
(see (74.9)). Substitution of T from (76.7) leads to an equation which has to be 
solved simultaneously with (76.7). Algebraic calculation gives the following depend¬ 
ence of the inversion point on pressure: 

T ta =^(2±Vd-3»W)‘. 

For any given pressure P < a/36 2 there are two inversion points, between which 
the derivative (jdT/dP) w is positive, while outside this temperature interval it is 
negative. When P =- a/36 2 there are no inversion points and (dT/dP)w < (^every¬ 
where.'*' 


+ The upper inversion point as P —• 0 (T inv = 2a/b ) corresponds to the case 
considered at the end of § 74. The lower inversion point for small P may not occur 
in a gas owing to its condensation into a liquid. 
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§ 77. Relationship of the virial coefficient and the scattering amplitude 

In calculating the virial coefficients in §§ 74-76 we have used classical sta¬ 
tistics, as is practically always justifiable. There is, however, methodological 
interest in the problem of calculating these coefficients in the quantum case; 
and such a case may actually occur for helium at sufficiently low tempera¬ 
tures. We shall show how the second virial coefficient may be calculated with 
allowance for the quantisation of the binary interaction of the gas particles 
(E. Beth and G. E. Uhlenbeck, 1937). We shall consider a monatomic gas 
whose atoms have no electronic angular momentum; and having in mind the 
case of helium, we shall also suppose for definiteness that the nuclei of the 
atoms have no spin and that the atoms obey Bose statistics. 

In the approximation concerned, it is sufficient to retain only the first three 
terms in the sum over N in formula (35.3), which determines the potential Q : 


Q = -T log 


1 1 + £ e (M-E ln )iT o_ £ 


(77.1) 


Here the Em are the energy levels of a single atom, and the E u are those of 
a system of two interacting atoms. Our object is to calculate only those cor¬ 
rection terms in the thermodynamic quantities which are due to the direct 
interaction of the atoms; the corrections due to quantum exchange effects 
exist even in an ideal gas and are given by formula (56.15), according to 
which the exchange part of the second virial coefficient is (in the case of Bose 
statistics) 

*«ch - -±inh*/mTY*. (77.2) 


Thus the problem reduces to the calculation of 
Z< 2 > = £ e ^- E ^ IT t 


and from this must be subtracted the expression which would be obtained 
for two non-interacting atoms. 

The energy levels E 2h consist of the kinetic energy of the motion of the 
centre of mass of the two atoms (p 2 /4m, where p is the momentum of that 
motion, and m the mass of an atom) and the energy of their relative motion. 
Let the latter be denoted by e; this component is given by the energy levels 
of a particle of mass \m (the reduced mass of the two atoms) moving in a 
central field Un(j\ where Uu is the potential energy of the interaction of the 
atoms. The motion of the centre of mass is always quasi-classical; integrating 
over its coordinates and momenta in the usual manner (cf. § 42), we obtain 


Z(2) = Ve Z/JlT (mT/nit 2 ) 312 Ee~ t,T . 
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If we denote by Z int the part of Z (2) which depends on the interaction of 
the particles, we can write Q in the form 

Q = Q id - TVeW T (mTlnh*YV Z int . 


Regarding the second term as a small correction to the first term, and express¬ 
ing it in terms of T , V and N by means of formula (45.5) for the chemical 
potential of an ideal gas, we obtain for the free energy the expression 




Differentiation with respect to V gives the pressure, and the required part of 
the virial coefficient that is due to the interaction of the atoms is 


BUT ) = - 8(t ztflmTf* Z int . (77.3) 


The spectrum of energy levels £ consists of a discrete spectrum of negative 
values (corresponding to a finite relative motion of the atoms) and a contin¬ 
uous spectrum of positive values (infinite motion). We denote the former 
by £„; the latter may be written in the form p 2 lm, where p is the momentum 
of the relative motion of the atoms when the distance between them has be¬ 
come very large. The whole of the sum 27e le " |/r over the discrete spectrum 
appears in Z int ; from the integral over the continuous spectrum we must sep¬ 
arate the part corresponding to the free motion of non-interacting particles. 
To do this we proceed as follows. 

At large distances r, the wave function of a stationary state with orbital 
angular momentum / and positive energy p^m has the asymptotic form 
(see Quantum Mechanics, § 33) 

constant . / p 1 . « \ 

V> =---Xsin y /tt + o/I, 


where the phase shifts b t = dfp) depend on the specific form of the field 
Unif). Let us formally suppose that the range of variation of the distance r 
is bounded by some very large but finite value R. Then the momentum p can 
take only a discrete series of values given by the boundary condition that 
y) = Oforr = R: 

y/Tr + fy = sn , 


where s is an integer. For large R these values are very close together and the 
summation in 
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may be replaced by an integration. To do so, we multiply the summand (for 
a given l) by 

. 1 (R dM J 

^(T+dFj^ 

and integrate over p\ the result must then be multiplied by 2/-f-l (the degree 
of degeneracy with respect to orientations of the orbital angular momentum) 
and summed over /: 


£ e -p»/mT _ J_ 
p 71 




For particles obeying Bose statistics and having no spin, the coordinate wave 
functions must be symmetric; this means that only even values of / are pos¬ 
sible, and so the summation over / is over all even integers. 

In free motion, all the phase shifts 6 { = 0. The expression remaining when 
d ( = 0 is therefore the part of the sum which is unrelated to the interaction 
of the atoms and is to be omitted. Thus we obtain the following expression 
for Z int : 


Z tat = J (21+ 1) ~e-^dp, (77.4) 

0 

and the virial coefficient B = B mch +2? fat is 

B(T) = -iMVmryw (1 + 16Z|„ t ). (77.5) 

The phase shifts d t determine the scattering amplitude for particles moving 
in the field Un(r) by means of the formula 1, 

/(0) = ^? (2,+1} (em '~ 1} p, < cos e) ’ 

where the jP,are Legendre polynomials, and 0 the angle between the directions 
of incidence and scattering; in the present case the summation is over all 
even values of /. It is therefore possible to express the integral in (77.4) in 
terms of the scattering amplitude. By direct substitution of the expression for 
f(6) the following relation may easily be verified: 

? (2,+1) S = i ‘(/f ■-rg) «<>. 

1 See Quantum Mechanics ,§ 123. The cross-section for scattering into the solid- 
angle element do is | /( 0 ) | 2 do. 
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The sum on the left-hand side appears in the integrand in (77.4), and on sub¬ 
stituting it and integrating by parts in one of the terms we find 

z inl = j - p^e-^-ym+rmdp 

o 

(77 - 6) 

If there are discrete levels in the field t/i 2 (r), then at sufficiently low temper¬ 
atures the dependence of B(T) on temperature will be mainly governed by 
the sum over the discrete levels, which increases exponentially with decreas¬ 
ing T. There may, however, be no discrete levels; then the virial coefficient 
will vary as a power of the temperature (if we bear in mind that the scattering 
amplitude tends to a constant limit as p -* 0, we easily find that at sufficiently 
low temperatures B will be determined mainly by the term B exch ). 

It may be noted that in the case of a weak interaction, when particle colli¬ 
sions can be described by the Born approximation, the scattering amplitude 
is small and the third term in (77.6), which is quadratic in the amplitude, may 
be omitted. For weak interaction there are no bound states, and so the first 
term in (77.6) is also absent. Using the familiar expression for the scattering 
amplitude/(0) in the Born approximation, it is easy to see that the expression 
for F agrees exactly with (32.3) (without the quadratic term), as it should 
in this case. 


PROBLEM 

Determine the quantum correction (of the order of ft 1 ) in the quasi-classical 
case in the virial coefficient B(T) for a monatomic gas. 

Solution. The correction to the classical free energy is given by formula (33.15). 
Bearing in mind that in the present case only binary interaction of atoms occurs, 
and that U 12 depends only on the distance between atoms, we find 


f m a* 

6mT z l dr j 
5 


e -u lt iT^ dr. 


This expression is the correction to the classical value given by (74.5). It may be 
noted that 2? qu =- 0. 


§ 78. Thermodynamic quantities for a classical plasma 

The method given in § 75 for calculating the thermodynamic quantities for a 
non-ideal gas is certainly inapplicable to a gas consisting of charged particles 
with Coulomb interaction, since the integrals which appear in the formu¬ 
lae then diverge. Such gases must therefore be treated separately. 


17 
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Let us consider a completely ionised gas or plasma. The charges on its 
particles will be denoted by z a e, where the suffix a refers to the different kinds 
of ion; e is the unit charge and the z a are positive or negative integers. Also, 
let n a o be the number of ions of the ath kind per unit volume of the gas. The 
gas as a whole is, of course, electrically neutral, so that 

Iw 0=0. (78.1) 

a 

We shall suppose that the gas does not deviate greatly from the ideal state. 
For this to be so it is certainly necessary that the mean energy of the Coulomb 
interaction between two ions (~ ( zefjr , where r ~ « -1/3 is the mean distance 
between ions) should be small compared with the mean kinetic energy of the 
ions ( ~ T). Thus we must have (zef n V3 T or 

n « (T/z 2 e 2 ) z . (78.2) 

Since the plasma is electrically neutral, the mean value of the Coulomb 
interaction energy of its particles would be zero if they were all uniformly 
and independently distributed in space. The first correction terms in the 
thermodynamic quantities for a plasma (in comparison with the values for an 
ideal gas) therefore arise only when the correlation between the positions of 
the various particles is taken into account. As a reminder of this, we shall 
call these the correlation corrections. 

Let us first determine the correction E COTT to the plasma energy. As we 
know from electrostatics, the electrical interaction energy of a system of 
charged particles can be written as half the sum of the products of each charge 
and the potential of the field at the position of that charge due to all the 
other charges. In the present case 

Ecott = V'\~ £ ez a n a 0 <f) a , (78.3) 

a 

where (f> a is the potential of the field acting on an ion of the ath kind due to 
the other charges. To calculate these potentials we proceed as follows.* 

Each ion creates around itself a non-uniformly charged ion cloud , which on 
average is spherically symmetrical. In other words, if we select any particular 
ion in the gas and consider the density of distribution of the other ions rela¬ 
tive to that ion, this density will depend only on the distance r from the centre. 
Let the density of distribution of ions (of the ath kind) in this ion cloud be 
denoted by n a . The potential energy of each ion of the ath kind in the electric 
field around the ion considered is zje<f> y where (f> is the potential of this field. 

t This method was used by P. Debye and E. Hiickel to calculate the thermody¬ 
namic quantities for strong electrolytes (1923). 
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Hence Boltzmann’s formula (38.6) gives 

n a = n a oe-^' T . (78.4) 

The constant coefficient is put equal to « fl0 , since at a large distance from the 
centre (where (f> -* 0) the density of the ion cloud must become equal to the 
mean ion density in the gas. 

The potential (f> of the field in the ion cloud is related to the charge density 
in it (equal to Zezjtf) by the electrostatic Poisson’s equation: 

A0 = - 4 jk? £ z a n a . (78.5) 

a 

Formulae (78.4) and (78.5) together give the equations of the self-consistent 
electric field of the electrons and ions. 

With the above assumption that the interaction of the ions is relatively 
weak, the energy ez a <f> is small in comparison with T, and formula (78.4) may 
be written in the approximate form 

= (78.6) 

Substituting this in equation (78.5) and using the condition (78.1) for the 
gas to be neutral as a whole, we obtain 

A = 0, (78.7) 

where 

* 2 = 2>a0*a. (78.8) 

The quantity x has the dimensions of reciprocal length. 

The spherically symmetric solution of equation (78.7) is ^ = constantX 
e”*7r. In the immediate neighbourhood of the centre, the field must become 
the purely Coulomb field of the charge considered; this charge will be de¬ 
noted by z b e. In other words, for sufficiently small r we must have 0 s* ezjr. 
This shows that the constant must be taken as z b e> and so the required poten¬ 
tial distribution is given by 

<j> = ez b e~* T lr. (78.9) 

Hence we see, incidentally, that the field becomes very small at distances large 
compared with 1 /«. The length 1 jx can therefore be regarded as determining 
the dimensions of the ion cloud due to a given ion; it is also called the Debye 
length . All the calculations given here assume, of course, that this length is 
large in comparison with the mean distances between ions. This condition 
is clearly identical with (78.2). 


17* 
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Expanding the potential (78.9) in series for small xr, we have 


, ez b 

<p — — — ez b x + ... . 


The terms omitted vanish when r = 0. The first term is the Coulomb field of 
the ion itself; the second term is clearly the potential produced by all the 
other ions in the cloud at the point occupied by the ion considered, and is the 
quantity to be substituted in formula (78.3): (f> a — — ez a x. 

Thus we have the following expression for the correlation part of the 
plasma energy: 

S»„ = (78-10) 


or, in terms of the total numbers of different ions in the gas N a = n^V, 

= (78.11) 

This energy is inversely proportional to the square root of the temperature 
and to that of the volume of the gas. 

Integrating the thermodynamic relation EjT 2 = — (0/0T) (F/T), we can 
deduce from E con the corresponding change in the free energy: 

(78.12) 


the constant of integration must be taken as zero, since when T — » we 
must have F = F id . Hence the pressure is 


F = —- 


e 3 

3J/3/2 




(78.13) 


where N~hN a . The thermodynamic potential 0 can be obtained from F by 
means of the theorem of small increments (as in § 74), i.e. by regarding the 
second term in (78.12) as a small increment to F ld and expressing it with the 
appropriate accuracy in terms of P and T: f 


& = &i 


2 ** 
3 T 


(W&4 


(78.14) 


+ This method was not available for going from (78.11) to (78.12), since the 
energy (78.11) was not expressed in terms of the requisite variables S and V. 
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§ 79. The method of correlation functions 

The advantage of the Debye-Hiickel method described in § 78 lies in its 
simplicity and physical clarity. Its basic drawback, however, is that it cannot 
be generalised to calculate further approximations with respect to the concen¬ 
tration. We shall therefore also give a brief description of another method 
(proposed by N. N. Bogolyubov, 1946), which, though more complicated, 
allows in principle the calculation of further terms in the expansion of the 
thermodynamic quantities. 

This method is based on a consideration of what are called correlation 
functions between the simultaneous positions of several particles at given 
points in space. The simplest and most important of these is the binary corre¬ 
lation function w^, which is proportional to the probability of finding two 
particles (ions) simultaneously at given points r a and r b \ the ions a and b may 
be of either the same or different kinds. Because the gas is isotropic and ho¬ 
mogeneous, this function of course depends only on r— jr a —r^j. We choose 
the normalisation coefficient in the function such that this function 
tends to unity as r— <». 

If the function is known, the required energy E COTt can be obtained 
by integration, using the obvious formula 1- 

Fcon ~ w^ NaNb \\ Uabwab dv ° dvb ’ (79.1) 

where the summation is over all the kinds of ions, and u^ is the Coulomb 
interaction energy of a pair of ions at distance r. 

According to the Gibbs distribution formula, the function is given by 

=p^| ex P j F ~ | <J^i dP. ... , (79.2) 

where U is the Coulomb interaction energy of all the ions, and the integration 
is over the coordinates of all the ions except the two considered. For an ap¬ 
proximate calculation of this integral we proceed as follows. 

We differentiate equation (79.2) with respect to the coordinates of ion b : 


d\V ab _ W ab 9 U ab _f 

dr b T dr b TV^ C J 


3 u bc 
3r* 


WabcdV c , 


(79.3) 


t This formula itself is, of course, independent of the Coulomb nature of the 
interaction between the particles, and assumes only a binary interaction. 
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where the summation in the last term is over all the kinds of ions, and is 
the ternary correlation function, defined by 

HW = -p£=f [ exp dVx dV N _, 

analogously to (79.2). 

Assuming the gas sufficiently rarefied and considering only the first-order 
terms, we can express the ternary correlation function in terms of binary cor¬ 
relations: neglecting the possibility that all three ions are close together, we 
have In the same approximation we can suppose that even 

the pairs of particles are not so close together that the are appreciably 
different from unity. We define the small quantities 

co ab = Wab- 1 (79.4) 

and write 

Wabc = (Dab + (Dbc + 03 a c + 1 , (79.5) 


neglecting the higher powers of the co^. 

When this expression is substituted in the integral on the right-hand side 
of (79.3), only the term in co ac remains; the others give zero identically, be¬ 
cause of the isotropy of the gas. In the first term on the right of (79.3) it is 
sufficient to put = 1. Thus 


dco ab _ 1 _ du ab 1 

dr b ” T dr b TV 



du bc 

dr b 


6V C . 


We now take the divergence of both sides of this equation, using the facts 
that = ZgZ^/r, r = r 6 -r a , and the well-known formula a(1 /r) = 
—4tz <5(r). The integration is then trivial because of the presence of the delta 
function, and we have 


Aco ab (r) = 


4nz a z b e 2 


47ie 2 z h 


r) * 


(79.6) 


The solution of this system of equations can be sought in the form 

(Oabi r) = z a ztfi)( r), (79.7) 

whereby they are reduced to a single equation 


Affl(r)-«Mr) = ^-5(r). 


(79.8) 


This final equation has the same form as equation (78.7) in Debye and 
Hiickel’s method; the term containing the delta function in(79.8)corresponds 
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to the boundary condition as r -*■ 0 imposed on the function <j>(r) in (78.7). 
The solution of equation (79.8) is 


03(f) = — 


e 2 e~* 

T ~r 


(79.9) 


and this determines the binary correlation functions in the plasma. 

To calculate the energy, it is now sufficient to substitute w& from (79.4), 
(79.7) and (79.9) in (79.1). Changing to integration with respect to the rela¬ 
tive coordinates of the two particles, we find 


f^COTT — 



z a z b e 2 z a z b e 2 
r Tr 6 


Anr 2 dr; 


the term 1 in makes no contribution to the energy because of the electri¬ 
cal neutrality of the plasma. On carrying out the integration, we return to 
the previous result (78.11). 

In the next approximation the calculations become more laborious. In par¬ 
ticular, the assumption (79.5) is now insufficient, and ternary correlations 
which do not reduce to binary ones must be introduced. For these we obtain 
an equation analogous to (79.3) but involving quaternary correlations; in this 
(the second) approximation the latter reduce to ternary ones. 1 " 


§ 80. Thermodynamic quantities for a degenerate plasma 

In the theory given in§ 78, it was assumed that the plasma is far from degen¬ 
eracy, i.e. obeys Boltzmann statistics. Let us now consider a situation where 
the plasma temperature is so low that its electron component is degenerate: 

T£—n 2 *, (80.1) 

m 

where m is the electron mass (cf. (57.8)); the ion component may still be far 
from degeneracy, because of the large mass of the ions. It will be recalled 
that the condition for the plasma to be only slightly non-ideal is 

mz 2l3 e 2 /ft 2 n 113 « 1 (80.2) 

(see (57.9)); this is better satisfied at high plasma densities. 

For a degenerate gas, convenient variables are (together with the tempera¬ 
ture T and the volume V) its chemical potentials n a instead of the particle 

t The terms of next higher order in the thermodynamic quantities for a plasma 
have in fact been calculated (using a different method) by A. A. Vedenov and A. I. 
Larkin. Soviet Physics JETP (36) 9, 806,1959. 
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numbers N a . f Accordingly, we shall calculate Q, the thermodynamic poten¬ 
tial with respect to these variables. Note that the chemical potentials are not 
all independent variables here: they are connected by a relation that follows 
from the electrical neutrality of the plasma, 

£ Z * N * = Z z « = 0. (80.3) 

a a 

The formula 



expresses the derivative of Q with respect to a parameter A in terms of the 
mean value of the corresponding derivative of the Hamiltonian of the sys¬ 
tem; cf. the analogous formulae (11.4), (15.11). In the present case, we take 
as the parameter A the squared charge e 2 . The plasma Hamiltonian contains 
e 2 as a common coefficient in the operator 0 of the Coulomb interaction of 
the particles. Hence 



so that the calculation of Q is equivalent to that of the mean value (0). 

We shall see that, in a degenerate slightly non-ideal plasma, the main 
contribution to the corrections to the thermodynamic quantities for an ideal 
gas comes from the exchange part of the electrical interaction of the electrons 
(which in the classical case is unimportant and was ignored in§ 78). We there¬ 
fore retain in the operator 0 only the terms that describe the Coulomb inter¬ 
action of the electrons. 

The calculation of ( 0) is most simply carried out by the second quantisation 
method. According to this (see Quantum Mechanics , §§ 64, 65), we define a 
set of normalised wave functions tp pa which describe the states of free elec¬ 
trons moving in a volume V w’th momenta p and spin components a (= ±-§-). 
The momentum p takes an infinity of discrete values, the intervals between 
which tend to zero as V -* «>. We also define the operators d pa and a po of 
annihilation and creation of electrons in the state t/> pa , and use them to 
construct the ^-operators 

v = Z <p + = Z v£A- ( 80 - 5 ) 

P. a P, a 

The Coulomb interaction of the particles is a binary interaction; the operator 
of such an interaction in the second quantisation method is written as the 

t See § 85 for the definition of the chemical potentials of components of a 
mixture. 
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0 


-ju+(n)v+(r 2 ) | 7 ^ r v(r 2 )v( TddVxdVz. 


(80.6) 


The required averaging of this operator is done in two stages: first an 
averaging for a specified quantum state of the system and then an averaging 
over the equilibrium statistical distribution among the various quantum 
states. In a slightly non-ideal plasma, tJ acts as a small perturbation. We shall 
calculate the mean value of this quantity in the first approximation of pertur¬ 
bation theory, i.e. with respect to the states of a system of non-interacting 
particles (an ideal gas). 

The quantum averaging amounts to taking the appropriate diagonal 
matrix element. After substitution of the ^-operators (80.5), the operator 
(80.6) is a sum of terms containing various products of four creation and 
annihilation operators: 


0 = \Z{vm \Uu\ PiPs)4Soi4ioA>oAi»i» (80.7) 


where the summation is taken over all momenta and spin components, and 
the (P 1 P 2 1 U 12 1 PiP 2 ) are the matrix elements of the interaction energy of two 
electrons, U 12 = e 2 /|ri—r*|; since the Coulomb interaction is independent 
of the spins, these matrix elements are taken for transitions without change 
of th£electron spin component, i.e. can be calculated from the purely orbital 
functions 


Vp = 


Vv e • 


Of all the terms in the sum (80.7), the only ones that have non-zero diago¬ 
nal matrix elements are those which contain two pairs of operators d 9a > 
a+ a with the same suffixes, and the product d pa d pa is replaced simply by the 
occupation number of the relevant quantum state of the electrons.* Putting 
Pi = Pi\ P 2 = P 2 ? we have the terms 


Jfl 

2V 2 


I 


pi^pi 


^ w Pi«n^p*o* 
01 .0» 


f dVtdVj 
I |ri—r 2 | ’ 


and putting p* = p 2 , p 2 = p x , o 1 = o 2> the terms 


-4 E Z« Pl 0 «P,a e'CPi-p.Wn-r.j/A 
PI^PI 0 


dFidKa 

|ri-r 2 ! 


(80.8) 


(80.9) 


* The number of terms containing products of four operators with the same 
suffixes is infinitesimal compared with the number having two pairs of like suffixes, 
and they may therefore be omitted (the contribution of such terms to Q would 
contain an extra factor MV). 
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the minus sign arises from the interchange of the operators d Pta and d Pta 
that is needed to bring the product d+ xa d+ a d Px(J d Pia to the form 
(for fermions, these operators anticommute). 

The terms (80.8) give just the energy of the direct Coulomb interaction of 
electrons uniformly distributed in space. As already noted in § 78, because 
of the electrical neutrality of the plasma these terms in fact cancel exactly 
the corresponding terms giving the energy of interaction of the other parti¬ 
cles (ions) with one another and with the electrons (and for this reason the 
divergence of the integral in (80.8) is unimportant). The terms (80.9), which 
contain non-diagonal matrix elements of the Coulomb potential, express the 
required exchange effect.* 

Bearing in mind that with a macroscopic volume V the electron momenta 
have an almost continuous sequence of values, we can change from summa¬ 
tion over pi and P 2 to integration over V 2 d 3 pi & z pil(2nfif ; the limitation 
Pi ^ P 2 then becomes unimportant. The integral in (80.9) ist 

rJV(Pi-p*>-'/*dF/r= r.4^ 2 /(pi-p a ) 2 . 

The expression (80.9) then becomes 



n Pia n Pta d 3 pi d 3 /? 2 
(Pi-Pa) 2 (2 tt) 6 


The statistical averaging of this expression is taken (in the approximation 
considered) over the equilibrium distribution for an ideal gas. Because the 
particles of an ideal gas in different quantum states are statistically independ¬ 
ent, we then have 

(Wpio^p,<x) — w Pl<T n Pl<T ; 

the mean values on the right are given by the Fermi distribution 


r& = [<?<-*>/*•+l]-i. 


where (x e is the chemical potential of the electrons. Lastly, since the resulting 
expression is simply proportional to e 2 , according to (80.4) it gives 

* For a better understanding of the structure of the terms (80.8) and (80.9), 
it may be noted that in the former the pairs of operators d pa and d+ a with the same 
indices come from ^-operators taken at the same point in space (r x or r 2 ); in (80.9) 
they come from ^-operators taken at different points. 

* Here we make use of the familiar expression for the Fourier component of 
the Coulomb potential: 

j e fk ’ r dVlr= 47tfk 2 ; 
see the footnote to § 117, Problem 3. 



§ 80 Thermodynamic Quantities for a Degenerate Plasma 249 

immediately the required correction to the thermodynamic potential of 
the plasma: 

£ ej . - 47rg2 v f f &P1&P2 


- 4yrg Vff 

*“ * JJ (Pi- 


P 2) 2 (2?r) 6 


(80.10) 


(E. Wigner and F. Seitz, 1934). 

In the limit of a highly degenerate electron gas (T fi 2 n m /m ), the distri¬ 
bution «p becomes a step function (n^ = 1 for p c p F , = 0 for p 5 * /> F ). 
The calculation of the integral then gives 1. 


£ exC h = — Ve 2 p^j4Tdh it = - Ve z m 2 (i%/7i?ft *. 


(80.11) 


This quantity, if the chemical potential in it is expressed in terms of the 
number density of electrons n e — NJV according to (57.3), gives the cor¬ 
rection to the free energy: 

= («>. 12 ) 

In the opposite limiting case of a Boltzmann gas (p e < 0, \p e \ » T), a 
calculation from formula (80.10) gives* 

Tr e 2 m 2 T 2 0 






or, expressing p e in terms of n e according to (46.1a), 
, 7ze*h 2 n 2 e 


F e , ch = -V- 


2mT 


(80.13) 


(80.14) 


* The integral 


ff d z p ± d 3 p 2 


is converted by the substitutions ft —p 2 = q, y(p x -f pj) = s into / = JJ q~ 2 d 3 q d 3 s, 
taken over the range [ s±yqj < p F . The integral J d 3 j (for a given q) is the volume 
between two spheres of radius p F whose centres are at a distance q apart: 

J d 3 j = y h\3pp-h), h = Pf~-j Q- 

Integrating over q from 0 to 2 p F , we get I = 4 n 2 p%. 

* In this case 

— — P1+P2 ) 

Pl/Ipi_ex P{'r" _ "2^7 r j 

_ f 2p e 4 s*+q 2 ) 

P {T 4 mT } 

and the integration over d 3 .y d 3 <y extends to the whole of q-space and s-space. 
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When T ~ p e , the exchange correction F^ ~ whereas the 

correlation correction found in§ 78 is F corr ~ P r e ? n s/8 /7 Tiy2 ; from the condi¬ 
tion for slight non-ideality, 

Fcorr/Fexch ~ (^/T)* 2 1, 

i.e. the electron exchange correction is in fact the principal one. As the tem¬ 
perature increases, however, F^ decreases more rapidly than F^ (for 
T » fx e , F^ oc T~\ but F^ oc T~ 1/2 ). There is consequently a region in 
which the two contributions are of the same order of magnitude, but in 
this region the degeneracy of the plasma is already slight and the classical 
formulae (78.11)—(78.14) are therefore applicable for the correlation cor¬ 
rection.* 

In the foregoing discussion we have assumed that the ion component of 
the plasma is not degenerate and also that it is nearly ideal, i.e. that the ion 
interaction energy is small in comparison with the ion thermal energy: 
iW <sc T.t If the plasma density is not too large, 

me 2 /h 2 « n m <k e 2 M/h 2 , (80.15) 

where Mis the ion mass, the temperature T ~ n 173 ^ 2 exceeds the ion degener¬ 
acy temperature: 

T ~ eW* » h 2 n 2l3 /M (80.16) 

(and T « e*M/h*). Under these conditions, the ion component forms a 
non-degenerate but far from ideal system. Then an ordered configuration 
of the nuclei corresponds to the minimum interaction energy of the ions 
with one another and with the electrons, i.e. the nuclei form a crystal lattice 
(A. A. Abrikosov, 1960). This leads to the result that the energies of the direct 
Coulomb interaction of various particles do not completely balance. In each 
lattice cell, the ion field is balanced by the electrons in the cell, but the 
interaction energy of the particles within one cell (dimensions ~ n _1/3 ) is not 
zero. A rough estimate of this energy is ~ ^« 1/3 , and for the whole lattice 
(with N ~ Vn cells) the binding energy is 

IFuttl ~ NeW 3 ~ VeW 3 . (80.17) 

This agrees in order of magnitude with the exchange energy of the degenerate 
electron component of the plasma. For a stable lattice the binding energy is, 
of course, negative. 8 

* The question of calculating the correlation correction for any degree of degen¬ 
eracy of the electrons has some methodological interest, nevertheless. This will 
be discussed in Part 2. 

* In this and the following estimates we put for simplicity z — 1 (a hydrogen 
plasma). 

5 For a quantitative calculation of the lattice binding energy see A. A. Abri¬ 
kosov. Soviet Physics JETP 12, 1254, 1961. 
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PHASE EQUILIBRIUM 


§ 81. Conditions of phase equilibrium 

The (equilibrium) state of a homogeneous body is determined by specifying 
any two thermodynamic quantities, for example the volume V and the energy 
E. There is, however, no reason to suppose that for every given pair of values 
of V and E the state of the body corresponding to thermal equilibrium will be 
homogeneous. It may be that for a given volume and energy in thermal 
equilibrium the body is not homogeneous, but separates into two homoge¬ 
neous parts in contact which are in different states. 

Such states of matter which can exist simultaneously in equilibrium with 
one another and in contact are described as different phases. 

Let us write down the conditions for equilibrium between two phases. 
First of all, as for any bodies in equilibrium, the temperatures T\ and T% of 
the two phases must be equal: 


n = r 2 . 

The pressures in the two phases must also be equal: 

Pi = 


since the forces exerted by the two phases on each other at their surface of 
contact must be equal and opposite. Finally, the chemical potentials of the 
two phases must be equal: 


pi = pi ; 

this condition is derived for the two phases in exactly the same way as in § 25 
for any two adjoining regions of a body. If the potentials are expressed as 
functions of pressure and temperature, and the common temperature and 
pressure are denoted by T and P, we have 

pi(P t T) = p 2 (P, T\ (81.1) 

whence the pressure and temperature of phases in equilibrium can be ex¬ 
pressed as functions of each other. Thus two phases can not be in equilibrium 
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with each other at all pressures and temperatures; when one of these is given, 
the other is completely determined. 

If the pressure and temperature are plotted as coordinates, the points at 
which phase equilibrium is possible will lie on a curve (the phase equilibrium 
curve), and the points lying on either side of the curve will represent homo¬ 
geneous states of the body. When the state of the body varies along a line 
which intersects the equilibrium curve, the phases separate at the point of 
intersection and the body then changes to the other phase. It may be noted 
that, when the state of the body changes slowly, it may sometimes remain 
homogeneous even when the phases should separate in complete equilibrium. 
Examples are supercooled vapours and superheated liquids, but such states 
are only metastable. 



Fto. 12 


v 


If the equilibrium of phases is plotted in a diagram with temperature and 
volume (of a fixed quantity of matter) as coordinates, then the states in 
which two phases exist simultaneously will occupy a whole region of the 
plane, and not simply a curve. This difference from the (P, T ) diagram arises 
because the volume V , unlike the pressure, is not the same for the two phases. 
The resulting diagram is of the kind shown in Fig. 12. Points in the regions I 
and II on either side of the hatched area correspond to homogeneous first 
and second phases. The hatched area represents states in which the two 
phases are in equilibrium: at any point a the phases I and II are in equilib¬ 
rium, with specific volumes given by the abscissae of the points 1 and 2 
which lie on a horizontal line through a. It is easily deduced directly from the 
mass balance that the quantities of phases I and II are inversely proportional 
to the lengths of the segments al and a2; this is called the lever rule. 

In a similar way to the conditions for equilibrium of two phases, the 
equilibrium of three phases of the same substance is governed by the equa¬ 
tions 


Pi = Pi = P 3 , T\ — Tz = Ts, i«i = i«2 = jUg. 


(81.2) 
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If the common values of the pressure and temperature of the three phases are 
again denoted by P and T, we have the conditions 

MP, T) = p 2 (P, T) = p*{P, T ). (81.3) 

These give two equations in the two unknowns P and T, and their solutions 
are specific pairs of values of P and T. The states in which three phases are 
simultaneously present (called triple points) in the (P, T) diagram are repre¬ 
sented by isolated points which are the points of intersection of the equilib¬ 
rium curves of each pair of phases (Fig. 13, where regions I, II, III are those 
of the three homogeneous phases). The equilibrium of more than three pha¬ 
ses of the same substance is clearly impossible. 



Fro. 13 Fig. 14 


In the (T, V) diagram the neighbourhood of the triple point has the appear¬ 
ance shown in Fig. 14, where the hatched areas are those of equilibrium of 
two phases; the specific volumes of the three phases in equilibrium at the 
triple point (at the temperature 7^) are given by the abscissae of the points 
1, 2, 3. 

The change from one phase to another is accompanied by the evolution or 
absorption of a certain quantity of heat, called the latent heat of transition 
or simply the heat of transition. According to the conditions of equilibrium 
such a transition occurs at constant pressure and temperature. But in a pro¬ 
cess occurring at constant pressure the quantity of heat absorbed by the body 
is equal to the change in its heat function. The heat of transition q per mole¬ 
cule is therefore 

q = W2 — Wli (81.4) 

where w\ and w 2 are the heat functions per molecule of the two phases. The 
quantity q is positive if heat is absorbed by the body in changing from the 
first to the second phase, and negative if heat is evolved. 

Since, for bodies consisting of a single substance, p is the thermodynamic 
potential per molecule, we can write p = e—Ts+Pv (where e, s, v are the 
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molecular energy, entropy and volume). The condition Hi = therefore 
gives 

T(s t - Jj)+P(v 2 -^) = (w 2 -wj- T{s 2 - s x )= 0, 
where T and P are the temperature and pressure of both phases; hence 


q=ns z - Sl ) (81.5) 

We may note that this formula also follows directly from q = J T ds with T 
constant; the latter formula is applicable here, since the transition is revers¬ 
ible: the two phases remain in equilibrium during the transition process. 





Let the two curves in Fig. 15 represent the chemical potentials of the two 
phases as functions of temperature (at a given pressure). The point of inter¬ 
section of the two curves gives the temperature T 0 for which (at the given 
pressure) the two phases can exist in equilibrium. At any other temperature 
only one or the other phase can exist. It is easy to see that at temperatures 
below T 0 the first phase exists, i.e. is stable, and at temperatures above To 
the second phase. This follows because the stable state is the one where (i 
is smaller, since the thermodynamic potential tends to a minimum for given 
P and T. At the point of intersection of the two curves, the derivative dpi/dT 
is greater than dfj, 2 /dT t i.e. the entropy of the first phase, si = —dpi/dT, is 
less than that of the second phase, s 2 = — dfx 2 /dT. The heat of transition 
q — T(s 2 —s{) is therefore positive. Thus we conclude that, if the body goes 
from one phase to another when the temperature is raised, heat is absorbed 
in the process. This result could also be derived from Le Chatelier’s prin¬ 
ciple. 


PROBLEMS 

Problem 1. Determine the temperature dependence of the saturated vapour 
pressure above a solid. The vapour is regarded as an ideal gas, and both the gas 
and the solid have constant specific heats. 

Solution. The chemical potential of the vapour is given by formula (43.3) and 
that of the solid by (65.6); since the saturated vapour pressure is relatively small. 
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the quantity PV may be neglected for the solid, and# taken as equal to F. Equat¬ 
ing the two expressions, we find 

P — constant X T*-'** _c »)^(«oj —*<n)l T 


where the suffix 1 refers to the solid and 2 to the vapour. 

In the same approximation, the heat function of the solid may be taken as equal 
to its energy; the heat of transition (heat of sublimation) q = h\ 2 —is 


Q = (Cp 2 -Ci)r+(e 0 2-«oi)- 


In particular, for T = 0 the heat of transition is q 0 = «o 2 ~ f oi> so that we can 
write 

P = constant x 7’ (c j>« -c, V- < * o/r . 


Problem 2. Determine the rate of evaporation from a condensed state into a 
vacuum. 

Solution. The rate of evaporation into a vacuum is determined by the number of 
particles which leave unit surface area of the body per unit time. Let us consider 
a body in equilibrium with its saturated vapour. Then the number of particles 
leaving the surface is equal to the number which strike and “adhere to” this surface 
in the same time, i.e. P 0 (l—R)/\/(27tmT), where P 0 = P 0 (T) is the saturated vapour 
pressure, and R a mean reflection coefficient for gas particles colliding with the 
surface (see (39.2)). If P 0 is not too large, the number of particles leaving the surface 
of the body is independent of whether there is vapour in the surrounding space, 
so that the above expression gives the required rate of evaporation into a vacuum. 


§ 82. The Clapeyron-Clausius formula 

Let us differentiate both sides of the equilibrium condition pi(P, T) = 
J ua(P, T) with respect to temperature, bearing in mind, of course, that the 
pressure P is not an independent variable but a function of temperature 
determined by this same equation. We therefore write 

dpi dpi _ dp 2 dp2 dP 
dT + dP dT ~ dT + 0P dP ; 


since (dp/dT) P — —s, (dp/dP) T = v (see (24.12)), this gives 

dP _ Sj — Sz 
6T ~ 


(82.1) 


where su v% are the molecular entropies and volumes of the two 

phases. 

In this formula the difference s\—s 2 may conveniently be expressed in 
terms of the heat of transition from one phase to the other. Substituting 
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q — T(s 2 —si), we obtain the Clapeyron-Clausius formula’. 


dP _ q 
d T ~ T(v 2 — v i) 


(82.2) 


This gives the change in the pressure of phases in equilibrium when the 
temperature changes or, in other words, the change in pressure with tem¬ 
perature along the phase equilibrium curve. The same formula written as 

dT T(y 2 -v i) 

d P~ q 


gives the change in the temperature of the transition between phases (e.g. 
freezing point or boiling point) when the pressure changes. Since the molec¬ 
ular volume of the gas is always greater than that of the liquid, and heat is 
absorbed in the passage from liquid to vapour, it follows that the boiling 
point always rises when the pressure increases (dT/dP > 0). The freezing 
point may rise or fall with increasing pressure, according as the volume 
increases or decreases on melting.* 

All these consequences of formula (82.2) are in full agreement with Le 
Chatelier’s principle. Let us consider, for example, a liquid in equilibrium 
with its saturated vapour. If the pressure is increased, the boiling point must 
rise, and so some of the vapour will become liquid; this in turn will cause a 
decrease in pressure, so that the system acts as if to oppose the interaction 
which disturbs its equilibrium. 

Let us consider the particular case of formula (82.2) which relates to equi¬ 
librium between a solid or liquid and its vapour. Then formula (82.2) deter¬ 
mines the change in the saturated vapour pressure with temperature. 

The volume of a gas is usually much greater than that of a liquid or solid 
containing the same number of particles. We can therefore neglect the volume 
i>i in (82.2) in comparison with v 2 (the second phase being taken to be a gas), 
i.e. write dP/dT = q!Tv 2 . Regarding the vapour as an ideal gas, we can 
express its volume in terms of the pressure and temperature by v 2 = T/P\ 
then dP/6T = qP/T 2 , or 

d log PjdT — q/T 2 . (82.3) 

We may note that, in temperature intervals over which the heat of transition 
may be regarded as constant, the saturated vapour pressure varies exponen¬ 
tially with the temperature (oc e~ 9lT ). 


t The liquid helium isotope He 3 is an exception. Its heat of fusion is negative 
over a certain temperature range. 
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PROBLEMS 


Problem 1. Determine the specific heat of a vapour along the equilibrium curve 
of the liquid and its saturated vapour (i.e. the specific heat for a process in which 
the liquid is always in equilibrium with its saturated vapour). The vapour is re¬ 
garded as an ideal gas. 

Solution. The required specific heat h—T ds/dT, where ds/dT is the deriva¬ 
tive along the equilibrium curve: 


rlHSMS), 


dP 
dT 


c p 



dP 

dT' 


Substituting the expression given by (82.3) for dP/dT, and v— T/P, we find 


h = c p -qlT. 


At low temperatures, h is negative, i.e. if heat is removed in such a way that the 
vapour is always in equilibrium with the liquid, its temperature can increase. 


Problem 2. Determine the change in the volume of a vapour with temperature 
in a process where the vapour is always in equilibrium with the liquid (i.e. along 
the equilibrium curve of the liquid and its vapour). 

Solution. We have to determine the derivative dv/dT along the equilibrium 
curve: 


d v _ /dv \ /0v\ dP 

dr “ \0rj p + \0pj r dr‘ 


Substituting from (82.3), and v = TIP, we find 



At low temperatures dvfdT < 0, i.e. the vapour volume decreases with increas¬ 
ing temperature in the process considered. 


§ 83. The critical point 

The phase equilibrium curve (in the PT-plane) may terminate at a certain 
point (Fig. 16), called the critical point ; the corresponding temperature and 
pressure are the critical temperature and the critical pressure. At tempera¬ 
tures above T c and pressures higher than P c , no difference of phases exists, 
the substance is always homogeneous, and we can say that at the critical 
point the two phases become identical. The concept of the critical point was 
first used by D. I. Mendeleev (1860). 


18 * 
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In the coordinates T, V, when there is a critical point, the equilibrium 
diagram, appears as in Fig. 17. As the temperature approaches its critical 
value, the specific volumes of the phases in equilibrium become closer, and 
at the critical point (K in Fig. 17) they coincide. The diagram in the coordi¬ 
nates P, V has a similar form. 


P T 



T c V c 

Fig. 16 Fig. 17 


When there is a critical point, a continuous transition can be effected 
between any two states of the substance without its ever separating into two 
phases. To achieve this, the state must be varied along a curve which passes 
round the critical point and nowhere intersects the equilibrium curve. In this 
sense, when there is a critical point, the concept of different phases is itself 
arbitrary, and it is not possible to say in every case which states have one 
phase and which have the other. Strictly speaking, there can be said to be two 
phases only when they exist simultaneously and in contact—that is, at points 
lying on the equilibrium curve. 

It is clear that the critical point can exist only for phases such that the 
difference between them is purely quantitative, for example a liquid and a gas 
differing only in the degree of interaction between the molecules. 

On the other hand, such phases as a liquid and a solid (crystal), or different 
crystal modifications of a substance, are qualitatively different, since they 
have different internal symmetry. It is clear that we can say only that a partic¬ 
ular symmetry property (symmetry element) exists or does not exist; it can 
appear or disappear only as a whole, not gradually. In each state the body 
will have one symmetry or the other, and so we can always say to which of 
the two phases it belongs. The critical point therefore cannot exist for such 
phases, and the equilibrium curve must either go to infinity or terminate by 
intersecting the equilibrium curves of other phases. 

An ordinary phase transition point is not a mathematical singularity of the 
thermodynamic quantities of the substance. For each of the phases can exist 
(though in a metastable state) beyond the transition point; the thermo¬ 
dynamic inequalities are not violated at that point. At the transition point the 
chemical potentials of the two phases are equal: i ai(P, T) — /^(P, T ); but this 
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point has no special property with respect to either one of the functions 
t*i(P, T) and /x 2 (P, T)S 

Let us plot in thePK-plane an isotherm of the liquid and gas, i.e. the curve of 
P as a function of V in an isothermal expansion of a homogeneous body (abc 
anddefinFig. 18). According to the thermodynamic inequality (dPldV) T < 0, 


p 



P is a decreasing function of V. This slope of the isotherms must continue 
for some distance beyond their intersections (b and e) with the liquid- 
gas equilibrium curve; the segments be and ed of the isotherms corre¬ 
spond to metastable superheated liquid and supercooled vapour, in which 
the thermodynamic inequalities are still satisfied. (A complete-equi¬ 
librium isothermal change of state between the points b and e corresponds, 
of course, to the horizontal segment be , on which separation into two phases 
occurs.) If we use the fact that the ppints b and e have the same ordinate P, 
it is clear that the two parts of the isotherm cannot pass continuously into 
each other; there must be a discontinuity between them. The isotherms 
terminate at points (c and d) where the thermodynamic inequality ceases to 
hold, i.e. 

(0P/0F) r = 0. (83.1) 

By constructing the locus of the points of termination of the isotherms of the 
liquid and gas, we obtain a curve AKB on which the thermodynamic inequali¬ 
ties are violated (for a homogeneous body), and which is the boundary of a 
region in which the body can never exist in a homogeneous state. The regions 

t It must be noted, however, that there is some degree of arbitrariness in these 
statements, due to an indeterminateness of jx(P, T) in the region of metastability. 
The metastable state is one of partial equilibrium, having a certain relaxation 
time, in this case for the process of formation of nuclei of a new phase (see 
§ 162). The thermodynamic functions in such a state can therefore be defined only 
without taking account of these processes, and they cannot be regarded as the 
analytic continuation of the functions from the region of stability corresponding 
to the complete equilibrium states of the substance. 
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between this curve and the phase equilibrium curve correspond to super¬ 
heated liquid and supercooled vapour.* It is evident that at the critical point 
the two curves must touch. 

Of the points lying on the curve AKB itself, only the critical point K 
corresponds to an actually existing state of the homogeneous body; this is 
the only point where the curve reaches the region of stable homogeneous 
states. 

It is worth mentioning that the condition (83.1) at the critical point can 
also be derived from the following simple considerations. Near the critical 
point, the specific volumes of the liquid and the vapour are almost the same; 
denoting them by V and V +bV, we can write the condition for equal pres¬ 
sures of the two phases as 

P(F, T ) = P(V+bV, T ). (83.2) 

Expanding the right-hand side in powers of bV and dividing by the small but 
finite quantity bV, we have 



Hence we see that, when bV tends to zero, i.e. at the critical point, ( dPjdV) T 
must tend to zero. 

In contrast to the ordinary phase-equilibrium points, the critical point is a 
mathematical singularity of the thermodynamic functions of the substance 
(and the same applies to the whole curve AKB which bounds the region 
where homogeneous states of the body exist). The nature of this singularity 
and the behaviour of matter near the critical point will be discussed in 
6153. 


§ 84. The law of corresponding states 

Van der Waals’ interpolation formula for the equation of state, 

NT N*a 
F ~ V-Nb V 2 ’ 


(84.1) 


* The segment of the isotherm that corresponds to superheated liquid (be in 
Fig. 18) may lie partly below the abscissa axis. Thus a superheated liquid may have 
a negative pressure. Such a liquid exerts an inward force on its boundary surface. 
Thus the pressure is not necessarily positive, and there can exist in Nature states 
(though only metastable ones) of a body with negative pressures, as already men¬ 
tioned in § 12. 
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is in qualitative agreement with the properties of the liquid-vapour transition 
which have been described in the preceding sections. The isotherms deter¬ 
mined by this equation are shown in Fig. 19. Curves passing above the crit¬ 
ical point K represent monotonically decreasing functions P(V) for T =»■ T c . 
The isotherm that passes through the critical point has an inflexion there. 
At temperatures T < T c , each isotherm has a minimum and a maximum, 
and between them is a section with ( dP/dV) T > 0; these sections (shown by 
the broken lines in Fig. 19) do not correspond to any homogeneous states 
of matter that actually exist in Nature. 


p 



As has been explained in § 83, a straight horizontal segment intersecting 
the isotherm corresponds to the equilibrium liquid-gas transition. The level 
at which this segment must be drawn is determined by the phase equilibrium 
condition pi — p, 2 , which we write as 
2 

j dp — 0, 

1 

the integral being taken along the path of the transition from a state of one 
phase to a state of the other phase. Integrating along the isotherm, we have 
dp = v dP, and hence 

2 

j V dP — 0. (84.2) 

i 

Geometrically, this condition signifies that the areas shown hatched in 
Fig. 19 for one isotherm are equal {Maxwell's rule). 

The critical temperature, critical pressure and critical volume can be 
expressed in terms of the parameters a and b which appear in van der Waals’ 
equation. To do this, we differentiate (84.1) and put 

/9P\ . 
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which determine the point of inflexion on the isotherm. These equations 
with (84.1) give 


T c 


_ 8 _ a_ 
27 b ’ 


V c = 3Nb, 


P - —— 
c “ 27 b* • 


(84.3) 


We now use the reduced temperature, pressure and volume, 

r = TfT c , P' = P/Pc, V' = F/F e . (84.4) 

In terms of these quantities, van der Waals’ equation becomes 

(j>' + -p i -)(3r-l)=8r. (84.5) 


It contains only V\ P' and T', and not quantities pertaining to a given 
substance. Equation (84.5) is therefore the equation of state for all bodies to 
which van der Waals' equation is applicable. The states of two bodies for 
which their values of T\ P\ V' are equal are called corresponding states 
(clearly the critical states of all bodies are corresponding states). It follows 
from (84.5) that, if two bodies have equal values of two of the three quanti¬ 
ties T\ P', V', then the values of the third quantity are also equal, i.e. they 
are in corresponding states (the law of corresponding states). 

The “reduced” isotherms P' — P'(V') given by equation (84.5) are the 
same for all substances. The positions of the straight segments which give the 
liquid-gas transition points are therefore also the same. We can therefore 
conclude that for equal reduced temperatures the following quantities must 
be the same for all substances: (1) the reduced saturated vapour pressure, (2) 
the reduced specific volume of the saturated vapour, (3) the reduced specific 
volume of the liquid in equilibrium with the saturated vapour. 

The law of corresponding states can also be applied to the heat of transi¬ 
tion from the liquid to the gaseous state. Here the “reduced heat of evapora¬ 
tion” must be represented by a dimensionless quantity, q/T c . We can there¬ 
fore write 1 

q/T c = f(T/T c ). (84.6) 

In conclusion, we may note that the law of corresponding states does not 
apply only to van der Waals' equation. The parameters of a specific sub¬ 
stance disappear when reduced quantities are used in any equation of state 
containing only two such parameters. The law of corresponding states, taken 
as a general theorem not pertaining to any specific form of the equation of 
state, is somewhat more accurate than van der Waals* equation, but its 
applicability is in general very restricted. 


+ At temperatures considerably below the critical temperature, the ratio qjT c 
is approximately 10 (where q is the molecular heat of evaporation). 



CHAPTER IX 
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§ 85. Systems containing different particles 


Hitherto we have considered only bodies consisting of identical particles. 
Let us now go on to discuss systems which contain different particles. These 
include all kinds of mixtures of more than one substance; if the mixture con¬ 
tains much more of one substance than of the others, it is called a solution 
of the other substances in the predominant substance (the solvent). 

The number of independent components of the system customarily sig¬ 
nifies the number of substances whose quantities in a state of complete equi¬ 
librium can be specified arbitrarily. All the thermodynamic quantities for a 
system in complete equilibrium are entirely determined, for example, by the 
temperature, the pressure and the numbers of particles of the independent 
components. The number of independent components may not be the same 
as the total number of different substances in the system if a chemical reac¬ 
tion can occur between the latter; if such a system is in partial equilibrium 
only, the determination of its thermodynamic quantities requires, in general, 
a knowledge of the amounts of all the substances present in it. 

It is easy to generalise the results of§ 24 to bodies consisting of different 
substances. Firstly, all the thermodynamic quantities must be homogeneous 
functions of the first order in all the additive variables—the numbers of the 
different particles and the volume. 

Next, instead of the concept of a single chemical potential of the body as 
the derivative of some one of its thermodynamic potentials with respect 
to the number of particles (§ 24), there are chemical potentials p t for each 
component of the mixture, which are the derivatives of the thermodynamic 
potential with respect to the numbers N t of particles of the components. 
Accordingly, the sum Ep t d N t must now replace p dN in all the formulae 
(24.5) and (24.7)-(24.9). 

For example, the expression for the differential d& becomes 


d 0 = -S 

and the chemical potential is 


d T+VdP+^p, 


dNj 


Pi — (d@/dNi) Pi 7 . 


(85.1) 
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The chemical potentials are then expressed as functions of the pressure, the 
temperature and the concentrations , i.e. the ratios of the numbers of particles 
of the different substances. These numbers of particles can appear in /u, only 
as ratios, since 0 is a homogeneous function of the first order in the N t , and 
the chemical potentials must therefore be homogeneous functions of zero 
order in these variables. 

From the fact that 0 is a homogeneous function of the first order in the 
N { , we have, using Euler’s theorem, 

0 = ^Ni d0fdN l = £ HiNt , (85.2) 


which is a generalisation of the formula 0 = Nfi. 
For the potential Q we now have 

Q = F-SutNi 


and hence again Q — —PV. The last formula ceases to be valid only for 
bodies in an external field, when the pressure in different parts of the bodies 
is different. 

The results of§ 25 can also be generalised immediately: the conditions of 
equilibrium for a system in an external field require the temperature and also 
the chemical potential of each component to be constant throughout the 
system: 

Hi = constant. (85.3) 


Finally, the Gibbs distribution for systems consisting of different particles 
becomes 


WnN x N t ... = exp 


Q+S(j, i Ni—E„N 1 N t . .. ] 

T }’ 


(85.4) 


an obvious generalisation of formula (35.2). 


§ 86. The phase rule 

Let us now consider a system consisting of different substances and com¬ 
prising r phases in contact (each phase containing, in general, all the sub¬ 
stances). 

Let the number of independent components in the system be n. Then each 
phase is described by its pressure, temperature and n chemical potentials. 
We have seen in § 81 that the condition for equilibrium of phases consisting 
of identical particles is that temperature, pressure and chemical potential 
should be equal. It is evident that, in the general case of more than one com¬ 
ponent, the phase equilibrium condition will be that the temperature, pres¬ 
sure and each chemical potential are equal. Let T and P be the common 
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§ 87 

temperature and pressure of the phases. In order to distinguish the chemical 
potentials belonging to different phases and components we shall write them 
with a roman index for the phase and an arabic suffix for the component. 
Then the phase equilibrium conditions may be written 

fji= fjn = = j 

(4 = f*¥= I (86.1) 

(4= (*n = ■■■ = (*n- ) 

Each of these potentials is a function of « + l independent variables: P, T, 
and n— 1 concentrations of different components in the phase concerned 
(each phase contains n independent numbers of partides of different kinds, 
giving n— 1 independent ratios). 

The conditions (86.1) form a set of «(r— 1) equations. The number of un¬ 
knowns is 2 + r(n— 1). If these equations have solutions, the number of equa¬ 
tions must certainly not be greater than the number of unknowns, i.e. 
n(r— 1) c 2 + r(n—l), or 

r*zn+ 2. (86.2) 

In other words, in a system consisting of n independent components, not 
more than «-1-2 phases can be in equilibrium simultaneously. This is called 
Gibbs' phase rule. We have seen a particular case of it in § 81: when there is 
one component, the number of phases that exist in contact at one time 
cannot exceed three. 

If the number r of coexisting phases is less than n +2, n+2—r of the vari¬ 
ables in equations (86.1) can obviously take arbitrary values. That is, we can 
arbitrarily vary any n+2—r variables without destroying the equilibrium; 
the other variables must, of course, be varied in a definite manner. The num¬ 
ber of variables which can be arbitrarily varied without destroying the equi¬ 
librium is called the number of thermodynamic degrees of freedom of the sys¬ 
tem. If this is denoted by /, the phase rule may be written 

/= /i + 2—r, (86.3) 

where / cannot, of course, be less than zero. If the number of phases has its 
maximum possible value n +2, then/ = 0, i.e. all the variables in equations 
(86.1) have definite values, and none of them can be varied without destroy¬ 
ing the equilibrium and causing one of the phases to disappear. 

§ 87. Weak solutions 

We shall now consider (in §§ 87-91) the thermodynamic properties of weak 
solutions, i.e. those in which the number of molecules of the dissolved sub¬ 
stances (the solutes ) is much less than the number of solvent molecules. Let 



266 


Solutions 


us first take the case of a solution with only one solute; the generalisation to 
a solution with more than one solute is immediate. 

Let TV be the number of solvent molecules in the solution, and n the num¬ 
ber of solute molecules. The ratio c = n/N is the concentration of the solu¬ 
tion, and from the above hypothesis c<zl. 

Let us derive an expression for the thermodynamic potential of the solu¬ 
tion. Let &o(P, T, TV) be the thermodynamic potential of the pure solvent 
(containing no solute). According to the formula & = N/j, (which is valid 
for pure substances) it can be written 0 O = N/j, 0 (P, T), where Ho(P, T) 
is the chemical potential of the pure solvent. Let a = a(P, T, TV) denote the 
small change which would occur in the thermodynamic potential if one 
molecule of solute were added to the solvent. Since the solution is assumed 
weak, the solute molecules in it are comparatively far apart, and their inter¬ 
action is therefore weak. Neglecting this interaction, we can then say that 
the change in the thermodynamic potential when n molecules are added 
to the solvent is m. But the expression &o +«a thus obtained fails to take 
account of the fact that all the molecules of the solute are identical. This is 
the expression which would be obtained from formula (31.5) if all the solute 
particles were regarded as different in calculating the partition function. 
As we know (cf. 31.7)), the partition function thus calculated must in fact 
be divided by n!. f 

This leads to an additional term T log nl in the free energy, and therefore 
in the potential 0. Thus 

0 = N(*o(P, T) +na(P, T, N) + T log n !. 

Next, since n is itself a very large number, though small in comparison 
with TV, we can write log n\ = n log (n/e) in the last term. Then 

0 = N{i 0 + n[a + P log-(n/f?)] 

= Nfx 0 + nT log [(nfe)e a/T }. 

We now take into consideration the fact that 0 must be a homogeneous 
function of the first order in n and TV. For this to be so it is clearly necessary 
that e? rr in the argument of the logarithm should be of the form f(P, T)/N. 
Thus 

0 = N/Xo -F nT log [(«/eTV)/(P, T)]. 

Defining a new function y(P, T) = T log /(P, P), we finally have for the 
thermodynamic potential of the solution the expression 

0 - N/x 0 (P, T ) + nT log (nfeN) + mp(P, T ). (87.1) 

t Here we neglect quantum effects, which is always permissible for a weak solu¬ 
tion, as it is for a sufficiently rarefied gas. 
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The assumption, made at the beginning of this section, about the addition 
of a term of the form m. to the potential of the pure solvent amounts essen¬ 
tially to an expansion in powers of «, retaining only the leading terms. The 
term of the next order in n is proportional to n 2 , and by the homogeneity 
in the variables n and N it must be n 2 /5(P, T)/2N, where /S is a function of P 
and T only. Thus the thermodynamic potential of a weak solution as far as 
the second-order terms is 

0 = Nfj, 0 (P , T) + nT log (n/eN) + mp(P, T) + (rf/lN) £(P, T). (87.2) 

The generalisation of this to the case of a solution of more than one 
substance will obviously be 

0 = N(io + ^ n,T log (rii/eN) + £ npp t + {mn k l2N)(} ik , (87.3) 

where the n t are the numbers of molecules of the various solutes. 

From (87.1) we can easily find the chemical potentials for the solvent (jx) 
and the solute {(/): the former is 

(x = 00/07V = (Xo-TnfN = (x 0 -Tc, (87.4) 

and the latter is 

fx' = d0/dn = Tlog ( n/N)+ip = 7Tog c+\p. (87.5) 


§ 88. Osmotic pressure 

In this and the following sections we shall discuss some properties of solu¬ 
tions, again assuming them weak and therefore using the results of § 87. 

Let us suppose that two solutions of the same substance in the same sol¬ 
vent but with different concentrations ci and c 2 are separated by a partition 
through which solvent molecules can pass but solute molecules cannot (a 
semi-permeable membrane). The pressures on the two sides of the membrane 
will then be different; the argument in§ 12 to prove the equality of pressures 
is invalid here, because of the presence of the semi-permeable membrane. 
The difference between the pressures is called the osmotic pressure. 

The condition of equilibrium between the two solutions is (apart from the 
equality of their temperatures) that the chemical potentials of the solvent in 
them should be equal. The chemical potentials of the solute need not be the 
same, since the semi-permeability of the membrane means that there is equi¬ 
librium only with respect to the solvent. 

Denoting the pressures in the two solutions by Pi and P 2t and using the 
expression (87.4), we obtain the equilibrium condition in the form 

MPu T)- Cl T - T)—c%T. (88.1) 
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The pressure difference P 2 —Pi = AP (i.e. the osmotic pressure) is rela¬ 
tively small for weak solutions, and so we can expand ju 0 (Pa, T) in powers of 
zlP, retaining only the first two terms: 

/Wo(P 2 > T) — MPi, T) +AP*dfio/dP • 

Substitution in (88.1) gives 

AP.dfio/dP = 0 c 2 - Cl )T . 

But 0/w o /3P is just the molecular volume v of the pure solvent. Thus 

ZlP = (c 2 -d)T/v. (88.2) 

In particular, if there is pure solvent on one side of the membrane 
(d = 0, Ci = c), the osmotic pressure is 

AP = cT/v = «T/F, (88.3) 

where n is the number of solute molecules in a volume V of solvent; since 
the solution is weak, V is almost exactly equal to the total volume of the 
solution. Formula (88.3) is called van't Hoff's formula . It should be pointed 
out that this formula is applicable to weak solutions independently of the 
particular solvent and solute concerned, and that it resembles the equation 
of state of an ideal gas. The gas pressure is replaced by the osmotic pressure, 
the gas volume by the solution volume, and the number of particles in the 
gas by the number of molecules of solute. 


§ 89. Solvent phases in contact 

Let us consider the equilibrium of two solvent phases in contact, with a 
certain amount of the same substance dissolved in each. The equilibrium 
conditions are (apart from the equality of pressures and temperatures) the 
equality of the chemical potentials of the solvent and those of the solute in 
the two phases. Here we shall use the first condition, writing it in the form 

tf(P, T)-c{T = tf(P, T)-c n T, (89.1) 

where c lt c n are the concentrations and /Uq, /“? the chemical potentials of 
the two phases of the pure solvent. 

It must be noted that the system considered here, consisting of two compo¬ 
nents and two phases, has two thermodynamic degrees of freedom. Of the 
four quantities P, T, c v c lv therefore, only two may be chosen arbitrarily; if 
we choose P or T and one of the concentrations, for example, then the other 
concentration has a definite value. 
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If the two solvent phases contained no solute, the condition for their equi¬ 
librium would be 

T 0 ) = fJ$(P 0 , T 0 ), (89.2) 

the temperature and pressure of both phases being denoted by T 0 and P 0 . 

Thus, whereas in the equilibrium of pure solvent phases the relation be¬ 
tween pressure and temperature is given by equation (89.2), when any sub¬ 
stance is dissolved in these phases the relation is given by equation (89.1). 
For weak solutions the two equations are not greatly different. 

Let us now expand nl(P, T) and (JJ(P, T ) in equation (89.1) in powers of 
P—P 0 = AP and T—T 0 = AT, where P 0 and To are the pressure and temper¬ 
ature at some point on the equilibrium curve of the pure solvent phases 
close to a given point P , T on the equilibrium curve of the solution phases. 
Retaining in the expansion only the first-order terms in AP and AT, and 
using (89.2), we have from (89.1) 

M AT +M AP-c,T = M AT+^ AP-CnT. 

But —dpoldT and df^o/dP are just the entropy s and the volume v of the 
pure solvent (per molecule). Adding the suffix denoting the phase, we have 

—(ji—Jii) AT + (vi—vu) AP = (ci—Cn)T. (89.3) 

According to formula (81.5), we have (%— Sj)T = q, where q is the latent 
heat of transition of the solvent from phase I to phase II. Thus (89.3) may 
be written 

(qfT)AT+ fa-vriAP = (ci-c„)r. (89.4) 

Let us examine two particular cases of this formula. We first choose the 
point P 0 , To such that P 0 — P. Then AT will be the horizontal distance be¬ 
tween the two curves, i.e. the change in the temperature of transition be¬ 
tween the two phases when the solute is added, or the difference between the 
transition temperature T (at pressure P) when both phases are solutions 
and the transition temperature T 0 (at the same pressure) for the pure sol¬ 
vent. Since AP = 0 here, (89.4) gives 

AT=T 2 (c 1 -c n )/q. (89.5) 

If one of the phases (I, say) is the pure solvent (c n = 0, c l = c), then 

AT = T 2 c/q. (89.6) 

This formula determines, in particular, the change in the freezing point when 
the solute is added, if the solute is insoluble in the solid phase; the two phases 
are then the liquid solution and the solid solvent, and AT is the difference 
between the temperature at which the solvent freezes out of the solution and 
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that at which the pure solvent freezes. On freezing, heat is liberated, i.e. q 
is negative. Hence AT < 0 also; i.e. if the pure solvent freezes out, the addi¬ 
tion of solute lowers the freezing point. 

The relation (89.6) also determines the change in the boiling point when 
the solute is added, if the solute is not volatile; the two phases are then the 
liquid solution and the solvent vapour, and AT is the difference between the 
temperature at which the solvent boils ofF from the solution and that at which 
the pure solvent boils. Since heat is absorbed in boiling, q >• 0 and therefore 
AT =- 0, i.e. the boiling point is raised by the addition of the solute. 

All these consequences of formula (89.6) are fully in accordance with Le 
Chatelier’s principle. For example, let a liquid solution be in equilibrium 
with the solid solvent. If the concentration of the solution is increased, then 
by Le Chatelier’s principle the freezing point must be lowered so that part 
of the solid solvent is added to the solution and the concentration is thereby 
lowered. The system as it were counteracts its disturbance from the equi¬ 
librium state. Similarly, if the concentration of the liquid solution in equi¬ 
librium with the solvent vapour is increased, the boiling point must be raised 
so that part of the vapour condenses into the solution and the concentra¬ 
tion is lowered. 

Let us now consider another particular case of formula (89.4), choosing 
the point Po, To so that T = T 0 . Then AP is the vertical distance between 
the two curves, i.e. the difference between the pressure of the two solution 
phases in equilibrium and that of the two pure solvent phases in equilibrium 
(at the same temperature). Here AT = 0, and from (89. 4) we have 

AP = T(c\ - c n )/(vi - v u ). (89.7) 

Let us apply formula (89.7) to an equilibrium between liquid and gaseous 
phases. Then the volume of one phase (the liquid) may be neglected in 
comparison with that of the other, and (89.7) becomes 

AP= T(a-c n )/v, (89.8) 

where v is the molecular volume of the gas phase (I). Noting that Pv = 2\ 
and substituting to the same accuracy P =* P 0 (where P 0 is the saturated 
vapour pressure over the pure solvent), we can write this formula as 

AP=P 0 {c l -ci 1 ). (89.9) 

If the gas phase is the pure solvent vapour (c x = 0, c u = c), then (89.9) 
becomes 

AP/P 0 = -c, (89.10) 

where c is the concentration of the solution. This formula gives the difference 
between the saturated vapour pressure of the solvent over the solution (P) 
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and over the pure solvent ( P 0 ). The relative decrease in the saturated vapour 
pressure when the solute is added is equal to the concentration of the solu¬ 
tion {Raoulfs law)? 


§ 90. Equilibrium with respect to the solute 

Let us now consider a system consisting of two solutions in contact, the 
solutions being of the same substance in different solvents (for instance, in 
two immiscible liquids), and their concentrations being denoted by C\ 
and c 2 . 

The equilibrium condition for this system is that the chemical potentials 
of the solute in the two solutions should be equal. Using (87.5), we can write 
this condition in the form 

T log ci +yi (p, T) = T log c 2 + y 2 {p, T). 

The functions yi and tp 2 are, of course, different for the different solvents. 
Hence we find 

ci/c 2 = eta-* V r . (90.1) 

The right-hand side of this equation is a function of P and T only. Thus the 
solute is distributed between the solvents in such a way that the ratio of 
concentrations is always the same (for given pressure and temperature), 
independently of the total quantities of the solute and solvents (the distri¬ 
bution law). The same law obviously applies to a solution of one substance 
in two adjacent phases of the same solvent. 

Now let us consider the equilibrium between a gas (assumed ideal) and a 
solution of it in a liquid or solid solvent. The equilibrium condition, i.e. the 
equality of the chemical potentials of the pure gas and the dissolved gas, can 
be written (using (42.6) and (87.5)) in the form 

T log c + y{P , T) = TlogP-f xCO, 

whence 

c = pjx-rt/T, (90.2) 

The function y{P , T) describes the properties of the liquid (or solid) solu¬ 
tion. At low pressures, the properties of a liquid depend only very slightly on 
the pressure. Hence the dependence of y{P , T) on the pressure is unimportant, 
and we can suppose that the coefficient of P in (90.2) is a constant independ¬ 
ent of the pressure: 

c = PX constant. (90.3) 

t It will be remembered that c denotes the molecular concentration (ratio of 
numbers of molecules, n/N). 


19 
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Thus, when a gas dissolves, the concentration of the (weak) solution is pro¬ 
portional to the gas pressure {Henry's law)? 


PROBLEMS 

Problem 1. Find the variation of concentration with height for a solution in a 
gravitational field. 


Solution. We apply the equilibrium condition (85.3) in an external field, 
writing it for the solute: Tlog c+y)(P, T)+mgz = constant, since the potential 
energy of a solute molecule in the gravitational field is mgz (z being the height, 
and m the mass of the molecule). We differentiate this equation with respect to z, 
noting that the temperature is constant by one of the conditions of equilibrium: 


T dc 
c dz 


, , &P dp 

+mg+ §P d7 = °' 


Since the volume of the solution is 


dP N dP + 0P 


(substituting for 0 the expression (87.1)), the quantity dip/dP may be called the vol¬ 
ume v' per molecule of solute. Hence 


T dc dP 

— —+mg+v'—= 0. 
c dz dz 


In order to find P as a function of z, we use the equilibrium condition for the 
solvent 

v dP/dz+Mg = 0, 

where v = d{i 0 /dP is the molecular volume and M the mass of a solvent molecule. 
Substituting dP/dz in the previous condition, we find 

T dc v' 

— — + mg—Mg — = 0. 
c dz v 


If the solution may be regarded as incompressible, i.e. v and v' are constants, 
this gives 


c = c 0 e~ igz/T ^ (nt-v’M/v) * 


where c 0 is the concentration of the solution when z = 0, i.e. the usual barometric 
formula corrected in accordance with Archimedes’ principle. 


t It is assumed that the molecules dissolve unchanged. If they dissociate (as in 
the dissolution of hydrogen H 2 in certain metals), the dependence of the concentra¬ 
tion on the pressure is different; see § 102, Problem 3. 

* In this condition the term involving the concentration (—Tdc/dz) is small 
and may be omitted; in the condition for the solute, it contained c in the denomi¬ 
nator and was therefore not small. 
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Problem 2. Find the relation between the changes in the solubilities of two sub¬ 
stances simultaneously dissolved in the same solvent.* 


Solution. The interaction between the two solutes is taken into account by 
the quadratic term (proportional to n^) in the thermodynamic potential (87.3). 
The chemical potentials of the solutes are 

= M>!dn x — T log c x +y x +c x p xx +c^ 12 

and similarly for fi 2 (the concentrations are c x = n x /N, c 2 = r^/N). The sol - 
bllities c 01 and c 02 of each substance in the absence of the other are given by t c 
equilibrium conditions. 


P oi = T\og c QX +y x +c ox fi xx , 
pQ2 = T c 02 ~^~V*2 c 02^22 • 

where p,' QX and [i' 02 are the chemical potentials of the pure solutes. The joint 
solubilities Cq X and t aregiven by 

Poi = T\og C ox +ip x +c' Q ^ xx +c' Q2 ^ X2t 

( 2 ) 

P 02 = T\o% c Q2 +y} 2 -\-c Q2 ^ 22 ^~CQ X ^ x2 . 


Subtracting (1) from (2) term by term, and using the relative smallness of the chan¬ 
ges in the solubilities (<5c 01 = Cq X —c 0X « c 01 , <5c 02 « c 02 ), we find 


Hence 


Tdc ox /c ox — —c 02 fi X2 , TSc 02 fc 02 — —c QX fi 12 . 


<5Coi — ^ c 02 • 


i.e. the changes in the solubilities of the two substances are equal. 


Problem 3. Find the relation between the changes of saturated vapour pressure 
of two solutes when both are present. 

Solution. The saturated vapour pressures above solutions of each substance 
separately are given by the equilibrium conditions 

TTog P\+%i(T) = 7Tog c x +tp x + c x fi xl , 

TTog P 2 +% 2 (T) = T’log c 2 +ip 2 +c^ 22 ; 

the expressions on the left-hand side are the chemical potentials of the two sub¬ 
stances in the vapour. The pressures P' x and P 2 above the solution of both solutes 
are given by 

T\ogP' x +% x = T log c x +ip x -f c x fi xx -f c <$ X2 , 

T\ogP 2 +% 2 = T log c 2 +f 2 -f c$ 22 + c x fi 12 . 

Hence, if the changes dP x = P x —P x and dP 2 are small, we have 
TdP x /P x = cA 2 , TdP 2 /P 2 = c x fa 2 . 
and the required relation 

dP x ldP 2 = 

p i / P 2 c i 


* The solubility is the concentration of a saturated solution. It is assumed that 
this concentration is still so small that the formulae of the theory of weak solu¬ 
tions are applicable. 


19* 
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§ 91. Evolution of heat and change of volume on dissolution 

The process of dissolution is accompanied by the evolution or absorption 
of heat. Let us now calculate the quantity of heat involved, and first deter¬ 
mine the maximum work which can be done as a result of the dissolution 
process. 

Let us suppose that the dissolution occurs at constant pressure and tem-' 
perature. In this case the maximum work is determined by the change in the 
thermodynamic potential. Let us calculate it for a process in which a small 
number bn of solute molecules are dissolved in a solution already of concen¬ 
tration c. The change bO in the total thermodynamic potential of the system 
is equal to the sum of the changes in the potentials of the solution and the 
pure solute. Since bn molecules of solute are added to the solution, the change 
in its thermodynamic potential is 

6® u , l = ^-dn = /Stn, 

where // is the chemical potential of the solute in the solution. The change in 
the potential^ of the pure solute is 

since the number of molecules of it decreases by bn, (i' 0 being the chemical 
potential of the pure solute. The total change in the thermodynamic potential 
in this process is therefore 

b& = bn((i'- (Iq). (91.1) 

We now substitute // from (87.5): 

b0 = - T bn log Co ^ r) , (91.2) 

where 

c Q (P, T ) = (91.3) 

is the solubility, i.e. the concentration of a saturated solution (that is, one 
which is in equilibrium with the pure solute). This is clear from the fact 
that in equilibrium 0 must have a minimum, i.e. we must have b0 = 0. 
Formula (91.3) can also be derived directly from the condition for equilibri¬ 
um between the solution and the pure solute, i.e. from the equality of the 
chemical potentials of the pure solute and that in the solution. Note, 
however, that c 0 may be identified with the concentration of the saturated 
solution only if c 0 is small, since all the formulae in the last few sections are 
applicable only to small concentrations. 
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The expression obtained gives the required quantity of work: [&£[ is the 
maximum work which can be done by the dissolution of bn molecules, and is 
also the minimum work which is needed to separate bn molecules of solute 
from a solution of concentration c. 

There is now no difficulty in calculating the heat bQ P absorbed in dissolu¬ 
tion at constant pressure (if bQ P < 0, this means that heat is evolved). The 
quantity of heat absorbed in a process which occurs at constant pressure is 
equal to the change in the heat function (§ 14). Since, on the other hand. 



we have* 

^— T iwPf r (9, - 4 > 

Substituting the expression (91.2) in this formula, we find the required quan¬ 
tity of heat: 

bQ P = T 2 bn 0 log co/dT. (91.5) 

Thus the quantity of heat involved in the dissolution process is related to the 
temperature dependence of the solubility. We see that bQ p is simply propor¬ 
tional to bn; this formula is therefore applicable also to the dissolution of any 
finite quantity of substance (so long as the solution remains weak, of course). 
The quantity of heat absorbed in the dissolution of n molecules is 

Q p = r 2 n 0 log Co/dT. (91.6) 

We may also determine the change in volume on dissolution, i.e. the differ¬ 
ence between the volume of the solution and the sum of the volumes of the 
pure solute and the solvent in which it is dissolved. Let us calculate this 
change bV in the dissolution of bn molecules. The volume is the derivative 
of the thermodynamic potential with respect to the pressure. The change in 
volume is therefore equal to the derivative, with respect to pressure, of the 
change in the thermodynamic potential: 

6V = -^d0. (91.7) 

t The corresponding formula for the quantity of heat in a process which occurs 
at constant volume is 



(91.4a) 
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Substituting 80 from (91.2), we find 


tv = -Tin-^p log Co . (91.8) 

In conclusion, it may be noted that formula (91.6) is in accordance with 
Le Chatelier’s principle. Let us suppose, for example, that Q P is negative, 
i.e. that heat is evolved on dissolution, and let us consider a saturated solu¬ 
tion. If this is cooled, then by Le Chatelier’s principle the solubility must 
increase so that more dissolution occurs. Heat is then evolved, i.e. the system 
as it were counteracts the cooling which disturbs its equilibrium. The same 
follows from (91.6), since in this case dc 0 /dT is negative. Similar arguments 
show that formula (91.8) is also in accordance with Le Chatelier’s principle. 

PROBLEMS 

Problem 1. Find the maximum work that can be done in the formation of a 
saturated solution. 

Solution. Before dissolution, the thermodynamic potential of the pure solvent 
was Nfji 0 , and that of the pure solute n^. The potential of the whole system was 
0\ = NfiQ+nfiQ. After dissolution, the thermodynamic potential 0 2 = N(i 0 + 
nT log ( n/eN)+mp . The maximum work is 

* max = -tf>2 

= -nT log (n/eAO+n(jUo-yO 
= nT log (ec Q /c); 

this may also be derived by integration of (91.2). If a saturated solution is formed, 
i.e. c — c 0 and n= Nc = Nc 0 , then 

#max = nT= NcqT. 

Problem 2. Find the minimum work which must be done to raise the concentra¬ 
tion of a solution from c x to c 2 by removing some of the solvent. 

Solution. Before the removal, the thermodynamic potential of the solution was 
0i = Nfio+N^Tlog (cJey+Ncjip (the number of solute molecules was Nc x , 
where N was the original number of solvent molecules). In order to raise the con¬ 
centration of the solution to c 2 , we must remove from it 7V(1—q/^) solvent 
molecules. The sum of the thermodynamic potentials of the remaining solution 
and the solvent removed gives 0 2 = A / )u 0 +A'c 1 7Tog ic 2 je)+Nc 1 ^p. The minimum 
work is 


#«nin = 0*i -0i = Nc x Tlog (Ca/Cj). 
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§ 92. Solutions of strong electrolytes 

The method of expanding the thermodynamic quantities in powers of the 
concentration used in the preceding sections is completely inapplicable in the 
important case of solutions of strong electrolytes , that is, substances which 
dissociate almost completely into ions when dissolved. The slow decrease of 
the Coulomb interaction forces between ions with increasing distance leads to 
terms proportional to a power of the concentration lower than the second 
(namely, the power). 

It is easy to see that the problem of determining the thermodynamic quan¬ 
tities of a weak solution of a strong electrolyte reduces to the problem of a 
completely ionised gas discussed in § 78 (P. Debye and E. Hiickel, 1923). 
This result may be derived by starting from the fundamental statistical for¬ 
mula (31.5) for the free energy. The integration in the partition function will 
be carried out in two stages, first integrating over the coordinates and mo¬ 
menta of the solvent molecules. Then the partition function becomes 

je~ F (p>^ T dr, 

where the integration is now taken only over the phase space of the electro¬ 
lyte particles, and F(p, q ) is the free energy of the solvent with the ions 
“fixed” in it, the ion coordinates and momenta being regarded as parame¬ 
ters. We know from electrodynamics that the free energy of a system of 
charges in a medium (of given volume and temperature) can be deduced from 
the energy of the charges in empty space by dividing the products of each pair 
of charges by the dielectric constant e of the medium.* The second step in 
calculating the free energy of the solution is therefore identical with the calcu¬ 
lations given in § 78. 

Thus the required contribution of the strong electrolyte to the free energy 
of the solution is given, according to (78.12), by 

where the summation is over all the kinds of ion in the solution; in accord¬ 
ance with the notation used in this chapter, n a denotes the total number of 
ions of the oth kind (in the whole volume of the solution). The same expres¬ 
sion gives the contribution to the thermodynamic potential for given temper¬ 
ature and pressure. Putting V s* Nv, where v(P, T) is the molecular volume 

* This assumes that the distances between ions are large compared with mo¬ 
lecular dimensions, but we know from § 78 that in the approximation considered 
the main contribution to the thermodynamic quantities comes in fact from these 
distances. 
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of the solvent, we can write the thermodynamic potential of the solution in 
the form 

0 = Nfio + Yj n a T \og (n a /eN) + ^ n a ip a 


2e* 

3e 3/2 [vTJ \ N J 


From this we can find, by the usual rules, any of the thermodynamic prop¬ 
erties of the electrolyte solution. For example, to calculate the osmotic pres¬ 
sure we write chemical potential of the solvent as 

' T v ' # (n\WlZnJi\W 

^ /4 ° iV? na+ 3£ 3 / 2 (wr) ( N ) ' (92 ' 2) 

As in § 88, we find from this the osmotic pressure (at an interface with the 
pure solvent) 

1 




The heat function of the solution is 

w = - T *(4fT)= m °- T *%”‘W } T 

< 92 - 4 > 

From this we can find the heat of solution Q which is liberated when the 
solution is diluted (at constant P and T) with a very large amount of solvent 
(so that the concentration tends to zero). This quantity of heat is given by the 
change in the heat function during the process. The terms linear in the num¬ 
ber of particles obviously give zero difference, and we find from (92.4) 

q - N _ 1 _ \ (925) 

^ 3 \ ff ) 1 Sr \ }■ [ > 

The only condition for the above formulae to be valid is that the concentra¬ 
tion should be sufficiently small. For the fact that the electrolyte is strong 
means that the energy of attraction betweert ions of different kinds is always 
less than 71 Hence it follows that the interaction energy is certainly small 
compared with T at distances large compared with molecular distances. But 
the condition n N for the solution to be weak means precisely that the 
mean distance between ions is large in comparison with molecular dimen¬ 
sions. Thus this condition necessarily implies that the condition of weak 
interaction 

nfV « (eT/z^f 

(cf. (78.2)) is satisfied, and this is the basis of the approximations used in § 78. 
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PROBLEM 

Find the change in the solubility (assumed small) of a strong electrolyte when a 
certain quantity of another electrolyte is added to the solution (all the ions of 
the second electrolyte being different from those of the first). 

Solution. The solubility (i.e. the concentration of a saturated solution) of the 
strong electrolyte is given by the equation 

rtf. 0=1 »J*. = T £ ». log (nJN)+ £ vjp. 

-WMW" (1) 


Here fi 3 is the chemical potential of the pure solid electrolyte, and v a the number 
of ions of the ath kind per molecule of the electrolyte. When other ions are added 
to the solution, the chemical potentials of the original ions are changed because 
of the change in the sum En^z\, which must include all ions present in the solution. 
Having defined the solubility c 0 by n a /N = v^c 0 , we find the change in it by varying 
the expression (1) for given P and T: 


0 2 e 3/2 v L / 2 T 3/2 N 3l2 Zv a 




The sum following b includes only the added kinds of ion. It should be noted that 
the solubility is raised under the conditions assumed. 


§ 93. Mixtures of ideal gases 

The additivity of the thermodynamic quantities (such as energy and en¬ 
tropy) holds good only so long as the interaction between the various parts of 
a body is negligible. For a mixture of several substances, e.g. a mixture of 
several liquids, the thermodynamic quantities are therefore not equal to the 
sums of the thermodynamic quantities for the individual components of the 
mixture. 

An exception is formed by mixtures of ideal gases, since the interaction 
between their molecules is by definition negligible. For example, the entropy 
of such a mixture is equal to the sum of the entropies which each of the gases 
forming the mixture would have if the other gases were absent and the vol¬ 
ume of the one gas were equal to that of the mixture, its pressure therefore 
being equal to its partial pressure in the mixture. The partial pressure P { of 
the ith gas is expressed in terms of the pressure P of the whole mixture by 

P t — NiT/V — NiP/N, (93.1) 

where N is the total number of molecules in the mixuture, and N t the number 
of molecules of the zth gas. Hence, by (42.7), the entropy of a mixture of two 
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gases is 

S — N x log (eV/NJ +N 2 log (eVINJ-NJXn-NJKT), (93.2) 
or, from (42.8), 

S' = -N, log P ± -N t log P 2 -N lX i(T)-NMT) 

= -(N 1 +N 2 ) log P—Ni log (tfi/tf)-tf 2 log (AT 2 /AT) 
-N lX l(T)-N 2 xm (93.3) 

The free energy of the mixture is, by (42.4), 

F = - W log (eV/NJ-NtTlog (eV/N 2 )+N 1 f 1 (T) +N 2 f 2 (T), (93.4) 

and similarly (42.6) gives for the potential# 

0 = NjT log +N 2 T log P 2 +N lXl (T) +N 2%2 (T) 

= ^criogp+xo+^riogp+jh) 

+i\Tiriog (tfi/ff)+Wlog (iNT 2 /iV). (93.5) 

This expression shows that the chemical potentials of the two gases in the 
mixture are 


fh = TlogPj + X! = T log P+ Xl + T log (NJN), 

IH = ? log P 2 + %2 = T log P+ X2 + T log (NJN), 

i.e. each has the same form as the chemical potential of a pure gas with pres¬ 
sure Pi or P 2 . 

It may be noted that the free energy (93.4) of a mixture of gases has the 
form 

F = F^Nu V, T) + F 2 (N 2 , V, T), 

where Fi and F 2 are the free energies of the two gases as functions of the num¬ 
ber of particles, volume and temperature. No similar formula is valid for the 
thermodynamic potential, however: the potential 0 of the mixture has the 
form 

0 = 0i(Nu P, T)+0 2 {N 2 , P, T)+N x T\og (N x fN)+N 2 T log (N 2 /N). 

Let us suppose that we have two different gases with numbers of particles 
N x and N 2 in vessels of volumes V x and V 2 at the same temperature and pres¬ 
sure, the two vessels then being connected and the gases mixed. The volume 
of the mixture becomes V x +V 2 , and the pressure and temperature obviously 
remain the same. The entropy, however, changes: before mixing, the entropy 
of the two gases is equal to the sum of their entropies, 


5- 0 = N x log (eVJNJ +N 2 log {eV 2 IN 2 )-NJ{(T)-NJi(T\ 
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while after mixing the entropy is, by (93.2), 

S — N x \og\[e{V x + V 2 )/N x ] +N 2 log [e(V x + V 2 )/N 2 ]-NJ{-NJi . 

The change in entropy is 
AS = S-S 0 

= Ni log [(Vi +F 2 )/Fi] + N 2 log [(Fi + F 2 )/F a ], 

or, since the volume is proportional to the number of particles for given pres¬ 
sure and temperature, 

AS = Ni log (N/N x ) +N 2 log (N/N 2 ). (93.7) 

This quantity is positive, i.e. the entropy increases on mixing, as it should, 
because the process is clearly irreversible. The quantity AS is called the 
entropy of mixing. 

If the two gases were identical, the entropy after connecting the vessels 
would be 

S' = (iVi+iVa) log [(Fi + V 2 )/(N 1 +N 2 )] - (N x +N*)f ', 

and, since (Fi+F 2 )/(iVi +N 2 ) = Vi/Ni = V 2 /N 2 (the pressures and tempera¬ 
tures being equal), the change in entropy would be zero. 

Thus the change in entropy on mixing is due to the difference in the mole¬ 
cules of the gases that are mixed. This is in accordance with the fact that 
some work must be done in order to separate again the molecules of the two 
gases. 


§ 94. Mixtures of isotopes 

A mixture of different isotopes (in any aggregate state) is a kind of “solu¬ 
tion”. For simplicity and definiteness we shall speak of a mixture of two iso¬ 
topes of any element, but the same results apply to a mixture of any number 
of isotopes and also to chemical compounds in which different molecules 
contain different isotopes. 

In classical mechanics, the difference between isotopes is simply a differ¬ 
ence in mass, the laws of interaction between atoms of different isotopes being 
identical. This enables us to express the thermodynamic quantities for the 
mixture very simply in terms of those for the pure isotopes. In calculating the 
partition function for the mixture, the essential difference is that the phase 
volume element should be divided not by N\ as for a pure substance but by 
the product iVi! 7V 2 ! of the factorials of the numbers of atoms of the two 
components of the system. This gives in the free energy the further terms 


N X T log (Ni/N) +N 2 T log (N 2 /N) 



282 


Solutions 


(where N — Ni +iV 2 )» which correspond to the “entropy of mixing” dis¬ 
cussed in § 93 for the case of a mixture of gases. 

Similar terms appear in the thermodynamic potential of the mixture, which 
may be written 

0 = N{T log (N 1 /N)+N 2 T\og (NiW+Nhaoi+NiPoi- (94.1) 

Here /w 0 i and fx 02 are the chemical potentials of the pure isotopes, which 
differ only by a constant times the temperature: 

oi - /ioz = -1 T log (/W 1 //W 2 ), (94.2) 

where mi and m 2 are the atomic masses of the two isotopes. This difference 
arises from the integration over the atomic momenta in the partition func¬ 
tion; for gases, (94.2) is simply the difference between the chemical constants 
multiplied by T. 

The difference (94.2) is the same for all phases of a given substance. The 
equation of phase equilibrium (the condition that the chemical potentials of 
the phases are equal) is therefore the same for every isotope. In particular, we 
can say that in the classical approximation the saturated vapour pressures of 
the various isotopes are equal. 

The situation is no longer so simple when the substance cannot be de¬ 
scribed by means of classical statistics. In quantum theory, the difference be¬ 
tween isotopes becomes considerably more profound, because of the differ¬ 
ences in the vibrational and rotational levels, nuclear spins, etc. 

It is important to note, however, that, even when the first correction terms 
(of order h 2 \ see § 33) in the thermodynamic quantities are taken into account, 
the thermodynamic potential of the mixture may be written in the form (94.1), 
since the terms in question form a sum, with each term containing the mass 
of only one atom (see formula (33.15) for the free energy). These terms may 
therefore be grouped so as to include them in the chemical potentials /*oi and 
/i 02 , and hence formula (94.1) (but not, of course, (94.2)) remains valid. 

It should be pointed out that the thermodynamic potential (94.1) is for¬ 
mally identical with that of a mixture of any two gases (§ 93). Mixtures having 
this property are called ideal mixtures. Thus mixtures of isotopes are ideal 
mixtures up to and including terms of order ft 2 . In this sense, mixtures of iso¬ 
topes form an exceptional case, since condensed (solid or liquid) mixtures of 
different substances which are not isotopes can be ideal mixtures only to 
a very rough approximation. 

Within the limits of validity of formula (94.1) we can draw certain conclu¬ 
sions about the vapour pressure of the isotopes over the condensed mixture. 
The chemical potentials of the two components of the mixture are 
fjti = Tlog ci-f /ioi, 
fj, 2 = T log c 2 + hq 2 
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(where c± = NJN, c 2 = N 2 /N are the concentrations of the isotopes). Equat¬ 
ing these to the chemical potentials in the gas phase (which have the forms 
T log Pi +Xi(P) and T log P 2 +%2 00 ), we find for the partial vapour pressures 
■Pi = Poici, P2 = P02C2 , ( 94 . 3 ) 

where P01 and P02 denote the vapour pressures of the two pure isotopes (at a 
given temperature). Thus the partial vapour pressures of the two isotopes are 
proportional to their concentrations in the condensed mixture. 

In the classical approximation we have for the saturated vapour pressures 
of the pure isotopes P01 = P02, as already mentioned. When quantum effects 
are taken into account, however, the two vapour pressures are no longer 
equal. The difference cannot be calculated in a general form applicable to all 
substances. Such a calculation can be made only for monatomic elements 
(the inert gases) as far as the terms of order h 2 (K. F. Herzfeld and E. Teller, 
1938 ). 

The correction to the thermodynamic potential of a liquid phase is given 
by formula ( 33 . 15 ); 1 " taking the value per atom, we find the chemical poten¬ 
tial 

ju = Hc\ + (fi 2 J24mT)F ^, 


where F 2 is the mean square of the force exerted on one atom by the other 
atoms in the liquid. The chemical potential of the gas remains equal to its 
classical value, since the interaction between atoms in the gas is negligible. 
Equating the chemical potentials of the liquid and the gas, we find the cor¬ 
rection to the classical value of the vapour pressure, and the required differ¬ 
ence of vapour pressures between the the two isotopes is 


/j2jp2 

P01—P02 = ^024^2 



( 94 . 4 ) 


where Pq is the common classical value of P01 and Po2- We see that the sign 
of the difference is determined by that of the difference of the reciprocal mas¬ 
ses of the isotopes, the vapour pressure of the lighter isotope being the greater. 


§ 95. Vapour pressure over concentrated solutions 

Let us consider the equilibrium of a solution with the vapour over it, which 
in general also contains both substances. The solution may be either weak 
or strong, i.e. the quantities of the two substances in it are arbitrary. It will 
be remembered that the results derived in § 89 apply only to weak solutions. 

t We again make use of the fact that small increments to the various thermody¬ 
namic potentials, when expressed in terms of the corresponding variables, are 
equal (§ 15 ). 
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Since the solution and the vapour are in equilibrium, the chemical poten¬ 
tials m and (A 2 in the solution and in the vapour are equal. If the numbers of 
particles of the two substances in the solution are N ls and N 2s , we can write 
the expression (24.14) for the solution in the form 

dQ = -N u d fAx-Nis d fAi-S s dT—P dV s , (95.1) 

where S s and V s are the entropy and volume of the solution; the temperature 
T and pressure P are the same for the solution and the vapour. 

We shall assume that the vapour over the solution is so rarefied that it may 
be regarded as an ideal gas; its pressure is small. Then we can neglect in (95.1) 
the terms proportional to P, viz. P dV and d£. Let us first consider all deriv¬ 
atives to be taken at constant temperature. Then (95.1) gives 

N ls dfA 1 +N 2s dfA 2 = 0. (95.2) 

For the gas phase we have 

fhg = FlogPi + XiOO* 
f A 2g =TlogP 2 + x 2 (T), 

where Pi and P 2 are the partial pressures of the two components of the 
vapour. Differentiating these expressions (with T constant), we find 

dpxg = Td logPi, d^Aig = Td logP 2 . 

Substitution in (95.2) gives 

N ls d log Pi +N* d log P 2 = 0. (95.3) 

The concentration £ of the solution can be defined as the ratio of the num¬ 
ber of particles of the first component to the total number of particles: 

£ = NxJiNxs+Nzs), 

and we can similarly define the concentration x of the vapour. The partial 
pressures Pi and P 2 are equal to the total pressure P of the vapour multiplied 
by the concentrations of the corresponding components, i.e. Pi = xP, 
P 2 = (1— x)P. Substituting these values in (95.3) and dividing this equation 
by the total number of particles in the solution, N = N ls +N 2s , we find 

£ d log Px + (1 —!) d log P(1—*) = 0, 

whence 

d log P = (x—£) dxfx(l —x), 
or 

£ = x-x(l-x) 0 log P/0 jc. (95.4) 

This equation relates the solution and vapour concentrations to the depend¬ 
ence of the vapour pressure on the vapour concentration. 
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One further general relation can be obtained by considering the dependence 
of quantities on temperature. The condition for equality of the chemical po¬ 
tentials of one component, say the first, in the vapour and in the solution is 
Pig = d& s /dN u . Dividing both sides by T and using the fact that the deriva¬ 
tive with respect to the number of particles is taken at constant temperature, 
we write 

Pig _ 9 

T dN ls T ’ 


and then take the total derivative of each side with respect to temperature. 
In doing so we may assume with sufficient accuracy that the thermodynamic 
potential of the condensed phase (the solution) is independent of pressure. 
Noting also that the partial derivative with respect to temperature is 


8 &_ 
dT T 



W_ 

r 2 ’ 


we obtain the relation 


rr2 3 lQ g-Pi 
8 T 


Wig- 


8 W s 
~dN ls • 


(95.5) 


Here w lg is the molecular heat function of the first substance as a gas; the 
derivative dWJdN ls gives the change in the heat function of the solution 
when one molecule of that substance is added to it. The quantity on the 
right of (95.5) is therefore the heat absorbed when one particle of the first 
substance goes from the solution to the vapour. 

For the first substance in the pure state, the relation (95.5) becomes the 
ordinary Clapeyron-Clausius equation. 


eiogPio 
8 T 


Wig-Wu , 


where Pio is the vapour pressure of the first substance in the pure state, and 
Wu its molecular heat function when liquid. Subtracting this equation term 
by term from (95.5), we have finally 

7* A log *L = - qu (95.6) 


where q x = dW s /dN ls —w lt denotes the molecular heat of dilution , i.e. the 
quantity of heat absorbed when one particle from the liquid first substance 
goes into the solution. A similar relation can, of course, be written down for 
the second substance also. 
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§ 96. Thermodynamic inequalities for solutions 

It has been shown in § 21 that a body can exist only in states for which 
certain conditions called thermodynamic inequalities are satisfied. These con¬ 
ditions were derived, however, for bodies consisting of identical particles. We 
shall now give a corresponding analysis for solutions, taking only the case of 
a mixture of two substances. 

In § 21 the condition of equilibrium used was not the condition of maxi¬ 
mum entropy of a closed system as a whole but the equivalent condition 
which requires that the minimum work needed to bring any small part of the 
system from the equilibrium state to any neighbouring state should be posi¬ 
tive. 

We now use a similar procedure, considering some small part of the solu¬ 
tion, which contains N solvent and n solute particles, say. In the equilibrium 
state the temperature, pressure and concentration in this small part are equal 
to their values in the rest of the solution (which acts as an external medium). 
Let us determine the minimum work needed to bring the temperature, pres¬ 
sure and number of solute particles in the small part considered (containing a 
fixed number N of solvent particles) to values which differ by small but 
finite amounts bT, bP and bn from their equilibrium values. 

The minimum work will be done if the process occurs reversibly. The 
work done by an external source is then equal to the change in the energy of 
the system, i.e. 

bRmin = bE -f- bEo ; 

quantities without suffix refer to the small part considered, and those with 
suffix zero refer to the remainder of the system. We express bE 0 in terms of 
the changes in the independent variables: 


bR-min — bE + To bSo—Po bVo~t~/j>0 bno, 

where /i' 0 is the chemical potential of the solute in the medium; the number 
of solvent particles is unchanged in the process considered, and so the 
corresponding term for the solvent may be omitted. 1. From the reversibility of 
the process it follows that bSo = —bS, and from the conservation of the 

t The differential of the energy of the medium (at constant N) is 


d£"o— TodSo Pq dVo-j-/i 0 d/ig. 

Since the quantities T 0 , P 0 , /i' 0 may be regarded as constant, integration of this 
relation leads to a similar relation between the finite variations of the quantities 
E 0 , S 0 , V 0 , tty. 

The quantity fx' 0 should not be confused with the chemical potential of the pure 
solute. 
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total volume and quantity of solute in the whole solution we have bV = 
— bV 0 , bn = —bno. Substituting these, we obtain the final expression for 
the work: 

bR min = bE-To bS+JPo bV-ju'o bn. (96.1) 

Thus the condition of equilibrium can be taken to be that for any small part 
of the solution the inequality 

bE- T 0 bS+ P 0 bV-fi'o bn > 0 (96.2) 


holds. Henceforward, as in § 21, we shall omit the suffix zero in expressions 
which are coefficients of the deviations of quantities from their equilibrium 
values; the values of these expressions in the equilibrium state will always be 
meant. 

We expand bE in powers of bV, bS and bn (regarding E as a function of V y 
S and n). As far as the second-order terms this gives 


SE =§^w 6v+ ^ Sn 


But dEjdV = —P, dEjdS = T, dE/dn = [jl'. Thus the first-order terms can¬ 
cel on substitution in (96.2), leaving 


2 mu.=H(6S) 2 +|^ 


ds 2 

+2 


dn 2 ' 
d 2 E 


d 2 E X€ , XT ,, n 9 2 £ WJLl , 0 2 £ 
dsW 8Sdv+2 dsd^ dsbn+2 Wte 


bVbn> 0. (96.3) 


It is known from the theory of quadratic forms that, for a form in three 
variables (here bS, bV, bn) to be everywhere positive, its coefficients must 
satisfy three conditions, which for the form (96.3) are 


! d 2 E/dV 2 d 2 EfdVdS d 2 E/dVdn I 
' d 2 EfdS dV 02 E/dS 2 d 2 E/dS dn ! > 0, 

d 2 E/dn dV d 2 EfdndS d 2 E/dn 2 j 


| d 2 E(dv 2 d 2 E(dVds\ 
d 2 E/dS dV dW/dS 2 ’ 


02 E/dS 2 


0 . 


(96.4) 
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Substituting the values of the derivatives of E with respect to V, S and n, we 
can write these conditions as 


10 P/0F 

dP/dS 

dP/dn | 

1 dT/dV 

dT/dS 

dT/dn < 0, 

\dfj,'/dV 

dp'/ds 

dfb'fdn j 

\ dPidv 

dP/dS | 

< 0, dT/dS 

dT/dV 

dT/dS I 


These determinants are Jacobians: 


3( P,T,iS) 
d(V, S , n) 


0 , 


/ 0(P, T)\ 


0 , 



(96.5) 


The second and third conditions give the already known inequalities 
(0 P/dV) Tt „ < 0 and C v > 0. The first condition may be transformed as 
follows: 

0(1®, T, ft') _ 0(1®, T, {J.')/d(P, T, n) 

0(F, S, ri) ~ d(V, S, «)/0(P, T, n) 

_ ( 0 /* 70 «)/>, T 0 

(d(V,S)/d(P,T)) n * 


Since the denominator is negative by the second condition (96.5), we must 
have 

(dfj,'/dn)p t T > 0. (96.6) 

Using instead of n the concentration c = n/N, we find (since N is constant) 

(diA'/dc)p, T > 0. (96.7) 

Thus, as well as the inequalities (dP/dV) Tt c < 0, C v > 0, the inequality 
(96.7) must also be satisfied in solutions. 

It may be noted that for weak solutions dp'/dc = Tic , so that the in¬ 
equality (96.7) is always satisfied. 

The case where 

(d(//dc)p i T = 0 (96.8) 


needs special consideration. 

The equality (96.8) corresponds to the vanishing of the first determinant 
in (96.4) (the third-order determinant). In this case the quadratic form 
(96.3) may vanish for certain values of dS , SV and bn, and higher-order 
terms in its expansion would have to be examined in order to ascertain the 
conditions for the inequality (96.2) to be satisfied 
However, we shall see in § 97 that such a state is a critical point for the 
equilibrium of two liquid phases (two solutions with different concentra- 
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tions), which is analogous to the critical point of a liquid and a vapour. 
As in the latter case, the critical point in solutions is actually a singularity 
of the thermodynamic functions of the substance, and a regular expansion 
of these becomes impossible there. We shall merely mention that the regular 
expansion would lead (as in§ 152 for the critical point of a liquid and a va¬ 
pour) to the conditions 

(d 2 p'fdc 2 ) Pt T = 0, (kP/ji'/ dc?)p t T =»■ 0, (96.9) 

which would have to be satisfied together with (96.8). 


§ 97. Equilibrium curves 

The state of a body consisting of identical particles is defined by the values 
of any two quantities, for instance P and T. To define the state of a system 
having two components (a binary mixture) it is necessary to specify three 
quantities, for instance P, T and the concentration. In this and subsequent 
sections, the concentration of the mixture will be defined as the ratio of the 
quantity of one of the substances to the total quantity of both, and will be 
denoted by x; clearly x takes values from 0 to 1. The state of a binary mixture 
may be represented by a point in a three-dimensional coordinate system, 
whose axes correspond to these three quantities (just as the state of a system 
of identical particles was represented by a point in the PT- plane). 

According to the phase rule, a two-component system can consist of not 
more than four phases in contact. The number of degrees of freedom of such 
a system is two when there are two phases, one for three phases, and none 
for four phases. The states in which two phases are in equilibrium are there¬ 
fore represented by points forming a surface in the three-dimensional 
coordinate system; states with three phases (triple points) by points forming 
a line (called the line of triple points or the three-phase line ) and states with 
four phases by isolated points. 

It has already been shown in § 81 that, for systems with only one compo¬ 
nent, the states in which two phases are in equilibrium are represented by a 
curve in the PT-plane; each point on this curve determines the pressure and 
temperature (which are the same in both phases, from the conditions of 
equilibrium). Points not lying on the curve represent homogeneous states of 
the system. If the temperature and volume are taken as coordinates, the 
phase equilibrium is represented by a curve such that points within it repre¬ 
sent states where there is separation into two phases represented by the 
points of intersection of a straight line T = constant with the equilibrium 
curve. 

The situation is similar for mixtures. If we take as coordinates P, T and 
the chemical potential of one component (i.e. quantities which have equal 
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values for phases in contact), equilibrium of two phases is represented by a 
surface, each point of which determines P, T and for the two phases in 
equilibrium. When three phases are present, the points representing their 
equilibrium (triple points) will lie on the curves of intersection of the equi¬ 
librium surfaces for each pair of them. 

The use of the variables P, T, p is inconvenient, however, and in what 
follows we shall use P, T, x as independent variables. In terms of these 
variables the equilibrium of two phases is represented by a surface whose 
points of intersection with a straight line P = constant, T = constant repre¬ 
sent the states of the two phases in contact for the relevant values of P and 
T (i.e. determine the concentrations of the phases, which may of course be 
different). The points on this line between the two points of intersection 
represent states in which a homogeneous body is unstable and therefore 
separates into two phases (represented by the points of intersection). 

We shall generally use two-dimensional diagrams with P and x , or T and 
x , as coordinates; the lines of intersection of the equilibrium surface with 
the planes of constant temperature or pressure can then be drawn. We shall 
call these lines equilibrium curves . 

Let us consider the points on an equilibrium curve at which the concen¬ 
tration becomes equal in the two phases. Two cases are possible: (1) at such a 
point all other properties of the two phases also become equal, i.e. the phases 
become identical, (2) at such a point two distinct phases continue to exist. 
In case (1) the point is said to be a critical point , in case (2) it will be called a 
point of equal concentration. 

Near a critical point the equilibrium curve has the form shown in Fig. 20, 
or a similar form with a minimum at the critical point K (the abscissa being 
x and the ordinate P or P; the curve is then the intersection of the equilibrium 
surface with a plane of constant temperature or constant pressure respec¬ 
tively). Points lying within this curve (in the hatched region) represent states 
in which there is separation into two phases; the concentrations in these 
phases are determined by the points of intersection of the curve with the 
appropriate horizontal line. At the point K the two phases coalesce. A con¬ 
tinuous passage can be effected between any two points in the non-hatched 
region along any path that passes round the critical point. 

P.T P,T 



Fig. 20 


Fig. 21 
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Figure 20 shows that near the critical point there exist states in which two 
phases are in equilibrium which have concentrations x and x 4-&x: differing 
by an arbitrarily small amount. For such phases the equilibrium condition 
is /u,(P, T, x) = (x(P, T, x+6x), where p is the chemical potential of one of 
the substances in the mixture. Hence we see (cf. § 83) that at the critical point 
the condition 


( d(j,ldx) Pt T = 0 


(97.1) 


must hold. 

This condition is identical with (96.8), and hence the two definitions of 
the critical point (here and in § 96) are equivalent. It may be noted that n 
in (97.1) signifies the chemical potential of either of the two substances in the 
mixture; but the two conditions obtained by taking these two chemical 
potentials in (97.1) are actually equivalent. This is easily seen by noting that 
each of the chemical potentials is the derivative of 0 with respect to the 
corresponding number of particles, and<2> is a first-order homogeneous func¬ 
tion in both numbers of particles. 

The critical points clearly form a line on the equilibrium surface. 

Near a point of equal concentration the equilibrium curves must have 
the form shown in Fig. 21, or a similar form with a minimum at the point 
K. The two curves touch at the maximum (or minimum). The region between 
the two curves is that where separation into phases occurs. At the point K 
the concentrations of the two phases in equilibrium become equal, but the 
different phases continue to exist, since any path between the points which 
coincide at K must pass through the region of separation into two phases. 
Like critical points, points of equal concentration lie on a curve on the 
equilibrium surface. 

Let us now consider the properties of the equilibrium curves at low con¬ 
centrations (i.e. when one of the substances is present in the mixture in a 
considerably smaller quantity than the other; x is close to zero or to unity). 

It has been shown in § 89 that at low concentrations (weak solutions) the 
difference between the phase equilibrium temperatures of solutions and of 
the pure substance (at a given pressure) is proportional to the difference of 
concentrations of the two phases. The same applies to the pressure difference 
at a given temperature. Moreover, it has been shown in § 90 (also for low 
concentrations) that the ratio of concentrations in the two phases depends 
only on P and T , and so it may be regarded as constant in the neighbourhood 
of x = 0. 

From the above it follows that at low concentrations the equilibrium 
curves have the form shown in Fig. 22, i.e. consist of two straight lines 
intersecting on the ordinate axis (or a similar form with the straight lines 
ascending). The region between the two lines is the region of separation into 
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phases. The regions above and below the lines are the regions of the two 
different phases. 

At the beginning of this section it has already been mentioned that a 
system with two components may consist of three phases in contact. Near a 
triple point the equilibrium curves appear as shown in Fig. 23. All three 
phases have equal pressure and temperature in equilibrium. The points 
A, By C which determine their concentrations therefore lie on a straight 
line parallel to the axis of abscissae. The point Ay which gives the concen¬ 
tration of the first phase at the triple point, is the point of intersection of the 
equilibrium curves 12 and 13 between the first and second, and first and 
third, phases. Similarly, the points B and C are the intersections of the equi¬ 
librium curves 12 and 23 between the first and second, and second and third. 


P,T 


'P.T 



phases {B) f and of the equilibrium curves 23 and 13 between the second and 
third, and first and third, phases (C). The points A, B, C are of course, the 
points of intersection of the plane P = constant or T = constant with three 
lines on the equilibrium surface; we shall call the line corresponding to the 
point B a line of triple points or a three-phase line. The regions I, II, III rep¬ 
resent states of the separate phases, first, second and third. The region 
between the two curves 13 below the line ABC is the region of separation into 
the first and third phases, and those between the two curves 12 and the two 
curves 23 (above the line ABC) are respectively the regions of separation into 
the first and second, and second and third, phases. Region II must obviously 
lie entirely above ABC (or entirely below ABC). At the points A, B and C the 
curves 12, 13 and 23 intersect, in general, at certain angles, and do not join 
smoothly. The directions of the curves 12,13, 23 need not necessarily be as 
shown in Fig. 23, of course. The only essential feature is that the curves 12 
and 23 and the curves 13 must lie on opposite sides of the straight line ABC. 

Tf any of these singular lines on the equilibrium surface is projected on the 
PT-plane, the projection divides this plane into two parts. For a critical line, 
the points projected on one part are those corresponding to the two different 
phases and those corresponding to separation into these phases. The other 
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part of the jFT-plane contains the projections of points which represent 
homogeneous states, at none of which does separation into two phases 
occur. In Fig. 24 the dotted line represents the projection of a critical line 
on the /T-plane. The letters a and b denote the two phases. The symbol a-b 
signifies that this part of the plane contains the projections of the two phases 
and those of states where these two phases are present in equilibrium. The 
symbol ab denotes the single phase into which the phases a and b merge above 
the critical points. 


T T 



Fig. 26 Fig. 27 

The projection of a three-phase line similarly divides the /T-plane into 
two parts. Figure 25 shows which points are projected on the two parts. 
The symbol a-b-c signifies that this region contains the projections of points 
which represent states of the phases a, b, c and states in which there is 
separation into phases a and b or b and c. 

Figure 26 shows a similar projection for a line of points of equal concentra¬ 
tion, and Fig. 27 for a line of phase equilibrium for a pure substance (i.e. 
x = 0 or x = 1); the latter, of course, lies in the PT- plane. The letter b in 
Fig. 27 signifies that this part of the plane contains the projections of points 
corresponding to states of phase b only. In the sequence of letters in the 
symbols a-b , a-b-c the letter b will be understood to denote a phase whose 
concentration is higher than that of a, and c a phase whose concentration is 
higher than that of b? 

It may be noted that the four types of singular point on the equilibrium 
curves (triple point, point of equal concentration, critical point, and pure- 

^ To avoid misunderstanding, we should emphasise that the notation a-b-c for 
a line of equal concentration (unlike a three-phase line) is to some extent arbitrary: 
the letters a and c here denote states which are not two essentially different phases, 
since they never exist simultaneously in contact. 
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substance point) correspond to the four possible types of maximum (or 
minimum) on these curves. 

If any phase has the same fixed composition everywhere (i.e. independ¬ 
ently of the values of P and T), the equilibrium curves become somewhat 
simpler near the points here considered. Such phases are a chemical com¬ 
pound of the two components or pure-substance phases, which always 
have concentration x — 0 (or x — 1). 

Let us consider the form of the equilibrium curves when there are phases 
•of constant composition, near points where the lines corresponding to these 
phases terminate. It is evident that such points must be maxima or minima 
of the equilibrium curves, and thus are among the types of point considered 
in this section. 

P,T| | P.t| 


_I X 

Fig. 29 


I 


I 


If the phase of constant composition is a pure-substance phase with con¬ 
centration x = 0, the corresponding line coincides with the P-axis or the 
T-axis and can terminate at a point of the kind shown in Fig. 28. This dia¬ 
gram gives the form of the equilibrium curve near such a point; one of the 
lines in Fig. 22 coincides with the axis of ordinates. 

If one phase is a chemical compound of fixed composition, then near a 
point of equal concentration the equilibrium curve has the form shown in 
Fig. 29, i.e. the inner region in Fig. 21 becomes a vertical line. The hatched 
region on either side of this line is the region of separation into two phases, 
one a chemical compound whose composition is given by the vertical line. 
The curve has no break at the maximum, as in Fig. 21. 

Similarly, near a triple point the equilibrium curves have the form shown 
in Fig. 30. The phase which is a chemical compound is represented by a ver¬ 
tical line, to which region II (Fig. 23) here reduces. 
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§ 98. Examples of phase diagrams 

In this section We shall enumerate the principal types of equilibrium curve; 
iff contrast to § 97, their form will be considered in general, and not only near 
the singular points. These curves (also called phase diagrams ) can have many 
forms, but in most cases they belong to one of the types given below, or are 
a combination of more than one of these. The hatched regions in all these 
diagrams are the regions of separation into phases, and the remaining regions 
are those of homogeneous states. The points of intersection of horizontal 
lines with the curves bounding the regions of separation into phases deter¬ 
mine the composition of the phases into which separation occurs (for given 
P and T). The relative amounts of the two phases are determined by the 
“lever rule” already mentioned in§ 81. 



Iff what follows we shall for definiteness discuss Tx- diagrams; similar types 
are possible in the coordinates P nd x. The concentration x is taken as 
abscissa, and varies from 0 to 1. 

1. There are two phases; each can have any concentration (i.e. the two 
components mix in any proportion in both phases). In the simplest case, 
where the curves have no maxima or minima (apart from the pure-substance 
point), the phase diagram has the “cigar” form shown in Fig. 31. 

Let one of the phases be a liquid (the region below the cigar), and the 
other a vapour (the region above the cigar). Then the upper curve of the 
cigar is called the condensation point curve , and the lower curve the boiling 
point curve? 

If a liquid mixture of given composition is heated, then the liquid will 
begin to boil at a temperature determined by the intersection B of the vertical 
line AD (corresponding to the given concentration) with the lower curve of 
the cigar. Vapour boils off, whose composition is given by the point C, i.e. 

t The laws of boiling and condensation of liquid mixtures were established by 
D. P. Konovalov (1884). 
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has a lower concentration than the liquid. The concentration of the remain¬ 
ing liquid is obviously increased, and its boiling point accordingly rises. 
On further heating, the point which represents the state of the liquid phase 
will move upwards along the lower curve, and the point which represents the 
vapour leaving the liquid will move upwards along the upper curve. Boiling 
ceases at various temperatures, depending on the way in which the process 
takes place. If boiling occurs in a closed vessel, so that all the vapour gener¬ 
ated remains permanently in contact with the liquid, the liquid will obvi¬ 
ously boil away completely at a temperature where the concentration of the 
vapour is equal to the original concentration of the liquid (the point D). 
In this case, therefore, boiling begins and ends at temperatures given by 
the intersection of the vertical line AD with the lower and upper curves of 


T 



Fig. 32 


the cigar. If the vapour boiling off is steadily removed (boiling in an open 
vessel), then only the vapour just evolved will be in equilibrium with the liquid 
at any given time. In this case, it is evident that boiling will cease at the boiling 
point G of the pure substance, where the liquid and vapour compositions 
are the same. The condensation of vapour into liquid occurs in a similar 
manner. 

The situation is exactly analogous when the two phases are a liquid (above 
the cigar) and a solid (below the cigar). 

2. The two components mix in any proportion in both phases (as in case 
1), but there is a point of equal concentration. The phase diagram then has 
the form shown in Fig. 32 (or a similar form with a minimum). At the point 
of equal concentration, the two curves touch, and both have a maximum or 
a minimum. 

The transition from one phase to another occurs in the same way as 
described for case 1, except that the process can terminate (if one phase is 
steadily removed, as for example by boiling a liquid in an open vessel) not 
only at the pure-substance point but also at the point of equal concentration. 
At the composition corresponding to this point, the entire process occurs 
at a single temperature. 1 

t A mixture corresponding to the point of equal concentration is also said to be 
« azeotropic. 
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3. There are two phases, liquid and gas, in which the two components 
mix in any proportion, and there is a critical point. The phase diagram is as 
shown in Fig. 33 (K being the critical point). The region to the right of the 
curve corresponds to liquid states, and that to the left to gaseous states. 
It should be remembered, however, that when there is a critical point the 
liquid and gaseous phases can, strictly speaking, be distinguished only when 
they are in equilibrium with each other. 

A diagram of this type leads to the following curious effect. If a liquid 
whose composition is represented by the line AC (passing to the right of the 
point K) is heated in a closed vessel, then, after boiling begins (at the point 
B ), the quantity of vapour will gradually increase as heating continues, but 
after a certain time it begins to decrease again, and the vapour disappears 
entirely at the point C. This is called retrograde condensation. 


K\ r 



4. Two liquids which mix, but not in all proportions. The phase diagram 
is as shown in Fig. 34. At temperatures above that of the critical point K, the 
components mix in any proportion. Below this temperature the components 
do not mix in the proportions represented by points within the hatched 
region. In this region there is separation into two liquid mixtures whose 
concentrations are given by the points of intersection of the corresponding 
horizontal line with the equilibrium curve. Similar diagrams are possible 
with K a minimum, or with two critical points, an upper and a lower, so 
that the region of separation into two phases (two solutions) is bounded by 
a closed curve. 

5. In the liquid (or gaseous) state the two components mix in any propor¬ 
tion, but in the solid (or liquid) state they do not mix in all proportions (lim¬ 
ited miscibility). In this case there is a triple point. According as the tem¬ 
perature of the triple point lies below the pure-component phase equilib¬ 
rium temperatures (the points A and C) or between them (it obviously can¬ 
not lie above them on the assumption made here that the components mix 
in any proportion in the higher phase), the phase diagram appears as in 
Fig. 35 or Fig. 36 respectively. For example, let the phase of unlimited 



298 


Solutions 


miscibility be a liquid, and that of limited miscibility be a solid. The region 
above the curve ABC (Fig. 35) or ADC (Fig. 36) is the region of liquid states; 
the regions bounded by the curves ADF and CEG (Fig. 35) or ABF and CEG 
(Fig. 36) are the regions of homogeneous solid phases (solid solutions). At 
the triple point (whose temperature is given by the line DBE ) the liquid and 
two solid solutions of different concentrations are in equilibrium. The point 
B in Fig. 35 is called the eutectic point. A liquid mixture whose concentration 




corresponds to this point freezes completely, without change of concentra¬ 
tion, whereas at other concentrations a solid mixture freezes out with a 
concentration different from that of the liquid. The regions ADB and CBE 
(Fig. 35) and ADB and CDE (Fig. 36) correspond to separation into a liquid 
phase and one of the solid phases; the regions DEGF (Fig. 35) and BEGF 
(Fig. 36) correspond to separation into two solid phases. 

If, in a diagram such as Fig. 35, the components do not mix at all in the 
solid state, the phase diagram takes the form shown in Fig. 37. In the 



Fig. 37 Flo. 38 


hatched regions above the line ABC , the mixed liquid phase is in equilibrium 
with the solid phase of one of the pure substances, and below ABC we have 
the two pure solid phases. When the temperature of the liquid mixture 
decreases, one or the other of the pure substances freezes out according as 
the concentration of the liquid lies to the right or the left of the eutectic 
point. As the temperature decreases further, the composition of the liquid 
varies along the curve DB or EB , and the liquid freezes completely at the 
eutectic point B. 

6 . In the liquid state the two components mix in any proportion, but in the 
solid state they do not mix at all, forming only a chemical Compound of 









§ 98 Examples of Phase Diagrams 299 

definite composition. The phase diagram is shown in Fig. 38. The straight 
line DE gives the composition of the chemical compound. There are two 
triple points, B and G , at which there is equilibrium between the liquid phase, 
the solid chemical compound, and the solid phase of one of the pure com¬ 
ponents. Between the points B and G lies a point of equal concentration, D 
(cf. Fig. 29). It is easy to see where separation occurs, and which are the 
resulting phases: in the region DBE they are a liquid phase and the solid 
chemical compound; below the line CE, the chemical compound and one of 
the solid pure substances, and so on. The freezing of the liquid terminates 
at one of the eutectic points G and B, according as the concentration of the 
liquid lies to the right or to the left of the line DE. 


T T 



Fig. 39 Fig. 40 


7. In the liquid state the two components mix in any proportion, but in 
the solid state they do not mix at all, forming only a chemical compound; 
this compound, however, decomposes at a certain temperature, before it 
melts. The straight line defining the composition of this compound cannot 
terminate at a point of equal concentration as in case 6, since it does not 
reach the melting point. It can therefore terminate at a triple point of the 
type shown in Fig. 30, § 97 (the point A in Fig. 39). In Fig. 39, which shows 
one possible form of the phase diagram for this case, it is easy to see which 
phases result from the separation at various points in the hatched region. 

8. In the solid state the components do not mix at all, and in the liquid 
state they mix only in certain proportions. In this case there are two triple 
points, at which the liquid is in equilibrium with the two solid pure substan¬ 
ces (the point B in Fig. 40) or one of the pure substances is in equilibrium 
with two mixed liquid phases of different concentrations (the point D). The 
regions not hatched in Fig. 40, above ABC and above DE, represent liquid 
states with various concentrations; the hatched region above CD is that of 
separation into two liquid phases, DEF is that of separation into a liquid 
and one of the solid pure substances, and so on. 
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§ 99. Intersection of singular curves on the equilibrium surface 


The four kinds of line discussed in § 97 (critical lines, three-phase lines, 
lines of equal concentration and pure-substance lines) all lie on the same 
surface, the equilibrium surface. They will therefore in general intersect. 
Some properties of the points of intersection of such lines are described 
below. 

It may be shown that no two critical lines can intersect, nor can two lines 
of equal concentration. We shall not pause to prove these statements 
here. 

Let us now list (again without proof) the properties of the remaining points 
of intersection. All these properties follow almost immediately from the gen¬ 
eral properties of equilibrium curves given in § 97. The diagrams will show 
the projections of the intersecting lines on the PT -plane (see § 97); their form 
is, of course, chosen arbitrarily. A dotted line everywhere denotes a critical 
line; a continuous line, a line of phase equilibrium for a pure substance; 
a broken line, a line of equal concentration; and a dot-and-dash line, a three- 
phase line. The letters have the same significance as in Figs. 24 to 27 
(§ 97). 

At a point of intersection between a critical line and a pure-substance line 
(Fig. 41a) both lines terminate, and similarly for a critical line and a three- 
phase line (Fig. 41b). When a pure-substance line intersects a line of equal 
concentration, only the latter terminates (Fig. 41c), the two curves touching 
at the point of intersection. The same occurs when a line of equal concentra¬ 
tion meets a critical line (Fig. 41 d) or a three-phase line (Fig. 41e). In each 
case the line of equal concentration terminates at the point of intersection, 
the two curves touching at this point. 
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Fig. 41 




The point of intersection of three-phase lines (Fig. 41f) is a quadruple 
point, i.e. a point where four phases are in equilibrium. Four three-phase 
lines meet at this point, corresponding to equilibrium between each three of 
the four phases. 
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Finally, the point where a pure-substance line intersects a three-phase line 
(Fig. 41 g) must clearly be also a point of intersection between the three-phase 
line and all three pure-substance phase equilibrium lines (corresponding to* 
equilibrium between each two of the three pure-substance phases). 

§ 100. Gases and liquids 

Let us now consider in more detail the equilibrium of liquid and gaseous 
phases consisting of two components. 

When the temperature is sufficiently high (T large in comparison with the 
mean interaction energy of the molecules) all substances mix in any propor¬ 
tion. On the other hand, since a substance is a gas at such temperatures, we 
can say that all substances have unlimited miscibility in the gas phase 
(although when there are critical lines the difference between the liquid and 
the gas becomes to some extent arbitrary, and so likewise does the foregoing 
formulation). 

In the liquid state, some substances mix in any proportion, others only ins 
certain proportions (liquids of limited miscibility). 

In the former case, when the two components mix in any proportion in 
both phases, the phase diagrams contain no triple points, since the system 
cannot consist of more than two phases (all liquid states are one phase, and 
the same applies to gaseous states). Let us consider the projection of the 
singular lines of the equilibrium surface on the PT- plane. There are two lines 
of phase equilibrium for the pure substances (i.e. for concentrations x = 0 
and x = 1 in both phases). One of these lines is itself in the IT-plane, and 
the other is in a plane parallel to it, so that its projection has the same form 
as the line itself. Each of these lines terminates at a point which is a critical 
point for phases of the corresponding pure substance. A critical line begins 
and ends at these points (at a point of intersection of a critical line and a pure- 
substance line, both terminate; see § 99). Thus the projection of these various 
lines on the /T-plane has the form shown in Fig. 42; the notation is the same: 
as in §§ 97 and 99. The letters g and / have a similar significance to a, b, c 
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in the diagrams in §§ 97 and 99: g denotes gas, and / liquid. The regions g 
and / contain projections of gaseous and liquid states respectively; the region 
g-l includes these and also states where separation into liquid and gas 
occurs; above the critical line, the difference between liquid and gas does not 
exist. 

If there is also a line of equal concentration, the projection on the PT- 
plane is as shown in Fig. 43. The projection of the line of equal concentra¬ 
tion lies either above the line from the origin O to B (as in Fig. 43), or below 
OC, but not between them. Only A, B, C are points of intersection of lines. 
The point D does not correspond to a true intersection of the pure-substance 
line with the critical line; these intersect only in projection. The letters l\ and 
/ 2 in the diagram denote liquid phases of different concentrations. Above the 
line of equal concentration there is only one liquid phase. 1- 

All these properties of the projections of the singular lines on the /T-plane 
become obvious if we consider the phase diagrams corresponding to the 
cross-sections of the equilibrium surface by various planes of constant tem¬ 
perature (or pressure). For example, the cross-sections corresponding to 
pressures below that at B and to pressures between those of A and B in 
Fig. 42 give phase diagrams as shown in Figs. 31 and 33 respectively. Figure 
44 shows cross-sections for various successive temperature ranges in Fig. 43 
(T Ay T b , T c being the temperatures corresponding to the points A, B, C): 



t Not being concerned with solid phases, we shall conventionally show lines 
in all the (jP, T) diagrams as starting from the origin, as if solidification did not 
occur. 
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the region of separation into two phases “breaks up” at the point of equal 
concentration, and two critical points are formed; thereupon, first one and 
then the other hatched region shrink to a point on the ordinate axis and dis¬ 
appear. Figure 45 shows similar cross-sections for successive pressure ranges. 

If the two components have limited miscibility in the liquid state, there is a 
three-phase line, which terminates at a point where it intersects a critical line 
starting from that point. Figures 46 and 47 show the two essentially different 
types of (jP, T) projection that can occur in this case. They differ in that in 
Fig. 46 the projection of the three-phase line lies above both the pure-sub- 
stance lines, while in Fig. 47 it lies between them; the three-phase line cannot 
lie below both the pure-substance lines, since in the gaseous state the two 
components mix in any proportion. In both cases there are two critical lines, 
one of which runs out towards high pressures. 



Fro. 46 Fro. 47 
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Figures 48 and 49 show a number of successive cross-sections by Px and 
Tx planes for the case shown in Fig. 46. 

In conclusion, it should be emphasised that the examples of (P, T) dia¬ 
grams discussed in this section are only the most typical ones for equilibrium 
of liquid and gaseous phases; they do not exhaust all theoretically possible 
forms. 



CHAPTER X 


CHEMICAL REACTIONS 


§ 101. The condition for chemical equilibrium 

A chemical reaction occurring in a mixture of reacting substances ultimately 
leads to the establishment of an equilibrium state in which the quantity of 
each of the substances that take part in the reaction no longer changes. This 
case of thermodynamic equilibrium is called chemical equilibrium. Any chem¬ 
ical reaction can take place, in general, in either direction; until equilibrium 
is reached, one direction predominates, but in equilibrium the two opposite 
reactions occur at rates such that the total numbers of particles of each of 
the reacting substances remain constant. The object of thermodynamics as 
applied to chemical reactions is to study only the chemical equilibrium, not 
the course of the reaction leading to that equilibrium. 

It is important to note that the state of chemical equilibrium is independ¬ 
ent of how and under what conditions the reaction occurred;* it depends 
only on the conditions under which the mixture of reacting substances exists 
in equilibrium. In deriving the condition for chemical equilibrium, we can 
therefore make any desired assumptions concerning the course of the 
reaction. 

First of all, we shall describe the method to be used for expressing the 
reaction. Chemical reactions are commonly written as symbolic equations, 
which, if all the terms are taken to one side, have the form 

£ v t Ai = 0 , ( 101 . 1 ) 

where the A t are the chemical symbols of the reacting substances, and the 
coefficients v { are positive or negative integers. For example, in the reaction 
2 H 2 +O 2 = 2H 2 0 or 2 H 2 +O 2 —2H 2 0 = 0 the coefficients are r Hi = 2, 
v o, ~ L v h,o = — 2. 

Let us assume that the reaction occurs at constant temperature and pres¬ 
sure. In such processes the thermodynamic potential of the system tends to 
a minimum. In equilibrium, therefore, the potential 0 must have its least 

t In particular, it is independent of whether a catalyst took part in the reaction. 
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possible value (for given P and T). Let Ni, N 2 , ... be the numbers of par¬ 
ticles of the various substances taking part in the reaction. Then the necessary 
condition for0 to be a minimum can be written as the vanishing of the total 
derivative of 0 (for given P and T ) with respect to one of the N t , say N t : 

00 80 dN 2 80 dN 3 

3 Ni + 0iV 2 dN t + dN 3 dN! + 


The changes in the numbers N t during the reaction are related by the reaction 
equation: it is clear that, if N x changes by v l9 each of the other N t will change 
by v t , so that 6N t — {yJv^6N lt dN t /dN 1 = v,lv x . The foregoing equation 
may therefore be written 


00 Vi 

Mi 


= 0 . 


Finally, putting 30/0JV, = fj., and multiplying by v lf we have 

= 0 . ( 101 . 2 ) 

This is the required condition for chemical equilibrium. In order to obtain 
it, therefore, we must replace the symbols A, by the corresponding chemical 
potentials in the equation of the chemical reaction. When several different 
reactions can occur in the mixture, the equilibrium condition will be a set of 
several equations such as (101.2), each obtained by the above method from 
the equation of the corresponding reaction. 

It may be noted that the condition (101.2) retains its form even when the 
reacting substances are distributed in the form of solutes in two different 
phases in contact. This follows from the fact that in equilibrium the chemical 
potentials of each substance in either phase must be equal, in accordance 
with the conditions for phase equilibrium. 


§ 102. The law of mass action 

Let us apply the general condition for chemical equilibrium, derived in 
§ 101, to reactions taking place in a gas mixture, assuming that the gas may be 
regarded as an ideal one. 

The chemical potential of each gas in the mixture is (see § 93) 

Pt = Flog jPf+fcCO, (102.1) 

where P, is the partial pressure of the ith gas in the mixture; P t — c t P if P 
is the total pressure of the mixture and c t = NJN is the concentration of the 
gas in question, defined as the ratio of the number N t of molecules of that gas 
to the total number N = £N t of molecules in the mixture. 
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It is now easy to write down the condition of chemical equilibrium for 
reactions in a mixture of gases. Substitution of (102.1) in (101.2) gives 

£ Wt = v, log P 0 ,+£ mt = o, 

where the P 0i are the partial pressures of the gases in a state of chemical 
equilibrium. 

Using the notation 

K P (T) = e-z'ixtir, (102.2) 

we thus have 

fj J’o'i = K P (T). (102.3) 

Instead of P w we can substitute Pc 0l , where the c Qi are the concentrations of 
the gases in chemical equilibrium. Then 

El = p- £Pi K p (T) = K e (P, T). (102.4) 

, 

The quantity on the right of (102.3) or (102.4) is a function only of tempera¬ 
ture and pressure, and does not depend on the initial amounts of the 
reacting gases: this quantity is called the chemical equilibrium constant , and 
the law expressed by formula (102.3) or (102.4) is called the law of mass 
action. 

The dependence of the gas reaction equilibrium constant on the pressure 
is entirely determined by the factor P~ Sv * on the right-hand side of equation 
(102.4); if the quantities of reacting substances are expressed in terms of their 
partial pressures, the equilibrium constant is independent of pressure. The 
determination of its dependence on temperature, however, requires further 
assumptions concerning the properties of the gases. 

For example, if the gases have constant specific heats, a comparison of the 
expression (102.1) with formula (43.3) for the thermodynamic potential of 
such a gas shows that the functions % t (T) are of the form 


Xi(T) = s oi -c pt T log T-TCi, (102.5) 

where c pl is the specific heat and C, the chemical constant of the gas. Substi¬ 
tuting this expression in (102.2), we obtain for the equilibrium constant the 
formula 

K P (T) = (102.6) 

which is essentially an exponential function of temperature. 

1 The law of mass action is valid also for reactions between solutes, provided 
that the solution may be regarded as weak. For the chemical potential of each 
solute has the form 


H = T log c t +y>£P,T). 


(102.7) 
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The concentration c, is here defined as the ratio of the number of particles 
of the solute in question to the number of solvent particles (c, = n { /N). 
Substituting (102.7) in the equilibrium condition (101.2), we find in the same 
way 

U<&=K(P 9 T), (102.8) 

i 

with the equilibrium constant 

K(P , T) = e~zw' T . (102.9) 

Unlike the case of gas reactions, the dependence of the equilibrium constant 
on the pressure here remains indeterminate. 

If the reaction involves, as well as gases or solutes, substances in a pure 
condensed phase (i.e. not mixed with other substances), e.g. pure solids, then 
the equilibrium condition again leads to the law of mass action. Here, how¬ 
ever, since the chemical potential of the pure phases depends only on the 
pressure and temperature, the left-hand side of the equation for the law of 
mass action will not involve the quantities of the pure phases, i.e. the product 
of the concentrations of the gases (or solutes) must be written as if the solids 
were absent. The latter affect only the dependence of the equilibrium constant 
on pressure and temperature. 

If only gases and solids take part in the reaction, then, since the pressure 
of the gases is comparatively small, the chemical potential of the solids may 
be regarded as independent of the pressure, and the dependence of the equi¬ 
librium constant on the pressure remains the same as in (102.4). The sum 
Sv t in the exponent must of course denote only the sum of the coefficients of 
the gaseous substances in the reaction equation. 

Finally, the law of mass action is valid also for reactions in weak solutions 
where the solvent as well as the solutes takes part in the reactions. For, when 
its chemical potential is substituted in the condition for chemical equilib¬ 
rium, the small terms which contain the concentration may be omitted, and 
the potential then reduces to a quantity which depends only on temperature 
and pressure. Thus we again obtain the equation of the law of mass action, 
and its left-hand side again involves only the concentrations of the reacting 
solutes, not that of the solvent. 


PROBLEMS 

Problem 1. Find the degree of dissociation of a diatomic gas at high tempera¬ 
tures, if the gas molecule consists of identical atoms and has no spin or orbital 
angular momentum in the ground state. 

Solution. The reaction has the form A 2 = 2A. In these Problems, we shall use 
the suffixes 1 and 2 to denote quantities relating respectively to the atomic (A) 
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and molecular (A 2 ) components of the mixture. The degree of dissociation is defined 
as the ratio a = N X I2N Q of the number \N X of dissociated molecules to the total 
number of molecules (that would exist in a non-dissociating gas) N 0 = A^+yA^. 
In accordance with the law of mass action (102.3), we have 


P 2 _N 2 (N X +N 2 ) _ l-a 2 _ 

Pl~ PNf “4a *P p( h 


( 1 ) 


whence 


a = [\+4PK P (T)]~ 112 . 

The equilibrium constant K P is found by substituting in (102.6) the specific heats 
c pl = y, c p2 = -§- and the chemical constants 

Ci = log [gfm/lrinn C 2 = log [(I/ffico) (m/7r) 3 / 2 ] 

(see (45.4), (46.4), (49.8)), where m is the mass of the atom A, and g x the statis¬ 
tical weight of the ground state of the atom A; at sufficiently high temperatures 
g x = (25+1) (21,+1), where 5 and L are the spin and orbital angular momen¬ 
tum of the atom.* 

The result is 

8/ttS/2 

(2 > 


where e = 2e 01 — e Q2 is the dissociation energy of the molecule. 

Problem 2. The same as Problem 1, but to find the specific heat. 

Solution. The entropy of the gas may be calculated as the sum 

S = ^,x+^)+^+^) 

the entropy of each component is expressed in terms of its chemical potential 
according to (43.6) and (43.3), and the equilibrium equation fx 2 = 2fi x is used. 
Expressing N x and N 2 in terms of N 0 and a, writing the chemical potential as 

Hi = eoi + T’logPi-c^riogr-CiT, P x = 2aP/(l +a). 


and substituting the values of c pX and c p2 , we obtain 

5 = A^oJ^ -e o+ 5 log T+-^-a—21og +constantj, (3) 

where the dissociation energy e 0 is again used, and the constant represents the 
temperature-independent terms, which do not influence the required specific 


t See the footnote to § 104. 



310 


Chemical Reactions 


heat C p = T(dS/dT) P . From (1) we calculate the derivative 



-{(!-«■)« 


d log K P 
dr 


(1 -«)*« /fo J_\ 
2r y t 2/ 


with K P from (2). Now differentiating the entropy (3), we have finally 

C P = yN 0 |9+a+a(l—a 2 ) + ]• 

Problem 3. Determine the dependence of the concentration of hydrogen dis¬ 
solved as H atoms in a metal on the pressure of H 2 gas over the metal. 


Solution. Regarding the process as a chemical reaction H 2 = 2H, we can 
write the equilibrium condition as //h* = 2^hI ^h, is written as the chemical poten¬ 
tial of an ideal gas, /*h, = T log P+%(T), and as that of the solute in a solution, 
fi, H = riog c-hf. Since ip depends only slightly on the pressure (cf.§ 90), we find 
c = constant X V P ‘ 


§ 103. Heat of reaction 

A chemical reaction is accompanied by the absorption or evolution of heat. 
In the former case the reaction is said to be endothermic , and in the latter 
case exothermic. It is evident that, if any particular reaction is exothermic, 
the reverse reaction will be endothermic, and vice versa. 

The amount of heat involved in a reaction depends on the conditions under 
which the reaction occurs. Hence, for instance, we must distinguish the heats 
of reaction at constant volume and at constant pressure (although the differ¬ 
ence is usually quite small). 

As in calculating the heat of solution (§ 91), we first find the maximum work 
which can be obtained by means of the chemical reaction. We call a reaction 
between one group of molecules as shown by the reaction equation an “ele¬ 
mentary reaction”, and calculate the change in the thermodynamic potential 
of a mixture of reacting substances when a small number dn of elementary 
reactions take place, assuming that the reaction occurs at constant tempera¬ 
ture and pressure. We have 



The change in the number of molecules of the /th substance after dn elemen¬ 
tary reactions is clearly dN { = — v { dn. Thus 

d& = —dn^ViHi. 

In equilibrium d0/dn is zero, as we should expect. 


(103.1) 
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§ 103 Heat of Reaction 

Formula (103.1) is the general expression for the minimum work which 
must be done in order to bring about dn elementary reactions. It is also the 
maximum work which can be obtained from that number of reactions occur¬ 
ring in the reverse direction. 

Let us first suppose that the reaction is between gases. Using the expression 
(102.1) for we find 

80 = -dn^T'Z Vi log Pj + ]T v^, 
or, in terms of the equilibrium constant, 

&& = r r - £ v, iog />,+log *:„(r)] 

= 7-«nj'-^r,Iogc, + logX;(P,r)j. (103.2) 

For reactions in solution we similarly find, using the expressions (102.7) 
and (102.9), 

80 = T dn f - £ v, log a + log K{P , T) 1 . (103.3) 

i. 1 J 

The sign of 80 determines the direction in which the reaction takes place: 
since 0 tends to a minimum, for 80 < 0 the reaction occurs in the forward 
direction (i.e. “from left to right” in the equation of the chemical reaction), 
while if 80 >■ 0 the reaction will actually go in the opposite direction in the 
mixture concerned. It may be noted, however, that the direction of the 
reaction is also evident directly from the law of mass action: we form the 
product ZZjP/‘ for the mixture in question and compare it with the value of 
the equilibrium constant for the reaction. If, for instance, we find that IIPp > 
K pi this means that the reaction will occur in the forward direction, so as 
to reduce the partial pressures of the original substances (which have positive 
v, in the reaction equation), and increase those of the reaction products 
(for which v t < 0). 

We can now determine also the heat absorbed (or evolved, according to 
sign), again for 8n elementary reactions. Formula (91.4) shows that this heat 
8Q p is, for a reaction at constant temperature and pressure, 



For reactions between gases we have, substituting (103.2), 


(103.4) 
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Similarly, for solutions 


bQ p = -T 2 6n 


0 log K(P, T) 

a t 


(103.5) 


We may note that bQ p is simply proportional to bn and does not depend on 
the values of the concentrations at any instant. These formulae are therefore 
valid for any bn, whether small or not. 

If Q p > 0, i.e. the reaction is endothermic, 3 log K/dT < 0, and the equi¬ 
librium constant decreases with increasing temperature. On the other hand, 
for an exothermic reaction {Q p < 0) the equilibrium constant increases with 
temperature. An increase in the equilibrium constant signifies that the chem¬ 
ical equilibrium is shifted back towards the re-formation of the initial sub¬ 
stances—the reaction goes “from right to left”, so as to increase the product 
ZTcoJ. Conversely, a decrease in the equilibrium constant signifies a shift 
of the equilibrium towards formation of the reaction products. In other 
words, we can formulate the following rule: heating shifts the equilibrium in 
the direction of the endothermic process, and cooling in the direction of the 
exothermic process. This rule is entirely in agreement with Le Chatelier’s 
principle. 

For reactions between gases the heat of reaction at constant volume (and 
temperature) is also of interest. This quantity bQ v is related in a simple 
manner to bQ p . The quantity of heat absorbed in a process at constant vol¬ 
ume is equal to the change in the energy of the system, whereas bQ p is equal 
to the change in the heat function. Since E = W—PV, it is clear that bQ v = 
= SQ p —b(PV), or, substituting PV = TEN i and bN { = — v t bn, 

&Qv = SQp+Tbn^Vt. (103.6) 

Finally, let us determine the change in volume of a mixture of reacting 
substances as a result of a reaction occurring at constant pressure (and tem¬ 
perature). For gases, the problem is trivial: 


bV = (TIP) bN = -(TIP) bn £ !>, . (103.7) 

In particular, reactions in which the total number of particles is unchanged 
(Zv t = 0) occur without change of volume. 

For reactions in weak solutions we use the formula bV = d b0/dP and, 
substituting (103.3), we obtain 


bV = T bn 


3 log K(P,T) 
dP 


(103.8) 


Thus a change in volume in the reaction is due to a pressure dependence of 
the equilibrium constant. In a similar way to the previous discussion of the 
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temperature dependence, we easily deduce that an increase in pressure fa¬ 
vours reactions in which the volume decreases (i.e. shifts the equilibrium in 
the direction of such reactions), and a decrease in pressure favours reactions 
which lead to an increase in volume, again in complete agreement with 
Le Chatelier’s principle. 


§ 104. Ionisation equilibrium 

At sufficiently high temperatures, collisions betwen gas particles may 
cause their ionisation. The existence of such thermal ionisation leads to the 
establishment of an equilibrium in which certain fractions of the total num¬ 
ber of gas particles are in various stages of ionisation. Let us consider ther¬ 
mal ionisation of a monatomic gas; this is the most interesting case, since 
chemical compounds are usually completely dissociated before the onset 
of thermal ionisation. 

Thermodynamically, ionisation equilibrium is a particular case of chem¬ 
ical equilibrium corresponding to a series of simultaneously occurring 
“ionisation reactions”, which may be written 

Ao—Ai + e*, Ai = A 2 + e~, ..., (104.1) 

where the symbol A 0 denotes the neutral atom, Ai, A 2 ,... the singly, doubly, 
etc., ionised atoms and e~ the electron. For these reactions the application 
of the law of mass action gives the set of equations 

Cn-^Crfi = PKj?\T) (« = 1,2,...), (104.2) 

where c 0 is the concentration of neutral atoms, ci, c 2 , ... the concentrations 
of the various ions, and c the concentration of electrons (each defined as the 
ratio of the number of particles of the kind in question to the total number 
of particles, including electrons). To these equations we must add one which 
expresses the electrical neutrality of the gas as a whole: 

c — C\ -j- 2c 2 -)- 3c 2 -j- ... . (104.3) 

Equations (104.2) and (104.3) determine the concentrations of the various 
ions in ionisation equilibrium. 

The equilibrium constants Kj n) can be calculated without difficulty. All 
gases which take part in “reactions” (gases of neutral atoms, ions, or elec¬ 
trons) are monatomic and have constant specific heat c p = -§-, and their 
chemical constants are £ = log [g(m/2nh 2 f /2 ], where m is the mass of a 
particle of the gas considered, and g the statistical weight of its ground state; 
for electrons, g — 2, while for atoms and ions g = (2JL+1)(25'+1), where 
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L and S are the orbital angular momentum and spin of the atom or ion.* 
Substituting these values in formula (102.6), we obtain the following expres¬ 
sion for the required equilibrium constants: 

= r** ( 104 - 4 ) 

(M. N. Saha, 1921) where m is the electron mass and /„ = £ 0 ,„-i the 

energy of the nth ionisation (nth ionisation potential) of the atom. 

The degree of n-fold ionisation of the gas becomes of the order of unity 
as the temperature increases and the equilibrium constant KfP = PK™ 
decreases to a value of the order of unity. It is very important to note that, 
despite the exponential dependence of the equilibrium constant on tempera¬ 
ture, this stage is reached not when T ~ I H but at considerably lower tem¬ 
peratures. The reason is that the coefficient of the exponential is small: 
the quantity (PIT) (h 2 /mT) m = (N/V) (fi 2 /mT) 312 is in general very small, 
being for T ~ I of the order of the ratio of the atomic volume to the vo¬ 
lume V/N per atom in the gas. 

Thus the gas will be considerably ionised even at temperatures which are 
small compared with the ionisation energy, but the number of excited atoms 
in the gas will still be small, since the excitation energy of the atom is in 
general of the same order as the ionisation energy. 

When T becomes comparable with the ionisation energy, the gas is almost 
completely ionised. At temperatures of the order of the binding energy of 
the last electron in the atom, the gas may be regarded as consisting of elec¬ 
trons and bare nuclei only. 

The binding energy I\ of the first electron is usually much less than the 
subsequent ones there is therefore a range of temperatures in which the 
gas may be supposed to include only neutral atoms and singly charged ions. 
Defining the degree of ionisation a of the gas as the ratio of the number of 
ionised atoms to the total number of atoms, we have 

c = Ci = a/(l +a), c 0 — (1 -a)/(l +a), 

and equation (104.2) gives (1 —a 2 )/a 2 = PK^\ whence 

a= 1/V(1 +PKjft. (104.5) 

This entirely determines the degree of ionisation as a function of pressure 
and temperature (in the temperature range considered). 

t For reasons given below we may assume that all atoms and ions are in the 
ground state, even in a considerably ionised gas. If the atom (or ion) ground state 
has a fine structure, we assume that T is large compared with the intervals in this 
structure. , 
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§ 105. Equilibrium with respect to pair production 

At extremely high temperatures, comparable with the rest energy* me 2 of 
the electron, collisions of particles in matter may be accompanied by the 
formation of electron-positron pairs. The number of particles itself then 
ceases to be a given quantity, and depends on the conditions of thermal 
equilibrium. 

Pair production (and the reverse process, annihilation) can be regarded 
thermodynamically as a “chemical reaction” e + +e~ = y, where the sym¬ 
bols e + and e~ denote a positron and an electron, and y denotes one or 
more photons. The chemical potential of the photon gas is zero (§ 63). 
The condition of equilibrium for pair production is therefore 

p~ +p + = 0, (105.1) 

where pT and p + are the chemical potentials of the electron and positron 
gases. It should be emphasised that p here denotes the relativistic expression 
for the chemical potential, including the rest energy of the particles (cf. 
§ 27), which plays an important part in pair production. 

Even at temperatures T ~ me 2 , the number of pairs formed per unit 
volume is very large in comparison with the atomic electron density (see 
the next footnote). We can therefore suppose with sufficient accuracy that 
the number of electrons is equal to the number of positrons. Then p~ = p + , 
and the condition (105.1) gives p~ = p + = 0, i.e. in equilibrium the chemi¬ 
cal potentials of the electrons and positrons must be zero. 

Electrons and positrons obey Fermi statistics; their number is therefore 
obtained by integrating the distribution (56.3) with p = 0: 


N + = N~ = 


v C p**p 

nW\ tf^+1* 


(105.2) 


where e is determined from the relativistic expression e — c V(p 2 +m 2 c 2 ). 

For Feme 2 , this number is exponentially small (x e~ mct,T ). In the 
opposite case (T » me 2 ) we can put e = cp, and formula (105.2) gives 



t The energy mc 2 = 0.51X10° eV, so that the temperature me 2 Ik = 6X10* 
degrees. 



316 


Chemical Reactions 


The integral in this formula can be expressed in terms of the £ function (see 
the second footnote to § 58), giving 1 

N + = N~ — (J-J V = O.183(77/fc0 3 V. (105.3) 

The energy of the positron and electron gases is similarly 
VT / T \ 3 C jc 3 dx 

£+ = £ - = -^(fc) | = wvT‘ino(ncY. (105.4) 

This quantity is - J- of the energy of black-body radiation in the same volume. 


PROBLEM 

Determine the equilibrium density of electrons and positrons for T «; /nc 2 . 

Solution. Using the expression (46.1a) for the chemical potential (to which 
me 2 must be added), we obtain 

n + n~ = e~* mct / T , 

where n~ = N~/V and n + = N + /V are the electron and positron densities. If 
is the initial electron density (in the absence of pair production), then n~ = n + -f aiq, 
and we find 

n+ = n~-n 0 = -\n Q +[\nl+\(mclhf (T/xmc*)* 


^ForT ~ me 2 the volume per pair formed is ~ This volume is very small 

in comparison with the atomic volume (the cube of the Bohr radius, (/P/me 2 ) 3 ). 



CHAPTER XI 


PROPERTIES OF MATTER AT VERY 
HIGH DENSITY 


§ 106. The equation of state of matter at high density 

The study of the properties of matter at extremely high density is of funda¬ 
mental importance. Let us follow qualitatively the change in these properties 
as the density is gradually increased. 

When the volume per atom becomes less than the usual size of the atom, 
the atoms lose their individuality, and so the substance is transformed into 
a highly compressed plasma of electrons and nuclei. If the temperature of 
the substance is not too high, the electron component of this plasma is a 
degenerate Fermi gas. An unusual property of such a gas has been mentioned 
at the end of § 51: it becomes more nearly ideal as the density increases. 
Thus, when the substance is sufficiently compressed, the interaction of the 
electrons with the nuclei (and with one another) becomes unimportant, and 
the formulae for an ideal Fermi gas may be used. According to (57.9) this 
occurs when n e » (rn e e 2 /h 2 Y Z 2 holds, where n e is the number density of 
electrons, m e the electron mass, and Z some mean atomic number of the 
substance. We therefore find for the total mass density of the substance the 
inequality 

q » {m e e 2 lh 2 f m'Z 2 ~ 20Z 2 g/cm 3 , (106.1) 

where m' is the mass per electron, so that q = njn'f The “gas of nuclei” 
may still be far from degeneracy, because of the large mass of the nucleus, 
but its contribution to the pressure of the substance, for example, is in any 
case entirely negligible in comparison with that of the electron gas. 

Thus the thermodynamic quantities for a substance under the conditions 


t In all the numerical estimates given in this section it is assumed that the mean 
atomic weight of the substance is twice its mean atomic number, so that m' is 
twice the nucleon mass. 

It may be mentioned that the degeneracy temperature of the electrons corre¬ 
sponding to a density q ~ 20Z 2 g/cm 3 is of the order of 10*2^ degrees. 
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in question are given by the formulae derived in§ 57, applied to the electron 
component. In particular, for the pressure we have 1 

,-WLJLtxr. (,06.2) 

5 m e \ m ) 

The condition (106.1) on the density gives for the pressure the numerical 
inequality P » 5X10 8 Z 10/s bar. 

In the above formulae the electron gas is assumed non-relativistic. This 
implies that the Fermi limiting momentum p p is small compared with me 
(see § 61), giving the numerical inequalities 

g <sz 2X10® g/cm 3 , P <sz 10 17 bar. 

When the density and pressure of the gas become comparable with these 
values, the electron gas becomes relativistic, and when the opposite inequal¬ 
ities hold we have the extreme relativistic case, Where the equation of state is 
determined by formula (61.4) :t 

P = ftc(Q/my #. (106.3) 

A further increase in density leads to states where nuclear reactions con¬ 
sisting in the capture of electrons by nuclei (with emission of neutrinos) are 
thermodynamically favoured. Such a reaction decreases the charge on the 
nucleus (leaving its atomic weight constant), and this in general causes a 
decrease in the binding energy of the nucleus, i.e. a decrease in its mass 
defect. The energy required to bring about such a process is more than 
counterbalanced at sufficiently high densities by the decrease in the energy of 
the degenerate electron gas because of the smaller number of electrons. 

It is not difficult to write down the thermodynamic conditions which 
govern the “chemical equilibrium” of the nuclear reaction mentioned, which 
may be symbolically written as 

A z + e~ = Az -1 + v, 

where A z denotes a nucleus of atomic weight A and charge Z, e~ an elec¬ 
tron and v a neutrino. The neutrinos are not retained by matter and leave 

7 Numerically, this formula gives 

P = 1.0X 10 13 (q/A') 5/3 dyn/cm 2 = 1.0X 10 7 (g/A’)W bar, (106.2a) 

where A' = mjm n is the atomic weight of the substance per electron (m n being the 
nucleon mass); q is measured in g/cm 3 . The corrections to (106.2) because of the 
Coulomb interaction of the particles have been discussed in § 80. 

* With the notation of (106.2a), 

P= 1.2X10* (gM') 4 * bar. 


(106.3a) 
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the body; such a process must lead to a steady cooling of the body. Thus 
thermal equilibrium can be meaningfully considered in these conditions 
only if the temperature of the substance is taken as zero. The chemical poten¬ 
tial of the neutrinos will not then appear in the equation of equilibrium. The 
chemical potential of the nuclei is mainly governed by their internal energy, 
which we denote by —s A Z (the term “binding energy” usually refers to the 
positive quantity e AtZ ). Finally, let ft e (n e ) denote the chemical potential of the 
electron gas as a function of the number density n e of particles in it. Then 
the condition of chemical equilibrium takes the form — e AtZ +f* e ( n e) = 
~ e A , z - i > or, putting ^, z -e x .z-i = 

fi e (n e ) = A. 

Using formula (61.2) for the chemical potential of an extreme relativistic 
degenerate gas, we thus find 

n e = A 3 l3n\chf. (106.4) 

The equilibrium condition therefore gives a constant value of the electron 
density. This means that, as the density of the substance gradually increases,, 
the nuclear reaction in question begins to occur when the electron density 
reaches the value (106.4). As the substance is further compressed, more and 
more nuclei will each capture an electron, so that the total number of elec¬ 
trons will decrease but their density will remain constant. Together with the 
electron density the pressure of the substance will also remain constant, 
being again determined mainly by the pressure of the electron gas: substitu¬ 
tion of (106.4) in (106.3) gives 

P = A^j\2n\hcf . (106.5) 

This will continue until each nucleus has captured an electron. 

At still higher densities and pressures the nuclei will capture further 
electrons, the nuclear charge being thus reduced further. Ultimately the nu¬ 
clei will contain so many neutrons that they become unstable and break up. 
At a density q ~ 3X10 11 g/cm 3 (and pressure P ~ 10 24 bar) the neutrons 
begin to be more numerous than the electrons, and when q ~ 10 12 g/cm 3 
the pressure due to the neutrons begins to predominate (F. Hund, 1936). 
This is the beginning of a density region in which matter may be regarded 
as essentially a degenerate neutron Fermi gas with a small number of elec¬ 
trons and various nuclei, whose concentrations are given by the equilibrium 
conditions for the corresponding nuclear reactions. The equation of state 
of matter in this range is 

p = ^2$^ ^5- = 5.5X lff> e"* bar, 

where m n is the neutron mass. 


(106.6) 



320 Properties of Matter at Very High Density 

Finally, at densities q :» 6X10 15 g/cm 3 , the degenerate neutron gas be¬ 
comes extreme-relativistic, and the equation of state is 

P = 1.2><10®e 4 / 3 bar. (106.7) 

It should be remembered, however, that at densities of the order of that of 
nuclear matter the specifically nuclear forces (strong interaction of nucleons) 
become important. In this range of densities formula (106.7) can be only 
qualitative. In the present state of our knowledge concerning strong inter¬ 
actions we can draw no definite conclusions concerning the state of matter 
at densities considerably above the nuclear value. We shall merely mention 
that in this range other particles besides neutrons may be expected to appear. 
Since particles of each kind occupy a separate group of states, the conversion 
of neutrons into other particles may be thermodynamically favoured because 
of the decrease in the limiting energy of the Fermi distribution of neutrons. 


■§ 107. Equilibrium of bodies of large mass 

Let us consider a body of very large mass, the parts of which are held 
together by gravitational attraction. Actual bodies of large mass that are 
known to us, namely the stars, continuously radiate energy and are certainly 
not in thermal equilibrium. It is, however, of fundamental interest to discuss 
an equilibrium body of large mass. We shall neglect the effect of temperature 
on the equation of state, i.e. consider a body at absolute zero—a “cold” 
body. Since in actual conditions the temperature of the outer surface is 
considerably lower than the internal temperature, a discussion of a body 
with a constant non-zero temperature is in any case devoid of physical 
meaning. 

We shall further assume that the body is not rotating; then it will be 
spherical in equilibrium, and the density distribution will be symmetrical 
about the centre. 

The equilibrium distribution of density (and of the other thermodynamic 
quantities) in the body will be determined by the following equations. The 
Newtonian gravitational potential satisfies the differential equation a <f> = 
4 tiGq, where q is the density of the substance and G the Newtonian con¬ 
stant of gravitation. In the case of spherical symmetry, 

Moreover, in thermal equilibrium the condition (25.2) must be satisfied. In 
the gravitational field the potential energy of a particle of the body of mass 
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m' is w'0, and so we have 


fi + m'<f) = constant, (107.2) 

where for brevity the suffix zero is omitted from the chemical potential of 
the substance in the absence of the field. Expressing <f> in terms of fi by 
means of (107.2) and substituting in (107.1), we have 

7= l-( r2 ^)=- 4WGe - < 107 - 3 > 


As the mass of the gravitating body increases, so of course does its mean 
density, as the following calculations will confirm. When the total mass M 
of the body is sufficiently large, therefore, we can, as shown in § 106, regard 
the substance as a degenerate electron Fermi gas, initially non-relativistic 
and then at still greater masses relativistic. 

The chemical potential of a non-relativistic degenerate electron gas is 
related to the density q of the body by 


(3tt 2 ) 2/3 h 2 
2 m e m' 2lz 




(107.4) 


see formula (57.3), with q = m'N/V (m' is the mass per electron and m e the 
electron mass). Expressing q in terms of [i and substituting in (107.3), we 
have 1 " 


_L A 

r 2 dr 



-Xfi 312 , 


2 ll2 m 3l2 m' 2 G 

3nh 3 


(107.5) 


t It is easy to see that, for an electrically neutral gas consisting of electrons and 
atomic nuclei, the equilibrium condition can be written in the form (107.2) witih 
the electron chemical potential as (x and the mass per electron as m'. For the deri¬ 
vation of this equilibrium condition (§ 25) involves considering the transport of an 
infinitesimal amount of substance from one place to another. In a gas consisting 
of both positively and negatively charged particles, such transport must be regard¬ 
ed as that of a certain quantity of neutral matter (i.e. electrons and nuclei togeth¬ 
er). The separation of the positive and negative charges is energetically very un¬ 
favourable, because of the resulting very large electric fields. We therefore obtain 
the equilibrium condition in the form 

^nuc+^el+^nuc+^Wel)0 = 0 

(with Z electrons per nucleus). Owing to the large mass of the nuclei (compared 
with that of the electrons) their chemical potential is very small compared with /U d . 
Neglecting fx nac and dividing the equation by Z, we obtain 

fi el +m'<f> = 0. 

As in § 106, it will be assumed in the numerical estimates that m' is twice the 
nucleon mass (m' — 2m„). 


22* 
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The physically meaningful solutions of this equation must not have singular¬ 
ities at the origin: p -*■ constant for r -*■ 0. This requirement necessarily 
imposes on the first derivative the condition 

d p/dr =0 for r = 0, (107.6) 

as follows immediately from equation (107.5) after integration over r: 


dr 


~ |* z-2^3/2 fa 

Z 


A number of important results can be derived from equation (107.5) by 
simple dimensional considerations. The solution of (107.5) contains only two 
constants, A and (for instance) the radius R of the body, a knowledge of 
which uniquely defines the solution. From these two quantities we can form 
only one quantity with the dimensions of length, the radius R itself, and one 
with the dimensions of energy, 1/A 2 /? 4 (the constant A having dimensions 
cm -2 erg” 1/2 ). It is therefore clear that the function p(r) must have the form 


^ r > A 2 /? 4 ^(r)’ 


where/ is some function of the dimensionless ratio r/R only. Since the den¬ 
sity q is proportional to p 9/2 , the density distribution must be of the form 


e(r) = 


constant 

& 



Thus, when the size of the sphere varies, the density distribution in it 
remains similar in form, the density at corresponding points being inversely 
proportional to R°. In particular, the mean density of the sphere is inversely 
proportional to R°: 

q oc 1 //?«. 

The total mass M of the body is therefore inversely proportional to the cube 
of the radius: 

M oc 1 IRK 

These two relations may also be written 


R oc M- 1 *, q oc M 2 . (107.8) 

Thus the dimensions of an equilibrium sphere are inversely proportional to 
the cube root of its total mass, and the mean density is proportional to the 
square of the mass. The latter result confirms the assumption made above 
that the density of a gravitating body increases as its mass increases. 
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The fact that a gravitating sphere of non-relativistic degenerate Fermi gas 
can be in equilibrium for any total mass M can be seen a priori from the fol¬ 
lowing qualitative argument. The total kinetic energy of the particles in such 
a gas is proportional to N(N/V) m (see (57.6)), or, what is the same thing, 
to M m /R 2 , and the gravitational energy of the gas as a whole is negative and 
proportional to M^/R. The sum of two such expressions can have a minimum 
(as a function of R) for any M, and at the minimum R oc M~ y3 . 

Substituting (107.7) in (107.5) and using the dimensionless variable £ = 
r/R, we find that the function /(£) satisfies the equation 

(107 ' 9) 

with the boundary conditions /'(0) = 0,/(l) = 0. This equation cannot be 
solved analytically, and must be integrated numerically. It may be mentioned 
that as a result we find /(0) = 178.2, /'(l) = —132.4. 

Using these numerical values it is easy to determine the value of the con¬ 
stant MR 3 . Multiplying equation (107.1) by r 2 dr and integrating from 0 to R, 
we obtain 

GM = KW/dr]^* = —(R 2 /m') [dp/drU* = -f'(l)/m'X 2 R 3 , 
whence 

MR 3 = 91.9ft*/CPrrfyri* = 2.2X 10 13 (mjm')* © km 8 , (107.10) 

where O = 2Xl0 33 g is the Sun’s mass. Finally, the ratio of the central 
density g(0) to the mean density q — 3M/4tiR 3 is easily found to be 

q(0)Iq = -/«*(0 )/3/'(l) = 5.99. (107.11) 

Curve 1 in Fig. 50 (p. 324) shows the ratio Q(r)/e(0) as a function of r/R* 

Let us now examine the equilibrium of a sphere consisting of a degenerate 
extreme-relativistic electron gas. The total kinetic energy of the particles of 
such a gas is proportional to NfN/Vf* (see (61.3)), and hence to M m /R\ the 
gravitational energy is proportional to —M^/R. Thus the two quantities de¬ 
pend on R in the same manner, and their sum will also be of the form con¬ 
stant//?. It follows that the body cannot be in equilibrium: if the constant is 
positive, the body will tend to expand until the gas becomes non-relativistic; 
if the constant is negative, a decrease of R to zero corresponds to a decreased 
total energy, i.e. the body will contract without limit. The body can be in 

t In § 106 we have seen that matter may be regarded as a non-relativistic degener¬ 
ate electron gas at densities q » 20Z 2 g/cm 3 . If this inequality is satisfied for the 
mean density of the sphere considered, its mass must satisfy the condition 
5X 10“ 8 ZQ. The corresponding radii are less than 5X10 4 Z~ XJ3 km. 
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Fig. 50 


equilibrium only in the special case where the constant is zero, and the equi¬ 
librium is then neutral, the value of R being arbitrary. 

This qualitative argument is, of course, entirely confirmed by exact quanti¬ 
tative analysis. The chemical potential of the relativistic gas considered is 
related to the density by 


(see (61.2)). Instead of (107.5) we now have 


J_ d_ 

r 2 dr 



, 4 Gm' 2 

~ 3 n<?& * 


(107.12) 


(107.13) 


Since A now has dimensions erg 2 cm 2 , we find that the chemical potential 
as a function of r must be of the form 




(107.14) 


and the density distribution 

,. constant „/ r \ 

eW = -^F(-). 

Thus the mean density is inversely proportional to 7? 3 , and the total mass 
M oc R z q is independent of R: 


q oc 1 /R\ M = constant = M 0 . 


(107.15) 
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Mo is the only value of the mass for which equilibrium is possible: for M >■ 
Mo the body will tend to contract indefinitely, and for M < Mo it will ex¬ 
pand. 

For an exact calculation of the “critical mass” Mo , it is necessary to inte¬ 
grate numerically the equation 

¥ W ( ? '3f) = ~ P ' /,(0) = °’ m = °- 007.16) 

which is satisfied by the function /(£) in (107.14). The result is/(0) = 6.897, 
/'(1) = -2.018. For the total mass we find 

GMo = R 2 [d(j)/dr] r = R = 

whence 

3 1 /hc\ z/2 

Mo = ^ = 5.8 (mjmy 0. (107.17) 

Putting m' = 2m„, we find Mo = 1.45 O. Finally, the ratio of the central 
density to the mean density is q(0)/q = —P(0)/3f'(1i) = 54.2. Curve 2 in 
Fig. 50 shows q(t)/q( 0) in the extreme relativistic case as a function of r/R. f 

The results obtained above concerning the relation between the mass and 
the radius of a “cold” spherical body in equilibrium can be represented by a 
single relation M = M(R) for all radii R. For large R (and therefore for 
small densities), the electron gas may be regarded as non-relativistic, and the 
function M(R) decreases as 1/R 3 . When R is sufficiently small, however, the 
density is so large that we have the extreme relativistic case, and the function 
M(R) is almost a constant Mo\ strictly M(R) -*■ Mo when R — 0. Figure 51 
shows the curve M = M(R) calculated with m' — 2m n X It should be noted 
that the limiting value 1.45 G is reached only very gradually; this is because 
the density decreases rapidly away from the centre of the body, and so the 
extreme relativistic case may hold near the centre while the gas remains non- 
relativistic in a considerable part of the volume of the body. We may also 
mention that the initial part of the curve (R small) has no real physical 
significance: at sufficiently small radii the density becomes so large that nu¬ 
clear reactions begin to occur. The pressure will then increase with density less 

+ The formal problem of the equilibrium of a gravitating gaseous sphere with a 
power-law dependence of P on q was investigated by R. Emden (1907). The phys¬ 
ical deduction of the existence of the limiting mass and its value (107.17) was 
made by S. Chandrasekhar (1931) and L. Landau (1932). 

^ The intermediate part of the curve is constructed by numerical integration of 
equation (107.3) with the exact relativistic equation of state for a degenerate gas; 
see § 61, Problem 3. 
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rapidly than @ 4/3 , and for such an equation of state no equilibrium is pos¬ 
sible^ 

Finally, this curve also has no meaning for large values of R (and small M ): 
as has already been mentioned (see the second footnote to this section), in 
this range the equation of state used above becomes invalid. Here it should be 
pointed out that there is an upper limit to the possible size of a “cold” body, 



Fig. 51 

since on the curve in Fig. 51 large dimensions of the body correspond to small 
masses and small densities, but when the density is sufficiently small the sub¬ 
stance will be in the ordinary “atomic” state and will be solid at the low tem¬ 
peratures here considered. The dimensions of a body consisting of such a 
substance will obviously decrease as its mass decreases further, and not 
increase as shown in Fig. 51. The true curve R = R{M) must therefore have 
a maximum for some value of M. 

The order of magnitude of the maximum radius can easily be determined 
by noting that it must correspond to the density at which the interaction 
between electrons and nuclei becomes important, i.e. for q ~ (m e e 2 /h 2 Y m'Z 2 
(see 106.1)). Combining this with equation (107.10), we obtain 

R max ~ h 2 /G l > 2 em e m'Z 1/s ~ 10 SmJm'Z 1 '* km. (107.18) 


t If the chemical potential is proportional to a power of the density, fi oc q n 
(and so P oc Q n+1 ), the internal energy of the body is proportional to Vq H+1 , i.e. 
to M H+1 /R 3n ; the gravitational energy is again proportional to — A/ 2 //?. It is easy 
to see that for n < - 3 - the sum of two such expressions has an extremum as a func¬ 
tion of R, but this extremum is a maximum, not a minimum. 
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§ 108. The energy of a gravitating body 

The gravitational potential energy E v of a body is given by the integral 

E„ = \\e4> (108.1) 

taken over the whole volume of the body. It will, however, be more conven¬ 
ient for us to start from a different expression for this quantity, which may 
be found as follows. Let us imagine the body to be gradually “built up” 
from material brought from infinity. Let M(r) be the mass of substance within 
a sphere of radius r. Let us suppose that a mass M(r) with a certain value of r 
has already been brought from infinity; then the work required to add a fur¬ 
ther mass dM(r) is equal to the potential energy of that mass (in the form of 
a spherical shell of radius r and thickness dr) in the field of the mass M(r), 
i.e. —GM{r) d M(r)/r. The total gravitational energy of a sphere of radius R 
is therefore 


= M(f> 


(108.2) 


Differentiation of the equilibrium condition (107.2) gives 


dP .6(j) n 

;- 3 — +m' ~- = 0 ; 

dr dr 


the differentiation must be at constant temperature, and (9 n/dP) T = v is the 
volume per particle. The derivative — d^/dr is the force of attraction on unit 
mass at a distance r from the centre, and equals —GM(r)/r 2 . Using also the 
density q = m'l v, we have 


1 dP GM(r) 
e dr “ r 2 ' 


Expressing GM(r)/r from this in terms of 6P/6r and writing dM(r) = 
g(r)*4;rr 2 dr, we can put (108.2) in the form 


Ear — 


-i* 


dr, 


and then integrate by parts (bearing in mind that at the boundary of the 
body P(R) = 0 and that r®P -*• 0 as r -*• 0): 

R 


Pgr = - \2n J Pr* dr = -3 J P6V. 


(108.4) 
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Thus the gravitational energy of an equilibrium body can be expressed as an 
integral of the pressure over the volume. 

Let us apply this formula to the degenerate Fermi gases considered in § 107. 
We make the calculation for the general case, and take the chemical potential 
of the substance to be proportional to some power of its density: 

p = Kq 1/h . (108.5) 

Since dp = v dP — (nt'/g) dP, we have 

P =^TW^ +K < 108 ' 6 > 

In the equilibrium condition pirn' +$ = constant, the constant is just the 
potential at the boundary of the body, where p vanishes; this potential is 
—GM/R (M = M(R) being the total mass of the body), and so we can 
write 



We substitute this expression in the integral (108.1) which gives the gravi¬ 
tational energy, and use formulae (108.5), (108.6), obtaining 


p 1 r Ar . GM r n+l f D .„ GM* 

EgI 2m' J ** edV 2R J QdV 2 J PdV 2R * 


Finally, expressing the integral on the right in terms of E v by (108.4), we 
have 


^ 3 GM 2 

E " = -5^-r- 


(108.7) 


Thus the gravitational energy of the body can be expressed by a simple for¬ 
mula in terms of its total mass and its radius. 

A similar formula can also be obtained for the internal energy E of the 
body. The internal energy per particle is p—Pv (for zero temperature and 
entropy); the energy per unit volume is therefore 

±(H-Pv) = -%r-P=nP, 


where (108.5) and (108.6) have been used to derive the second equation. 
The internal energy of the whole body is therefore 




PdV = -jnE gI 


n GM 2 

5-n R 


Finally, the total energy of the body is 
2?tot = E-\-E gt ~ ■ 


3-n GM 2 
5-n R 


(108.8) 


(108.9) 
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For a non-relativistic degenerate gas n = -J-, and so* 

_ 6 GM 2 _ 3 GM 2 3 GM 2 

^ = -7- nr* Etot --j-R~ 

In the extreme relativistic case, n = 3, so that 
3 GM 2 

= = E tot = 0. (108.11) 
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. (108.10) 


The total energy is zero in this case, in accordance with the qualitative argu¬ 
ments given in§ 107 concerning the equilibrium of such a Y ~>dy.t 


§ 109. Equilibrium of a neutron sphere 

For a body of large mass there are two possible equilibrium states. One cor¬ 
responds to the state of matter consisting of electrons and nuclei, as assumed 
in the numerical estimates in§ 107. The other corresponds to the “neutron” 
state of matter, in which almost all the electrons have been captured by pro¬ 
tons and the substance may be regarded as a neutron gas. When the body is 
sufficiently massive, the second possibility must always become thermody¬ 
namically more favourable than the first (W. Baade andF.Zwicky, 1934). 
Although the transformation of nuclei and electrons into free neutrons in¬ 
volves a considerable expenditure of energy, when the total mass of the body 
is sufficiently great this is more than counterbalanced by the release of grav¬ 
itational energy owing to the decrease in size and increase in density of the 
body. 

First of all, let us examine the conditions in which the neutron state of a 
body can correspond to any thermodynamic equilibrium (which may be 
metastable). To do this, we start from the equilibrium condition p +m n <f) = 
constant, where p is the chemical potential (the thermodynamic potential per 
neutron), m H the neutron mass, and $ the gravitational potential. 

Since the pressure must be zero at the boundary of the body, it is clear that 
in an outer layer of the body the substance will be at low pressure and 

t In this case 2 E = —E v , in agreement with the virial theorem of mechanics, 
applied to a system of particles interacting according to Newton’s law; see Mecha¬ 
nics ,§ 10. 

t In order to avoid misunderstanding, it may be mentioned that the energy I? 
(and therefore E tot in (108.11)) includes the rest energy of the particles (which pro¬ 
duce the pressure P). If E tot is defined as the “binding energy” of the body (with 
the energy of the matter dissipated through space taken as zero), the rest energy 
of the particles must be subtracted from it. 
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density and will therefore consist of electrons and nuclei. Although the 
thickness of this “shell” may be comparable with the radius of the dense 
inner neutron “core”, the density of the outer layer is much lower, and so its 
total mass may be regarded as small compared with the mass of the core.* 

Let us compare the values of p +m H <j) at two points: in the dense core near 
its boundary and near the outer boundary of the shell. The gravitational 
potential at these points may be taken as —GM/R and —GM/R', where 
R and R' are the core and shell radii, and M the mass of the core, which in the 
approximation used here is equal to the total mass of the body. The chemical 
potential at both points is determined mainly by the internal energy (bind¬ 
ing energy) of the corresponding particles, which is large compared with their 
thermal energy. The difference between the two chemical potentials may there¬ 
fore be taken as simply equal to the difference between the rest energy of a 
neutral atom (i.e. a nucleus and Z electrons) per unit atomic weight and the 
rest energy of the neutron; let this quantity be denoted by A. Then, equating 
the values of p +m n <j> at the two points considered, we have 

Hence, whatever the radius R\ the mass and radius of the neutron core must 
satisfy the inequality 

m n MG/R > A. (109.1) 

Applying the results of § 107 to a spherical body consisting of a degenerate 
(non-relativistic) neutron gas, we find that M and R are related by 

MR? = 91 .9h*IG*m* = 3.6X 10 3 O km 3 (109.2) 

(formula (107.10) with m e and m' replaced by m H ). Hence expressing M m 
terms of R and substituting in (109.1), we obtain an inequality for M, whiph 
in numerical form is M >■ ~ 0.20. For example, with A for oxygen we get 
M > 0.170, and for iron M > 0.180. These masses correspond to radii 
R < 26 km.£ 

This inequality gives a lower limit of mass, beyond which the neutron 
state of the body cannot be stable. It does not, however, ensure complete 
stability; the state may be metastable. To determine the limit of metastabil¬ 
ity, we must compare the total energies of the body in two states: the neu¬ 
tron state and the electron-nucleus state. The conversion of the whole mass M 

t There is, of course, no sharp boundary between the “core” and the “shell”, and 
the transition between them is continuous. 

^ It must be emphasised that no literal astrophysical significance is to be attached 
to the numerical estimates in this section, which are based on simple assumptions 
about the structure of the body. 
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from the electron-nucleus state to the neutron state requires an expenditure 
of energy MA/m n to counterbalance the binding energy of the nuclei. In the 
process, energy is released because of the contraction of the body; according 
to formula (108.10), this gain of energy is 

3GM 2 / 1 1 \ 

7 \R„ R e y 

where R n is the radius of the body in the neutron state, given by formula 
(109.2), and R e its radius in the electron-nucleus state, given by (107.10). 
Since R e » R n , the quantity 1 1R e may be neglected, and we obtain the follow¬ 
ing sufficient condition for complete stability of the neutron state of the 
body (omitting the suffix in R n ): 

3GMm„jlR > A. (109.3) 

Comparing this condition with (109.1) and using (109.2), we see that the 
lower limit of mass determined by the inequality (109.3) is greater by a factor 
(7/3) 3/4 = 1.89 than that given by (109.2). Numerically, the limit of metasta¬ 
bility of the neutron state is therefore at a mass M ^ yO (and radius 
R^ 22 km).* 

Let us now consider the upper limit of the range of mass values for which 
a neutron body can be in equilibrium. If we were to use the results of§ 107 
(formula (107.17), with m n in place of m'), the value obtained for this limit 
would be 6 O. In reality, however, these results are not applicable here, for 
the following reason. In a relativistic neutron gas, the kinetic energy of the 
particles is of the order of, or greater than, the rest energy, and the gravi¬ 
tational potential <f> ~ c 2 .+ In consequence it is no longer valid to use the 
Newtonian gravitational theory, and the calculations must be based on the 
general theory of relativity; and, as we shall see later, we find that the extreme 
relativistic case is no longer reached. The calculations must therefore make 
use of the exact equation of state of a degenerate Fermi gas; see§ 61, Prob¬ 
lem 3. 

The calculations are effected by numerical integration of the equations of 
a spherically symmetric static gravitational field, and the results are as fol¬ 
lows. 8 

t The mean density of the body is then 1.4X 10 13 g/cm 3 , and so the neutron gas 
may in fact still be regarded as non-relativistic, and the formulae used here are 
still valid. 

t In the relativistic electron gas, the kinetic energy of the particles is comparable 
with the rest energy of the electrons, but is still small in comparison with the rest 
energy of the nuclei, which contribute most of the mass of the substance. 

9 The details of the calculations are given in the original paper by J. R. Oppen- 
heimer and G. M. Volkoff, Physical Review 55, 374, 1939, 



332 Properties of Matter at Very High Density 

The limiting mass of a neutron sphere in equilibrium is found to be only 
M m&x — 0.760, and this value is reached at a finite radius jR min = 9.4 km. 
Figure 52 shows a graph of the relation obtained between the mass M and 
the radius R. Stable neutron spheres of larger mass or smaller radius cannot, 
therefore, exist. It should be mentioned that the mass M here denotes the 
product M — Nm n , where N is the total number of particles (i.e. neutrons) 
in the sphere. This quantity is not equal to the gravitational mass M v of the 
body, which determines the gravitational field created by it in the surround¬ 
ing space. Because of the “gravitational mass defect”, in stable states we 
always have M v ■< M (in particular, for R = R min , M v — 0.95-/!/).* 


© 



Fig. 52 

The question arises of the behaviour of a spherical body of mass exceeding 
M max . It is clear a priori that such a body must tend to contract indefinitely. 
The nature of this unrestrained gravitational collapse has been described in 

Fields M 102-104. 

It should be noted that the possibility in principle of gravitational collapse, 
which (for the model considered of a spherical body) is unavoidable for 
M > M nax> is not in fact restricted to large masses. A “collapsing” state 
exists for any mass, but for M < M max it is separated by a very high energy 
barrier from the static equilibrium state.* 

t The point R = R min in Fig. 52 is in fact a maximum on the curve M = M(R). 
This curve continues beyond the maximum as an inward spiral which asymptot¬ 
ically approaches a centre. The parameter which increases monotonically along 
the curve is the density at the centre of the sphere, which tends to infinity for a 
sphere corresponding to the limiting point of the spiral (N. A. Dmitriev and S. A. 
Kholin, 1963). However, no part of the curve for R < R min corresponds to a stable 
state of the sphere. For an account of the investigation see N. A. Dmitriev and S. A. 
Kholin, Voprosy kosmogonii 9, 254, 1963; B. K. Harrison, K. S. Thome, 
M. Wakano and J. A. Wheeler, Gravitation Theory and Gravitational Collapse , 
University of Chicago Press, Chicago, 1965. 

* See Ya. B. Zel’dovich. Soviet Physics JETP 15, 446, 1962. 





CHAPTER XII 


FLUCTUATIONS 


§ 110. The Gaussian distribution 

It has already been stressed several times that the physical quantities which 
describe a macroscopic body in equilibrium are, almost always, very nearly 
equal to their mean values. Nevertheless, deviations from the mean values, 
though small, do occur (quantities are said to fluctuate ), and the problem 
arises of finding the probability distribution of these deviations. 

Let us consider some closed system, and let x be some physical quantity 
describing the system as a whole or some part of it (in the former case x must 
not, of course, be a quantity which is strictly constant for a closed system, 
such as its energy). In what follows it will be convenient to suppose that the 
mean value x has already been subtracted from x, and so we shall everywhere 
assume that x = 0. 

The discussion in§ 7 has shown that, if the entropy of a system is formally 
regarded as a function of the exact values of the energies of the subsystems, 
the function e? will give the probability distribution for these energies (for¬ 
mula (7.17)). It is easy to see, however, that the discussion made no use of any 
specific properties of the energy. Similar arguments will therefore show that 
the probability for a quantity x to have a value in the interval from x to 
x-f-dx is proportional to where S(x) is the entropy formally regarded 
as a function of the exact value of x. Denoting this probability by w(x) dx, 
we have 1- 

w(x) = constantXe^W. (110.1) 

Before proceeding to examine the consequences of this formula, let us con¬ 
sider its range of applicability. All the arguments leading to formula (110.1) 
tacitly assume that the quantity x behaves classically. $ We must therefore 
find a condition which ensures that quantum effects are negligible. 

t This formula was first applied to the study of fluctuations by A. Einstein 
(1907). 

•f- This does not mean, of course, that the whole system must be a classical one. 
Variables other than x pertaining to the system may have quantum behaviour* 
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As we know from quantum mechanics, the relation AE Ax ~ hx exists 
between the quantum uncertainties of energy and of some quantity x, x being 
the classical rate of change of x (see Quantum Mechanics ,§ 16). 

Let x be a time 1 " expressing the rate of change of the quantity x which is 
considered here and which has a non-equilibrium value; then x ~ x/x, and 
so AEAx ~ hx/x. It is clear that the quantity x may be said to have a definite 
value only if its quantum uncertainty is small: Ax « x, whence AE » h/x. 
Thus the quantum uncertainty of energy must be large in comparison with 
htx. The entropy of the system will then have uncertainty AS » hlxT. 

If formula (110.1) is to be meaningful, it is clearly necessary for the uncer¬ 
tainty of entropy to be small compared with unity: 

x » h/T. (110.2) 

This is the required condition. When the temperature is too low or when the 
quantity x varies too rapidly (r is too small) the fluctuations cannot be treated 
thermodynamically, and the purely quantum fluctuations become of major 
importance. 

Let us now return to formula (110.1). The entropy S has a maximum for 
x — x — 0. Hence dS/dx = 0 and d 2 S/dx 2 < 0 for x = 0. In fluctuations 
the quantity x is very small. Expanding S(x) in powers of x and retaining 
only terms of up to the second order, we obtain 

S(x) = S(0)-tfx 2 , (110.3) 

where (} is a positive constant. Substitution in (110.1) gives the probability 
distribution in the form 


w(x) dx = Ae~W xt dx. 


The normalisation constant A is given by the condition J w(x) dx = 1 ; 
although the expression for w(x) is valid for small x, the integrand de¬ 
creases so rapidly with increasing |x| that the range of integration may be 
extended from — °° to The integration gives A = V(i3/2jr). 

Thus the probability distribution of the various values of the fluctuation 
x is given by the formula 

w(x) dx = V(P/2x)e~W xt dx. (110.4) 

t The time x need not be the same as the relaxation time for equilibrium to be 
reached with respect to x, and may be less than this time if x approaches x in an 
oscillatory manner. For example, if we consider the variation of pressure in a 
small region of the body (with linear dimensions ~ a), x will be of the order of the 
period of acoustic vibrations with wavelength A ~ a, i.e. X ~ ajc, where c is the 
velocity of sound. 
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Such a distribution is called a Gaussian distribution. It has a maximum when 
x = 0 and decreases rapidly and symmetrically as \x\ increases on either side 
of the maximum. 

The mean square fluctuation is 

<x 2 > = | x 2 w(x ) dx = J- (l 10 - 5 ) 

Thus we can write the Gaussian distribution in the form 

* x) "* = V (*U) exp (- i^r) d *- (U0 - 5) 

As we should expect, the' smaller (x 2 ), the sharper is the maximum of w(x). 

Knowing the mean square (x 2 ), we can find the corresponding quantity 
for any function <f>(x). Since x is small, we have* 

<(Zty) 2 > = [(d0/dx)Vo<* 2 >. (110.7) 

§ 111. The Gaussian distribution for more than one variable 

In § 110 we have discussed the probability of a deviation of any one thermo¬ 
dynamic quantity from its mean value, disregarding the values of other 
quantities.^ In a similar manner we can determine the probability of a si¬ 
multaneous deviation of several thermodynamic quantities from their mean 
values. Let these deviations be denoted by x lt x 2 , ...» x n . 

We define the entropy S(x v ...» x„) as a function of the quantities x l5 
x 2 , ..., x„ and write the probability distribution in the form w dxj... dx„, 
with w given by (110.1). Let S be expanded in powers of the x t ; as far as the 
second-order terms, the difference S—So is a negative-definite quadratic 
form: 

S — So — ^ ^L^fifkXtXk 

(clearly fi ik = /5 W ). In the rest of this section we shall omit the summation 
sign, and summation from 1 to n over all repeated suffixes will be implied. 
Thus we write 

S-So = -iP, k x { x k . (111.1) 

t It is, of course, implied that the function does not vary greatly for values 
of x ~ (x 2 ) 1 ' 2 , and that the derivative d<f>/dx is not zero at x = 0. 

* This means that the function S(x) used in § 110 was the greatest possible value 
of the entropy for the given non-equilibrium value of x. 
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Substituting this expression in (110.1), we obtain for the required probability 
distribution 

w = Ae-Ww*. ( 111 . 2 ) 

The constant A is determined from the normalisation condition 
J w d*i... dx n = 1. 

Here, for the same reason as in § 110, the integration over each x t can be 

taken from — e» to «>. To calculate this integral we proceed as follows. The 

linear transformation 

Xi = a ik x k (111.3) 

of x v x 2t ..., x n converts the quadratic form ^ikX { x k into a sum of squares 
x'jx'i. In order that 

PikXiXk = Xix't = XiXk&ik 


should be valid, the transformation coefficients must satisfy the relations 

Pn&il(*km — dim- (111*4) 

The determinant of the matrix of quantities on the left of this equation is the 
product of the determinant/? = \fi ik \ and two determinants a = | a ik \. The 
determinant The above relation therefore shows that 

0a 8 =1. (111.5) 

The Jacobian of the linear transformation from the variables x t to the xj is 
a constant, the determinant a. After the transformation, therefore, the nor¬ 
malisation integral separates into a product of n identical integrals and, 
using (111.5), we find 

Aa\^ j* exp toe' 

Thus we obtain finally the Gaussian distribution for more than one vari¬ 
able in the form 

w = exp < ln - 6 > 
Let us define the quantities 




Xi^-dS/dXi fi ik x kt 


( 111 . 7 ) 
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which we refer to as thermodynamically conjugate to the x,’f and let us 
determine the mean values of the products x t X k : 

(XiX k ) = |\.. j *xfikixi exp {-Ij-PikXiX}^ dxi... d*„. 

To calculate the integral, let us assume for the moment that the mean 
values x t are not zero but x /0 , say. Then in (111.6) x { must be replaced by 
x i—x i0i and the definition of the mean gives 

xt = - ^p j*... j* xt exp [ - y (SitlXi- x i0 ) (x k - x*o)j dxi... dx n = x {0 . 


Differentiating this equation with respect to x M and then again putting all 
the x i0 equal to zero, we have b ik on the right and the required integral on 
the left. 

Thus we find 

(x,X k ) = d ik . (111.8) 

Substituting (111.7) gives P^xpc,) = whence 

{x iXk ) = p-) k> (111.9) 

where fi~) k is an element of the matrix inverse to f ik . 

Lastly, let us determine (X t X k ). According to (111.7) and (111.8), 

(XtX k ) = frtixtX,) = M k , 

i.e. 

(X { X k ) = Pik- (111.10) 


It is easy to determine also the mean square fluctuation of any function 
<K*i* • • •» x „). Since the deviations from the mean values are small, A<f> = 
(d^ldx,)Ax tt where the d(f>!dx t denote the values of the derivatives for 
x 1 = ... = jc„ = 0. Hence 


m?) = 


9<fr 90 / T v_ 90 90 

dx t dx k ' 1 k ' dxt dx k 




( 111 . 11 ) 


If the fluctuations of any two of the x t (xj and x 2 , say) are statistically 
independent, the mean value (xix 2 ) is equal to the product of the mean 


t Note that, with the linear relation (111.7), the conjugacy is reciprocal: if the 
same entropy is expressed in terms of the quantities X t , then 

x t = —dSldX f , (111.7a) 

since, from (111.7), 

dS = -X k dx k = -PkjXt d x k = -x t &0tkX k ) = -x t dX t . 
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values ~x[ and since each of these is zero, so is (* 1 * 2 ), and from (111.9) 
this implies that /f?“} 2 = 0. It is easy to see that for a Gaussian distribution 
the converse theorem is also valid: if (xjXj) = 0 (i.e. = 0), the fluc¬ 

tuations of xi and x% are statistically independent. For the probability 
distribution W\ 2 of the quantities X\ and x 2 is obtained by integrating the 
distribution (111.6) over all the other x t \ the result is an expression of the 
form 

w 12 = constantXexp{-i/Si 1 xf-/Si 2 x 1 x 2 -|^^x|} 

(where the coefficients fi' ik are in general different from the corresponding 
fi lk ). Applying formula (111.9) to this distribution, we find that(x 1 x 2 ) = /f?' -1 12 . 
If (^Xj) = 0, then — 0. But for a matrix of order two the vanishing 
of the inverse matrix element P'~\ 2 implies that of the element Thus 
W 12 separates into a product of two independent Gaussian distributions for 
the quantities xi and x 2 , which are therefore statistically independent. 

PROBLEM 

Determine the mean value (exp (tx. { x { )), where the a, are constants and the x t 
are fluctuating quantities subject to the Gaussian distribution (111.2). 

Solution. We have to calculate the integral 

(exp (a ixt)) = A f exp (ayft**,**) dx t ... dx „. 

By the transformation (111.3) the exponent in the integrand becomes 

«<*<-¥&**<** = <*i a ikXk—} x kx'k 


and the integration then gives 

(exp (a,*,)) = exp 

According to (111.4), a ik — a~‘ km ^~‘l ti and so a tk a lk — Thus, using (111.9), we 
have finally 

(exp fax,)) = exp (i<ztcc k (xix k )). 


§ 112. Fluctuations of the fundamental thermodynamic quantities 

Let us now calculate the mean square fluctuations of the fundamental 
thermodynamic quantities, pertaining to any small part of a body. This small 
part must still, of course, contain a sufficient number of particles. At very 

t For a matrix of order two we have 

= /W($L2~/W*22)* 
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low temperatures, however, this condition may be weaker than (110.2), 
which ensures that quantum fluctuations are absent, as assumed; in this 
case the minimum permissible dimensions of the parts of the body will be 
determined by the latter condition.* To avoid misunderstanding, it should 
be emphasised that the degree of importance of quantum fluctuations has no 
bearing on the influence of quantum effects on the thermodynamic quanti¬ 
ties (or equation of state) of the substance: the fluctuations may be classical 
while at the same time the equation of state is given by the formulae of quan¬ 
tum mechanics. 

For quantities such as energy and volume, which have a purely mechanical 
significance as well as a thermodynamic one, the concept of fluctuations is 
self-explanatory, but it needs more precise treatment for quantities such as 
entropy and temperature, whose definition necessarily involves considering 
the body over finite intervals of time. For example, let S(E, V) be the equi¬ 
librium entropy of the body as a function of its (mean) energy and (mean) 
volume. By the fluctuation of entropy we shall mean the change in the func¬ 
tion S(E, V), formally regarded as a function of the exact (fluctuating) values 
of the energy and volume. 

As we have seen in the preceding sections, the probability w of a fluctua¬ 
tion is proportional to e 5 ', where S t is the total entropy of a closed system, 
i.e. of the body as a whole. We can equally well say that w is proportional 
to e 45 ', where AS t is the change in entropy in the fluctuation. According to 
(20.8) we have AS t = — R^JTn, where 7C in is the minimum work needed 
to carry out reversibly the given change in the thermodynamic quantities 
in the small part considered (relative to which the remainder of the body 
acts as a medium). Thus 

w oc e ~ R ^ T °. (112.1) 

Here we substitute for R mia the expression 

Rmin = AE-ToAS+PoAV, 

where AE, AS , AV are the changes in the energy, entropy and volume of the 
small part of the body in the fluctuation, and To, Pa the temperature and pres¬ 
sure of the medium, i.e. the equilibrium (mean) values of the temperature 
and pressure of the body. In what follows we shall omit the suffix zero from 
all quantities which are the coefficients of fluctuations; the equilibrium 
values will always be meant. Thus we have 

w oc exp 1--J. (112.2) 

t For example, for pressure fluctuations the condition % » h/T with t ~ afc 
(see the third footnote to § 110) gives a » he IT. 
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We may note that in this form the expression (112.2) is applicable to any 
fluctuations, small or large (a large fluctuation here meaning one in which, 
for example, AE is comparable with the energy of the small part of the body, 
though of course still small compared with the energy of the whole body). 
The application of formula (112.2) to small fluctuations (which are those 
generally occurring) leads to the following results. 

Expanding AE in series, we obtain (cf. § 21) 

JE-TJS+PJV = ± ^ASf+i^ASAV+^AVf}. 

It is easily seen that this expression may be written as 

ih® r + ^©J" iWM-APAn 

Thus we obtain the fluctuation probability (112.2) in the form 
(APAV-ATAS\ 

w oc exp /- 27 ;-)• ( 112 - 3 ) 

From this general formula we can find the fluctuations of various thermo¬ 
dynamic quantities. Let us first take V and T as independent variables. Then 



see (16.3). Substituting these expressions in the exponent in formula (112.3), 
we find that the terms in A V AT cancel, leaving 

w cc Gxp | - ^(ATf + (112.4) 

This expression separates into two factors, one depending only on AT and 
the other only on AV. In other words, the fluctuations of temperature and 
of volume are statistically independent, so that 

(ATAV) = 0. (112.5) 

Comparing successively each of the two factors of ( 1 12.4) with the general 
formula (110.6) for the Gaussian distribution, we find the following expres¬ 
sions for the mean square fluctuations of temperature t and volume: 

((ATT) = r 2 /C B , (112.6) 

({AVf) = -T(0F/0P) r . (112.7) 

f If T is measured in degrees, ((ATT) = kT 2 /C v . 
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These quantities are positive by virtue of the thermodynamic inequalities 
C v > 0 and (0P/0F) r < 0. 

Let us now take P and S as the independent variables in (112.3). Then 



From the formula d W — TdS+V dP, 

(0 V/dS) P = 0W/0P0S = (dT/dP) s , 

and so 



Substitution of AV and AT in (112.3) gives 

As in (112.4), this expression is a product of factors, one depending only 
on AP and the other only on ZlS. In other words, the fluctuations of entropy 
and of pressure are statistically independent,* so that 

<^ZIP> = 0. (112.9) 

For the mean square fluctuations of entropy and pressure we find 

{{ASf) = C p> (112.10) 

{{APf) = - T{dPjW) s • (112.11) 

These formulae show that the mean square fluctuations of additive thermo¬ 
dynamic quantities (volume and entropy) are proportional to the dimensions 
(the volume) of those parts of the body to which they relate. Accordingly the 
root-mean-square fluctuations of these quantities are proportional to the 
square root of the volume, and the relative fluctuations are inversely propor¬ 
tional to this square root, in agreement with the general results in § 2 (for¬ 
mula (2.5)). But for quantities such as temperature and pressure the r.m.s. 
fluctuations themselves are inversely proportional to the square root of 
the volume. 

Formula (112.7) determines the fluctuation of the volume of some part of 
the body, containing a certain number N of particles. Dividing both sides by 

* The statistical independence of the pairs of quantities T, V and S, P is already 
obvious from the following argument. If we take x x = AS and x 2 = AV as the x { 
in the formulae in § 111, the corresponding X, will be X x — AT/T, X 2 = —APjT 
(see § 22). But {x- t Xf) — 0 for / k according to the general formula (111.8), and 
this gives (112.5) and (112.9). 



342 


Fluctuations 


N 2 , we find the volume fluctuation per particle: 

I?),- (112 - 12) 


This fluctuation must obviously be independent of whether we consider it for 
constant volume or for constant number of particles. From (112.12) we can 
therefore find the fluctuation of the number of particles in a fixed volume in 
the body. Since V is then constant, we must put A(VfN) = V A(l/N) = 
—(V/N*)AN. Substitution in (112.12) gives 


((AN?) = -(TN*/V*)(dVldP) T . (112.13) 


For certain calculations it is convenient to write this formula in a different 
form. Since the derivative (dV/dP) T is regarded as taken with N constant, we 
write 


N 2 /dv\ 
V 2 \0 p). 



The number of particles N, as a function of P, T and V, must be of the form 
N = Vf(P , T), as shown by considerations of additivity (cf. § 24); that is, 
NfV is a function of P and T only, and it therefore does not matter whether 
N/V is differentiated at constant N or constant V. Hence we can write 



where we have used the equation N/V — (dP/d(x) Tt which follows from 
formula (24.14): dO = — FdP = — SdT—Ndp. Thus we have for the 
fluctuation of the number of particles the formula t 

((AN) 2 ) = T(dN/dfx)r, v (112.14) 


t This formula can also be easily derived directly from the Gibbs distribution. 
According to the definition of the mean value, 

N = e° /T £ Afe* W J e~ E *if' T . 

Differentiation of this expression with respect to u (for constant V and T) gives 

| = 7 (<^f)• 

But dQ/d^i = —N, and so 

which gives (112.14). 

We could also use the Gibbs distribution to derive expressions for the fluctua¬ 
tions of the other thermodynamic quantities. 
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A body is characterised not only by the thermodynamic quantities consid¬ 
ered above but also by the momentum P of its macroscopic motion relative 
to the medium. In a state of equilibrium there is no macroscopic motion, i.e. 
P = 0. Motion may, however, result from fluctuation; let us determine the 
probability of such a fluctuation. The minimum work R„ in in this case is 
simply equal to the kinetic energy of the body: — P 2 /2M = 

where M is its mass and ▼ = P IM the velocity of the macroscopic motion. 
Thus the required probability is 

w oc e~ M *t tT . (112.15) 

It may be noted that the fluctuations of velocity are statistically independ¬ 
ent of those of the other thermodynamic quantities. The mean square 
fluctuation of each Cartesian component of the velocity is equal to 

<(^*) 2 > = TIM, (112.16) 

and is inversely proportional to the mass of the body. 

The foregoing formulae show that the mean square fluctuations of such 
quantities as energy, volume, pressure and velocity vanish at absolute zero 
(as the first power of the temperature). This is a general property of all 
thermodynamic quantities which also have a purely mechanical significance, 
but is not in general true of such purely thermodynamic quantities as entropy 
and temperature. 

Formula (112.6) for the fluctuations of temperature can also be interpreted 
from a different point of view. As we know, the concept of temperature 
may be introduced through the Gibbs distribution; it is then regarded as a 
parameter defining this distribution. As applied to an isolated body, the 
Gibbs distribution gives a complete description of the statistical properties, 
except for the inaccuracy that it leads to very small but non-zero fluctuations 
of the total energy of the body; these cannot in fact exist (see the end of 
§ 28). Conversely, if the energy is regarded as a given quantity, we cannot 
assign a definite temperature to the body, and we must suppose that the 
temperature undergoes fluctuations in accordance with (112.6), where C v 
denotes the specific heat of the body as a whole. This quantity (112.6) obvi¬ 
ously describes the accuracy with which the temperature of an isolated body 
can be defined. 


PROBLEMS 


Problem 1. Find the mean square fluctuation of the energy (using V and T as 
independent variables). 

Solution. We have 


Hi),-'] AV+C ° AT - 
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Squaring and averaging, we obtain 


<(^> = -[rg) r />] 2 rg) r+ c„r. 

Problem. 2. Find ((zlfF) 2 ) (with variables P and S). 

Solution. ({AWf) = -TV^dPldVh+TtCp. 

Problem 3. Find (AtAP) (with variables V and T). 

Solution. (AtAP) = (r 2 /^) (0P/0r) F . 

Problem 4. Find (AvAP) (with variables V and T). 

Solution. (AvAP) = -T. 

Problem 5. Find (AS AV) (with variables V and T). 

Solution. (AS AV) = (0 V/dT) P T. 

Problem 6. Find (AS AT) (with variables V and T). 

Solution. (As AT) — T. 

Problem 7. Find the mean square fluctuation deviation of a simple pendulum 
suspended vertically. 

Solution. Let / be the length of the pendulum, m its mass, and $ the angle 
of deviation from the vertical. The work F min is here just the mechanical work done 
against gravity in the deviation of the pendulum; for small <j), — \mg'l(f> z . 

Hence 

(<f> 2 ) = Tjmgl. 

Problem 8. Find the mean square fluctuation deviation of the points of a 
stretched string. 

Solution. Let / be the length of the string, and Fits tension. Let us take a point 
at a distance x from one end of the string, and let y be its transverse displacement. 
To determine (y 2 ) we must consider the equilibrium form of the string when the 
displacement y of the point x is given; this consists of two straight segments from 
the fixed ends of the string to the point x, y. The work done in such a deformation 
of the string is 

«mi. = F[V{x‘+i?)~x]+Fy{(l-x?+y?}-(t^x)] a 1 ^ 1 + 

Thus the mean square is 

(y 2 ) = (TlFl)x(l-x). 

Problem 9. Determine the mean value of the product of the fluctuation dis¬ 
placements of two different points of the string. 

Solution. Let y lt y 2 be the transverse movements of points at distances x lt x 2 
from one end of the string (with x 2 > *,). The equilibrium form for given y lf y 2 



345 


§ 113 Fluctuations in an Ideal Gas 

consists of three straight segments, and the work is 

R min - 2 F {A(l-X 2 ) (Xjj-Xi) 27172 X 2 -X T ) ’ 

from formula (111.8) we then have 

(w)=(W0xi(/-4 

§ 113. Fluctuations in an ideal gas 

The mean square fluctuation of the number of particles within some rela¬ 
tively small volume in an ordinary ideal gas is found by substituting V — 
NTIP in formula (112.13). This gives the simple result 

((ANf) = N. (113.1) 

The relative fluctuation of the number of particles is therefore just the recip¬ 
rocal square root of the mean number of particles: 

<(Z1A0 2 > 1/2 1 

N ~ y/N' 

In order to calculate the fluctuation of the number of particles in an ideal 
Bose or Fermi gas, we must use formula (112.14), with the expression (56.5) 
substituted for N as a function of /*, T, F, obtained by integrating the corre¬ 
sponding distribution function. We shall not pause to write out here the fairly 
lengthy expressions which result, but simply note the following point. We 
have seen that, in a Bose gas at temperatures T < To (see§ 62), the pressure 
is independent of the volume, i.e. the compressibility becomes infinite. 
According to formula (112.13) this would imply that the fluctuations of 
number of particles also become infinite. This means that, in calculating 
fluctuations in a Bose gas, the interaction between its particles cannot be 
neglected at low temperatures, however weak this interaction may be. When 
the interaction, which must exist in any actual gas, is taken into account, 
the resulting fluctuations are finite. 

Next, let us examine fluctuations in the distribution of the gas particles 
over the various quantum states. We again consider the quantum states of 
the particles (including different states of their translational motion); let n k 
be their occupation numbers. 

Let us consider an assembly of n k particles in the fcth quantum state. Since 
this set of particles is statistically independent of the remaining particles in 
the gas (cf. § 37), we can apply formula (112.14) to it: 

w> = r ff- 


(113.2) 
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For a Fermi gas we must substitute 


___ 1 

"* ” el*k-t*)iT + 1 • 

The differentiation gives 

((An k )*) = }T k (l-nd. (113.3) 

Similarly, for a Bose gas 

((An k f) = TT k (l+nid. (113.4) 

For a Boltzmann gas the substitution W k = e ( ^~* i)/r naturally gives 

((An k f) = TT k , (113.5) 

which is obtained from both (113.3) and (113.4) when JT k 1. 

Summation of (113.3) or (113.4) over a group of Gy neighbouring states 
containing altogether Nj — 2n k particles gives, by virtue of the statistical 
independence (already mentioned) of the fluctuations of the various n k , 

((JNjf) = GjWjd 1 TfJj/Gj), (113.6) 

where rij is the common value of the neighbouring rT k , and Nj = npj. 

These formulae can be applied, in particular, to black-body radiation (an 
equilibrium Bose gas of photons), for which we must put /i = 0 in (113.4). 
Let us consider the set of quantum states for the photon (in a volume V) with 
neighbouring frequencies in a small interval Acoj. The number of such states 
i sGj= VcOjAa>jl 7 ?(?; see (63.3). The total energy of the quanta in this fre¬ 
quency interval is J5^ = Nfroj. Multiplying (113.6) by ( hcojf and omitting 
the suffix j, we obtain the following expression for the fluctuation of the 
energy E Aa> of black-body radiation in a given frequency interval Aco: 

((AE^f) = hco -E*, +7t*c*(E Ao YlVco* Aco, (113.7) 

a relation first derived by A. Einstein (1909). 


PROBLEM 

Determine ({ANY) for an electron gas at temperatures much lower than the 
degeneracy temperature. 

Solution. In calculating (dNIdpOr, K we can use the expression (57.3) for (i at 
absolute zero. A simple calculation gives 



§114 


Poisson*s Formula 


347 


§ 114. Poisson’s formula 

Knowing the mean square fluctuation of the number of particles in a given 
volume of gas (113.1), we can write down the corresponding Gaussian proba¬ 
bility distribution for fluctuations in this number of particles: 

w(A0dJV =-exp f-1 dAr (114.1) 

V(2Jri?) 1 2ft J 

This formula is, however, valid only for small fluctuations: the deviation 
#—# must be small compared with the number# itself. 

If the volume selected in the gas is sufficiently small, the number of parti¬ 
cles in it is small, and we may also consider large fluctuations, where #—# 
becomes comparable with#. This problem is meaningful only for a Boltz¬ 
mann gas, since in a Fermi or Bose gas the probability of such fluctuations 
can become appreciable only in volumes so small that quantum fluctuations 
become important. 

The solution of this problem is most simply found as follows. Let Vo and 
No be the total volume of the gas and the number of particles in it, and V a 
part of the volume, small compared with Vo. Since the gas is uniform, the 
probability that any given particle is in the volume V is obviously just the 
ratio V/Vo* and the probability that N given particles are simultaneously 
present in it is (VIV 0 Y*. Similarly, the probability that a particle is not in the 
volume V is (V 0 - V)/V 0 , and the same probability for No—N given particles 
simultaneously is [(V 0 -V)IV 0 ] N °~ N . The probability w N that the volume V 
contains N molecules in all is therefore given by 


w N 


No'. ( V \ N (i V\ N °- N 
Nl(No-N)! \Vo) \ Vo) 


(114.2) 


where a factor has been included which gives the number of possible ways of 
choosing N out of N 0 particles. 

In the case under consideration, V « V 0t and the number #, though it may 
differ considerably from its mean value#, is of course assumed small com¬ 
pared with the total number # 0 of particles in the gas. Then we may put 
# 0 ! s; (N 0 —N)\Nq and neglect#in the exponent#<>—#, obtaining 

1 (N 0 V\ N / t V \ N ° 

WN n< \ v „) (’ k „) ' 


But NqV/Vo is just the mean number# of particles in the volume V. Hence 


w^ = 


#* / # \* 
Nl [ No) * 
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Finally, using the well-known formula 


lim 



= e~ x . 


we replace (1 -N/N 0 ) n ° with N 0 large by e N and obtain the required proba¬ 
bility distribution in the form 1 


w N = 


N N e~ N 

N\ 


(114.3) 


This is called Poisson's formula. It is easily seen to satisfy the normalisation 
condition 


L WN=h 

From this distribution we can calculate the mean square fluctuation of the 
number of particles: 


°o _ OO ft NAT 

OO OO 


= e- N 


v V X" 
ik 2 (N-2 


-~r+e~ 


{(ANf) = {N*)-W = N, (114.4) 

and the mean square fluctuation of the number of particles is equal to N for 
any value of N, and not only for large values. 

We may note that formula (114.3) can also be derived directly from the 
Gibbs distribution. According to the latter, the distribution of N gas parti¬ 
cles, considered simultaneously, among various quantum states is given by 
the expression exp {(£? +(j,N—l'e k )/T}, where Ze k is the sum of the energies 
of the individual particles. To derive the required probability w N we must 
sum this expression over all particle states belonging to a given volume V. If 
we sum over the states of each particle independently, the result must be 
divided by N\ (cf. § 41), giving 

t For small fluctuations (| N—N ( <sc N with N large), this formula naturally 
becomes (114.1). This is easily seen by using Stirling’s asymptotic expression for the 
factorial of a large number N, Nl = y/(2izN)'N N e~ N , and expanding log w H in 
powers of N—N. 
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The sum is just the mean number N of particles in the volume considered. 
Thus we find 

w N — constant xN N /N\, 

and the normalisation condition then shows that the constant is e ~ N , f giving 
again formula (114.3). 


§ 115. Fluctuations in solutions 

The fluctuations of thermodynamic quantities in solutions can be calculat¬ 
ed by the same method as that used in § 112 for fluctuations in bodies consist¬ 
ing of identical particles. The calculations are considerably simplified by the 
following argument. 

Let us take some small part of the solution, containing a given number N 
of solvent molecules, and try to calculate the mean fluctuation of the number 
n of solute molecules in that part of the solution or, what is the same thing, 
the fluctuation of the concentration c = n/N in that part. To do so, we must 
consider the most complete equilibrium of the solution that is possible for 
a given non-equilibrium value of n; cf. the first footnote to § 111. Taking a 
given value of the concentration does not affect the establishment of equilib¬ 
rium between the small part considered and the remainder of the solution as 
regards exchange of energy between them or change in their volumes. The 
former means (see§ 9) that the temperature remains constant throughout the 
solution; the latter means that the pressure remains constant throughout the 
solution (§ 12). Thus to calculate the mean square {{Ac) 2 ), it is sufficient to 
consider the fluctuations of concentration occurring at constant temperature 
and pressure. 

This fact in itself signifies that the fluctuations of concentration are statis¬ 
tically independent of those of temperature and pressure, i.e.J 

(AT Ac) = 0, (AcAP) = 0. (115.1) 


t That is, Q = —PV = —NT, in accordance with the equation of state of an 
ideal gas. 

^ This may be more rigorously proved by the method indicated in the third 
footnote to § 112. Using the formula d E— T dS—P d V+fj,' d n (with N constant), 
we can rewrite (96.1) as 

dR mia = {T-T 0 ) dS-(P-P 0 ) dV+Qi'-^) dn. 

Thus, if we take x ± = AS, x 2 = A V, x 3 = An, then X x = AT/T, X 2 = —AP/T, X 3 = 
Afi'/T are thermodynamically conjugate to them. The equations (115.1) then 
follow, since (x ^) = 0, (x 3 X z ) = 0. 
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The minimum work necessary to change the number n by An at constant 
pressure and temperature is, by (96.1), R mia — A&—(a' An, where p' is the 
chemical potential of the solute. Expanding A@ in powers of An, we have 


A0 ■ 


(S). 


An + 








and hence 




Substituting this expression in the general formula (112.1) and comparing 
with the Gaussian distribution formula (110.5), we obtain for the required 
mean square of the fluctuation of the number n 


((Anf) = 


T 

( d{x'/dn)p , t 


(H5.2) 


or, dividing by N 2 , for the mean square fluctuation of concentration 


{{AcY) = 


T 

ldc)p, T 


(115.3) 


The latter expression is inversely proportional to the amount of matter ( N ) in 
the small part considered, as it should be (see the discussion following 
( 112 . 11 )). 

For weak solutions, d/x'ldn — T/n , and formula (115.2) gives 

{{Arif) = n. (115.4) 

It should be noticed that there is a complete analogy (as was to be expected) 
with formula (113.1) for the fluctuations of the number of particles in an 
ideal gas. 


§ 116. Spatial correlation of density fluctuations 

The statement that in a homogeneous isotropic medium (gas or liquid) all 
positions of the particles in space are equally probable applies to any one 
particle on condition that all other particles can occupy arbitrary positions, 
and is not, of course, in contradiction with the fact that the interaction 
between different particles must cause some correlation in their positions. 
If we consider, say, two particles simultaneously, then for a given position 
of one particle the various positions of the other will not be equally probable. 

Let n{ r) denote the exact (fluctuating) number density of particles. The 
product n dV is the number of particles present in a volume element dV at 
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a given instant. To represent the correlation between the positions of par¬ 
ticles at two points in space, we use the spatial correlation function of the 
density fluctuations: 

(AniAn 2 ) = nin 2 —n 2 , (116.1) 

where An — n—n and the suffixes 1 and 2 denote the values of «(r) at two 
points ri and r 2 . In a homogeneous isotropic medium, the correlation 
function depends only on the magnitude r = Jr®—ri| of the distance be¬ 
tween these points. When r -* «>, the fluctuations at the points ri and r* 
become statistically independent, and the correlation function therefore 
tends to zero. 

It is useful to clarify the significance of this correlation function in the 
following way. Since the volume dV is infinitesimal, it cannot contain more 
than one particle at a time; the probability of finding two particles in it at 
once is an infinitesimal quantity of a higher order. The mean number of 
particles h dV is therefore also the probability that a particle is present in dV. 
Let nwi 2 (r) dV 2 denote the probability that there is a particle in the volume 
element dV 2 when there is one in dVx (h>i 2 — 1 asr — °°). It is evident from 
the foregoing that the mean value 

(nidVi-n 2 dV 2 ) = iidVi-nwi 2 dV 2 . 

Hence (ni«a) = wi&i 2 . In this equation, valid when ri ^ r 2 , we cannot* 
however, go to the limit r 2 — n, since the derivation ignores the fact that* 
if the points 1 and 2 coincide, a particle in dVi is also in dF 2 . A relation 
which takes account of this is clearly 

<«i» 2 > = i?w 12 + nd(r 2 - ri). (116.2) 

For let us take a small volume AV, multiply (116.2) by dVi dV 2 , and integrate 
over AV. The term n 2 wi 2 then gives a second-order small quantity (propor¬ 
tional to (A V ) 2 ); the term containing the delta function gives a first-order 
quantity, nAV t as it should, since (to the first order) the small volume can 
only contain either no particle or one particle. 

The delta-function term is conveniently separated also from the correla¬ 
tion function (116.1), by writing the latter as 

{AnxAnJ) = »«5(r 2 -n) + «KO» (116.3) 

where 

v(r) = h[wi 2 (r) -1]. (116.4) 

The term “correlation function” will be applied to both the original quantity 
(An^An^) and the function v(r). f 

t The function v(r) differs from co 12 (r) in § 79 as regards the normalisation: 
nco 12 — v. 

24 
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I vdV = - 


- 1 . 


(116.5) 


Let us now integrate (116.3) with respect to V\ and Vi over a finite volume 
V. With N the total number of particles in this volume (so that nV = 
we find 

((AN) 2 ) =ff+njj v{r ) dFi dF 2 , 

or changing from the integration over Vi and V 2 to one over the coordinates 
of one particle and the relative coordinates r = r 2 —ri, 

<(^) 2 ) 

N 

Thus the integral of the correlation function over a certain volume is 
expressed in terms of the mean square fluctuation of the total number of 
particles in that volume. Using for the latter the thermodynamic formula 
(112.13), we can express the integral in terms of the thermodynamic quanti¬ 
ties: 

\'*r (,16 - 6) 

In an ordinary (classical) ideal gas this gives J v dV — 0, as it should: in 
such a gas there is no correlation between the positions of different particles, 
since they do not interact with one another, either directly or by exchange 
interaction as in a quantum ideal gas. 

On the other hand, in a liquid (far from the critical point) the first term in 
(116.6) is small compared with unity, because the compressibility of a 
liquid is small. In this case the integral is close to — l. t The principal 
interaction forces between the liquid particles have a range of the order 
of the molecular dimensions a. When these forces are taken into account, 
the correlation function v(r) decreases exponentially with increasing distance, 
the exponent being- r/aX 

Since the fluctuations of density and temperature are statistically independ¬ 
ent, the temperature may be regarded as constant in considering the fluctua¬ 
tions of density. The total volume of the body is also constant, by definition. 
Under these conditions the minimum work needed to bring the body out of 
equilibrium is equal to the change AF t in the total free energy of the body, 
so that the probability of the fluctuation may be written as 

w oc e~ AF * IT . (116.7) 

The change AF t due to the density fluctuations can be put in the form 

AF t = \ J J Am Am d*T dV 2 . (116.8) 


t The value — 1 corresponds, as it were, to the mutual impenetrability of the 
liquid particles, regarded as closely packed solid spheres. 

J There are also, however, weak longer-range(van der Waals) interaction forces, 
which give rise to a term in the correlation function that decreases less rapidly 
(by a power law) with increasing distance (see Part 2). 
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We shall show how the correlation function v(r) may be found from the 
function (f>(r). f 

Let us consider a body of large but finite volume V, and expand An as a 
Fourier series: 


An ■■ 


: An k = y j* 


An-e-‘ k - r dV; 


(116.9) 


since An is real, An_ k = An k . When these expressions are substituted in 
(116.8) and the integration is carried out, all the terms containing products 
/d/jj £ /d« k ,e <(k+k,) * r with k' — k give zero, and the result is 


AF t = \V^\An* r 0 (fc), (116.10) 


where the same letter 0 with the new argument k denotes the Fourier com¬ 
ponent of (f)(r): 

<f>(k) = J < f>( r )e -*•' dF. (116.11) 

Since each term in the sum (116.10) depends on only one of the An kt the 
fluctuations of the different An k are statistically independent. Each square 
|Zl ^| 2 appears in the sum twice (for ±k), so that the probability distribution 
for its fluctuations is 

w oc exp | 4>{k) \An k \ 2 j. 

Lastly, since \An k | 2 is the sum of the squares of two independent quantities 
(An k being complex), we find from this for the mean square fluctuation 

<|Ju k | 2 > = T/V<m- (116.12) 

Multiplying both sides of (116.3) by exp (— ik»r) = exp [—ik«(r 2 -ri)] and 
again integrating with respect to V± and F 2 , we have 

<| Juki 2 ) = n[l + v(k)]/V, v{k) = J v(r>- ik * r dV. (116.13) 

Substitution of (116.12) finally gives the required result 


**) = 


T 

am 


1 . 


(116.14) 


PROBLEM 

Find the first term in an expansion of the correlation function for a rarefied 
gas in powers of NJ V. 

t In mathematical parlance, <f)(r) is the second variational derivative of AF* 
with respect to «(r). 


24* 
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Solution. We start from formula (79.2). In the first approximation, we can 
assume that all particles except for two specified ones are far apart and their inter¬ 
action is negligible, so that the integration gives V N ~ 2 . To the same accuracy, 
F = F| d . The result is 

v(r) = n[e- u W T -l], 


where U(r) is the interaction energy for two gas particles. 

It may be noted that substituting this expression in (79.1) gives as the energy 
of the gas 

E=E u+ £Lvju(l + iyv 

Ue-WiV. 

This result is, of course, in agreement with formulae (74.4) and (74.5) for the free 
energy of a slightly non-ideal gas. 


§ 117. Correlation of density fluctuations in a degenerate gas 

As already mentioned in§ 116, in a classical ideal gas there is no correlation 
between the positions of the various particles. In quantum mechanics, 
however, such a correlation exists, because particles in an ideal gas interact 
indirectly, on account of the principle of symmetry of wave functions. 1 

The problem of determining the correlation function in a degenerate gas 
can be most simply solved by the second quantisation method, which has 
already been used in § 80 to calculate the energy of an electron gas. In this 
method, the particle number density corresponds to the operator 

a(r) = <p+(r)y)(r); 

on substitution of the ^-operators (80.5), it is expressed by the sum 

^0") = 5] &pc4 V 'a*Pto(T) Wo-'(r), (117.1) 

a , o \ P , p' 

where the summation is taken over all values of the momenta p and p' (for 
free particles in the volume V) and over the spin components a, o'.t However, 
since the spin wave functions for different values of a are orthogonal, only 

t The correlation of fluctuations in a Fermi gas was considered by V. S. Fursov 
(1937), and in a Bose gas by A. D. Galanin (1940). 

^ It may be recalled that the wave functions of a particle having spin are spinors, 
and that the product of wave functions in (117.1) is in fact the “scalar product” of 
covariant and contravariant spinors with the appropriate summation over spinor 
indices; the latter should not be confused with the suffixes a and o' which denote 
the eigenvalues of the spin component in the states concerned. 
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the terms in the sum that have a — o' are in fact non-zero. In the products 
% a %> a > the normalised spin factors give unity, so that the wave functions 
can be written simply as coordinate plane waves: 

V, = (117-2) 

It is easily seen that the diagonal terms (p = pO of the sum (117.1) give 
just the mean density n : since the operator is simply the number n^ 
of particles in the corresponding quantum state, the sum of these terms is 

1 v 

h 71 * ~~y~ n ' 

We can therefore write 

Ah = hif)-n 

- £' d&dtfoy) pw» (117.3) 

O.P.P 7 

where the prime to the summation sign denotes that the diagonal terms are 
to be omitted. Using this expression, we can easily calculate the required 
mean value (AniAnz). 

This mean value is calculated in two stages. First of all, the quantum aver¬ 
aging over the states of the particles is to be carried out. This amounts to 
taking the corresponding diagonal matrix element of the quantity concerned. 
Multiplying together the two operators (117.3), which belong to two differ¬ 
ent points i*i and ra, we obtain a sum of terms containing various products of 
the operators and <2+ taken four at a time. But among these products 
only those which contain two pairs of operators d pa and with the same 
suffixes have non-zero diagonal matrix elements, i.e. the relevant terms are 

£' i)w( r i)vC'(r2)V'p(ra)- 

a, P, P' 

These terms form diagonal matrices with 

dp'o^p'a = 1 -f- ftp'a , dfadpa = Wpa * 

here and henceforward, the upper sign refers to the case of Fermi statistics 
and the lower sign to that of Bose statistics. Substituting also the functions 
% (117.2), we obtain 

w r 1 

v p. p' 

This expression must now be averaged in the statistical sense, i.e. over the 
equilibrium distribution of particles among the various quantum states. 
Since particles in different quantum states behave independently of one 
another, the numbers and n^ a are averaged independently. The required 
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mean value is thus found to be 

(Am Am)=~ I' 0 =F . (J 17.4) 

V O, P, p' 

We now change in the usual way from summation over p and p' to inte¬ 
gration over V d 3 pV d 3 p'/(27tfif\ the restriction p 5 * p' then becomes unim¬ 
portant. The integral separates into two parts, of which the first is 

The integration over d 3 p't{2nh) 3 gives the delta function fl(r 2 -ri), which 
enables us to put r 2 —ri = 0 in the remaining integrand; this leaves 

a(r 2 -ri)X = «<5(r 2 -ri). 

This is just the first term in (116.3). The correlation function (the second 
term in (116.3)) is therefore 

*r) = T 4 E! f t • 017.5) 


= «<5(r 2 -ri). 




In a gas in equilibrium, the distribution of particles among quantum states 
is given by the Fermi or Bose distribution formula: 

I]" 1 - (117.6) 

These numbers are independent of a\ the summation over a in (117.5) there¬ 
fore gives simply a factor g = 2s+\ (where s is the spin of the particle). 
Thus we have finally the following formula for the correlation function :* 

2 I r $i D 12 

r(r) = T-rrJ j ^ mVT±1 j ’ 

or, after integration over the directions of p, 


j f sin (pr/h)p dp | 

j 


We may also state a formula for the mean squares of the Fourier compo¬ 
nents of the density fluctuations, which is easily obtained by substituting 
v(r) from (117.7) in the general formula (116.13) and integrating over the 
coordinates :$ 

(117.9) 


t For a Bose gas, this formula applies only to temperatures above the Bose- 
Einstein condensation point (see Problem 4). 

^ The Fourier components An k of the gas density fluctuations should not be 
confused with the particle quantum state occupation numbers n p . 
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Formula (117.7) shows first of all that for a Fermi gas v(r) < 0, but for a 
Bose gas v(r) > 0. In other words, in a Bose gas the presence of a particle 
at some point in space increases the probability that another particle is near 
that point, i.e. the particles “attract” one another; in a Fermi gas, on the 
contrary, they “repel” one another (cf. the remark at the end of § 56). 

In accordance with the discussion at the beginning of this section, if we 
go to the limit of classical mechanics, the correlation function tends to zero: 
as#—0, the frequency of the oscillating factor exp (ip»r/#) in the integrand 
in (117.7) increases without limit, and the integral tends to zero. 

As r —0, the function r(r) tends to a constant limit: 


(117.10) 


Let us apply the formula (117.8) to a Fermi gas at T = 0. In this case the 
distribution function is a step function: n p = 1 for p < p F and rT p = 0 for 
p > p Fi where p F — h{6rc l nlg) 11 ^ is the limiting momentum. We therefore 
find 


Let us take fairly large distances, assuming that ppr/fi » 1. Accordingly, we 
retain only the term in the lowest power of 1/r in the integral: 


v(r) = - 


3 h 

InPpFT* 


cos 2 


PFf 

h ' 


The squared cosine varies rapidly over distances Ar that are small in compar¬ 
ison with the distances considered. Averaging over such a distance, we find 

v(r) = -3#/4rc 2 p F /A (117.11) 


PROBLEMS 

Problem 1. Determine the mean square of the Fourier component (with small 
wave numbers: k « Pf/F) of the density fluctuations in a Fermi gas at T = 0. 

Solution. The integrand in (117.9) is non-zero (and equal to unity) only at 
points where *tp = 1, flp+ftk = 0, i.e. at points in a sphere of radius pf and also not 
in a similar sphere whose centre is shifted by #k. A calculation of the volume of this, 
region when ftk «: p F gives 

{\An^) = ngkp^mv 
= 3kMl4p F V. 

Problem 2. Determine the correlation function for a Fermi gas at temperatures, 
small compared with the degeneracy temperature. 
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Solution. In the integral in (117.8) we put fx s* e f = pj?l2m and transform 
it as follows: 


/ = 


p sin (pr/fi) dp 


0 T cos (prjK) dp 
'*0H *<—jOr+l' ' 


Integration by parts is followed by a change to the variable x = p P (p—p P )lmT. 
Since T is small, the integrand decreases rapidly with increasing |x|, and the 
integral over x can therefore be extended from — «> to <»: 




dx 


(<?*+!) (e-*+l) 




dr 


sin p P r/H 


e Ur: 


dx 


(e*+l) (<?-*+1) 


where A = mT/Hp P . The resulting integral is transformed by the substitution 
1/(<?*-(-1) = 1 1 into Euler’s beta integral, giving 

or IsmhTr/r fi J 


For distances r » hlp F , averaging the rapidly varying squared cosine, we have 
finally 


,, 3(mT) 2 . u _ 

Kr) = - | ■. . . sinh 
‘ 4 *" r 



As T -*> 0, this becomes (117.11). In the asymptotic region, where p P r/fi is large 
compared with e f /T as well as with unity, we find 


v(r) = - 


3(mT? 

Ufa* 


exp 


2nmTr\ 
*Pf ) 


Problem 3. Determine the correlation function for a Bose gas at large distances 
{r » fi/^/(mT)) for temperatures above the point T 0 at which Bose-Einstein 
condensation begins, but close to this point. 


Solution. Near the point 7b, the chemical potential \(x\ is small (see § 62, 
Problem). The integral in (117.7), which we denote by /, is then determined by 
small values of p: efT ~ pP/mT ~ \p\/T « 1. Hence, expanding the integrand in 
powers of e and (X, we find 1. 


,.rj 


glp^r/a 


d s p 


p*l2m+\ti\ O-Tifif 


mT 

tettfr ' 


<2w|pD w l 

* J 


t A Fourier transformation formula is used: 

x 2 +k 2 * J x z +k 2 (2tc)® 4 nr 

This is most simply derived by noticing that the function <f> = e~ HT jr satisfies 
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gnPT 2 - 
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exp 


1 


* J' 


Problem 4. Determine the correlation function for a Bose gas with T < T 0 . 


Solution. For T -< r 0 , a finite fraction of the number of particles (iV,_ 0 ) is in 
states with p = 0 (the condensate). Returning to the expression (117.4), we must 
first (before changing from summation to integration) separate the terms with p 
or p' = 0, noting that the number of particles in each quantum state with p = 0 
Is rtp-o = JW*- T h e sum is then transformed as in the text, and instead of (117.7) 
we find 


Kr) = 


^-i+Lp, 




d 3 p 

(Inti? * 


where Hq = N t _Jg; n is given by the Bose distribution formula with fi = 0: 


n = [e* /r — l] -1 . 


At distances r » Hjy/(rnT), the integral / = mT/lrzfPr (from Problem 3 with 
fi = 0), so that 


, x mTno 
7tnfPr + 


gnfT 2 
Atfn&r 1 ' 


the second term may be neglected if T is not too close to T 0 (and so /Iq is not too- 
small). In the opposite case, at distances r «: the integral 


so that 




— d 3 p _ n-rtp 
tt ’(2ltKf ~ g ’ 


v(r) ^ v(0) = 


Note that the integral Jr dF for a Bose gas diverges if T < T 0 , and the calcula> 
tion from (116.5) would therefore lead to an infinite value of the fluctuation of the 
number of particles, in accordance with the comment in§ 113. 


§118. Correlations of fluctuations in time 

Let us consider a physical quantity which describes a closed system in ther¬ 
modynamic equilibrium, or part of such a system. (In the former case, the 
quantity must not be one that by definition remains constant for a closed 


the differential equation 

A = —4ti 5(r). 

Multiplying this by and integrating over all space (with twofold integration 
by parts in the first term), we obtain the required result. 
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system such as the energy.) This quantity will undergo small variations in time, 
fluctuating about its mean value. Let x(t ) again denote the difference between 
the quantity and its mean value (so that x = 0). 

There is some correlation between the values of x(t) at different instants; 
this means that the value of x at a given instant t affects the probabilities 
of its various values at a later instant f. In the same way as for the spatial 
correlation discussed in the preceding sections, we can characterise the time 
correlation by the mean value of the product (*(f) x{t')). The averaging here 
is, as usual, understood in a statistical sense, i.e. as an averaging over the 
probabilities of all possible values of the quantity x at the times t and f . 
As has been mentioned in § 1, this statistical averaging is equivalent to a time 
averaging—in this case over one of the times t and t' for a given difference 
f —The quantity thus obtained, 

= (x(t)x(t% (118.1) 

depends only on the difference t — U and the definition may therefore also be 
written 

<Kt) = (x(0)x(t)). (118.2) 

As the time difference increases without limit, the correlation clearly tends 
to zero, and accordingly the function 0(f) likewise tends to zero. Note also 
that, because of the obvious symmetry of the definition (118.1) as regards 
the interchange of t and t\ the function <f>(t) is even : 

0(,) = 0(_r). (118.3) 

By regarding x(t) as a function of time, we have implicitly assumed that it 
behaves classically. The definition given above can, however, be put in a 
form that is applicable to quantum variables also. To do this, we must 
consider in place of the quantity x its quantum-mechanical time-dependent 
(Heisenberg) operator x(t). The operators x(t) and x{f) relating to different 
instants do not in general commute, and the correlation function must now 
be defined as 

W-t) = i<*(f)*(0 + *(0 *(')>> (118.4) 

where the averaging is with respect to the exact quantum stated 

Let us assume that the quantity x is such that by specifying a definite 
value of it (considerably greater than the mean fluctuation (. x 2 ) 1/2 ) one could 

t It may be again mentioned that, according to the basic principles of statistical 
physics, the result of the averaging does not depend on whether it is done mechani¬ 
cally with respect to the exact wave function of a stationary state of the system, 
or statistically by means of the Gibbs distribution. The only difference is that in 
the former case the result is expressed in terms of the energy of the body, and in 
the latter case as a function of its temperature. 
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characterise a definite state of partial equilibrium. That is, the relaxation 
time for the establishment of partial equilibrium for a given value of jc is 
assumed to be much less than that required to reach the equilibrium value of 
x itself. This condition is satisfied for a wide class of quantities of physical 
interest. The fluctuations of such quantities will be said to be quasi-station- 
ary? In the rest of this section we shall consider fluctuations of this type and, 
moreover, shall assume the quantity jc to be classical.* 

We shall also assume that, as complete equilibrium is approached, no 
other deviations from equilibrium arise in the system which would require 
the use of further quantities to describe them. In other words, at every instant 
the state of the non-equilibrium system must be entirely defined by the value 
of x; a more general case will be discussed in § 119. 

Let the quantity x have at some instant t a value which is large compared 
with the mean fluctuation, i.e. the system be far from equilibrium. Then we 
can say that at subsequent instants the system will tend to reach the equi¬ 
librium state, and accordingly x will decrease. Under the assumptions made, 
its rate of change will be at every instant entirely defined by the value of jc at 
that instant: jc = jc(jc). If x is still comparatively small, then jc(jc) can be 
expanded in powers of jc, keeping only the linear term: 


dx/dt — - )x, (118.5) 

where A is a positive constant; there is no zero-order term in this expansion, 
since the rate of change dx/dt must be zero in complete equilibrium (i.e. at 
x = 0). Equation (118.5) is the linearised macroscopic “equation of motion” 
of the non-equilibrium system, describing its relaxation process (the physical 
nature of which depends entirely on the nature of the quantity jc). The 
constant 1/A determines the order of magnitude of the relaxation time for the 
establishment of complete equilibrium. 

Returning to fluctuations in an equilibrium system, let us define a quan¬ 
tify £ x (t) as the mean value of x at an instant t > 0 with the condition that it 
had some given value jc at the prior instant t = 0; such a mean value is in 
general not zero. Evidently the correlation function <f>(t) may be written in 
terms of £ x (t) as 

W) = <*«0>. (H8.6) 

where the averaging is only over the probabilities of the various values of x at 
the initial instant t = 0. 

* This term is more appropriate than thermodynamic, as used in the previous 
edition of the book. 

* The final formulae for the quasi-stationary fluctuations of quantum variables 
are obtained from that for classical variables by a simple modification described 
in §124 (see (124.19)). 
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For values of g x large compared with the mean fluctuation, it follows from 
(118.5) that also 

d£*(/)/d* = 0. (118.7) 

Taking into account the fact that € x (t) is an averaged quantity, we must 
expect that this equation is true even when £ x is not large. Integrating (118.7) 
we find, since £ x (0) = x by definition, 

Ut) = xe-“, 

and finally, substituting in (118.6), we obtain a formula for the time corre¬ 
lation function: 

<K0 = <*■>*-*. 

This formula as it stands is, however, valid only for t > 0, since in its 
derivation (equation (118.7)) we have assumed that the instant t is later 
than t = 0. On the other hand, since (f>(t) is an even function, we can write 
the final formula as 


<K0 = {x^e-W = (1//S>?-*I'I, (118.8) 

with ( x 2 ) from (110.5), and it is then applicable for both positive and nega¬ 
tive t. This function has two different derivatives at t = 0, the reason being 
that we are considering time intervals long compared with the time for the 
establishment of partial equilibrium (equilibrium with a given value of x). 
The consideration of short times, which is not possible within the “quasi¬ 
stationary” theory, would of course give d <f>/dt = 0 for / = 0, as must be 
true for any even function of t that has a continuous derivative. 

The above theory can also be formulated in another way that may have 
certain advantages. 

The equation x = —he for the quantity x itself (rather than its mean 
value !*) is valid, as already mentioned, only when x is large compared with 
the mean fluctuation of x. For arbitrary values of x t we write 

x = -Ax+y, (118.9) 

thus defining a new quantity y. Although the magnitude of the oscillations 
of y does not change with time, when x is large (in the sense already defined) 
y is relatively small and may be neglected in equation (118.9). It is necessary 
to regard the quantity y thus defined (called the random force) as the source 
of the fluctuations of x. The correlation function of the random force, 
(y(0) y(/)), must be specified in such a way as to lead to the correct result 
(118.8) for <x(0) x(t)). To do so, we must put 

<K0 )X0> = 2?l(x 2 ) 8(t ) = ( 2m 8{t\ (118.10) 
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This is easily seen by writing the solution of equation (118.9): 

x(t) = e~ Xt J y(r)e* t dr, 

and averaging the product *(0) x(t) after expressing it as a double integral. 

The vanishing of the expression (118.10) when t 0 signifies that the 
values of y(t) at different instants are uncorrelated. In reality, of course, 
this statement is an approximation and signifies only that the values of y(t) 
are correlated over time intervals of the order of the time for partial equi¬ 
librium to be established (equilibrium with a given value of x), which, as 
already mentioned, is regarded as negligibly small in the theory given here. 


§ 119. Time correlations of the fluctuations of more than one variable 

The results obtained in § 118 can be generalised to fluctuations in which 
several quantities x lf x 2 , ..., x„ simultaneously deviate from their equilib¬ 
rium values. We shall again suppose that the latter have been subtracted, 
so that each mean value xj = 0. 

The correlation functions for the fluctuations of these quantities are de¬ 
fined (in the classical theory) as 

= **(')>• (119.1) 

By virtue of this definition, they have the obvious symmetry property 

= (119.2) 

There is, however, another symmetry property of the correlation func¬ 
tions, which has a profound physical significance. It arises from the sym¬ 
metry under time reversal of the equations of mechanics which describe the 
motion of the particles in the body.* Because of this symmetry, it does not 
matter which of the quantities x { and x k is taken at the earlier or later in¬ 
stant in the averaging. Hence (x t (f) x k {t)) = (x t (t) x k {t')), i.e. 

(119.3) 

From (119.2) and (119.3) it also follows that <j> ik (t) = $*,(/)• 

In this derivation we have tacitly assumed that the quantities x t themselves 
are unaffected by time reversal. There are, however, quantities which change 
sign under time reversal, for instance quantities proportional to the velocities 
of some macroscopic motions. If both quantities x t and x k have this property, 

*The system is assumed to be not in a magnetic field and not rotating as a whlole 
(see § 120). 
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the relation (119.3) is again valid, but if only one of the two changes sign the 
symmetry under time reversal implies that {x^f) x k (t)) = — (x { (t) x k (t')), i. e. 

<hk(t) = -<f> ik {-t). (119.4) 

Together with (119.2), this gives <j) ik (t) = — <f> kl {t). 

We shall now assume, as in § 118, that the fluctuations are quasi-stationary, 
i. e. that the set of values of jci, ..., x n (outside the limits of their mean 
fluctuations) determines a macroscopic state of partial equilibrium. As 
complete equilibrium is approached, the x t vary with time; we assume that 
the set of functions x,(t) completely describes this process, and that no other 
deviations from equilibrium occur in it. Then the rates of change of the x, 
in any non-equilibrium state are functions of the values jti,..., x n in that 
state: 

xt = JC/(*i, ...» x„). (119.5) 

If the system is in a state fairly close to complete equilibrium, i.e. if the x { 
may be regarded as small, the functions (119.5) may be expanded in powers 
of the x t as far as the first order, i.e. as the linear sums 

xt = - h k x k (119.6) 

with constant coefficients X lk ; these expressions are the generalisation of 
(118.5).* 

From this we can go to the equations for the correlation functions in the 
same way as in § 118. We define the mean values 1,(0 the quantities x, at a 
time t =*■ 0 for given values of all the jci, xz, ... at the earlier time / = 0; 
these values themselves are, for brevity, omitted from the notation 1,(0- 
These quantities satisfy the same equations (119.6): 

!/ = -«*, (119.7) 

and do so for arbitrarily small values of £,(/) as well as for those which 
are large compared with the mean fluctuations. The correlation functions 
are obtained from the £,( t ) by multiplying by x { = x/0) and averaging with 
respect to the probabilities of the various values of x t : 0//) = (£,(*)*/)• 
This operation performed on equation (119.7) gives 

= (<=»0) (119.8) 

the suffix / in these equations being a free suffix. 

As already mentioned, equations (119.6) are just the linearised macro¬ 
scopic “equations of motion” of the non-equilibrium system, describing its 

t As in § 111, summation from 1 to n over repeated Latin suffixes is implied. 
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relaxation process. We see that the set of equations for the correlation 
functions of the fluctuations is obtained by simply replacing the quantities 
xft) in these “equations of motion” by functions (j> u (t) with a free suffix I 
that takes all values from 1 to n. The equations thus obtained refer to times 
/ >» 0, and are to be integrated with the “initial condition” 

<M0) = (x t (0) x k (0)) = ( Xi x k ) = rhc ; (119.9) 

the mean values (x t x k ) must be equal to their known values (111.9). For 
times t < 0, the correlation functions are then found directly from their 
symmetry properties. 


§ 120. The symmetry of the kinetic coefficients 

Let us return to the macroscopic equations (119.6), which describe the rela¬ 
xation of a slightly non-equilibrium system: 1, 

Xi = — hkXic ( 120 . 1 ) 

These equations have a deep-lying internal symmetry, which becomes 
explicit only when the right-hand sides are expressed not in terms of the 
macroscopic quantities x, themselves (whose rates of change are on the 
left-hand sides) but in terms of the thermodynamically conjugate quantities 

X i = ~dS/dx i , (120.2) 

which have already been used in § 111. In a state of equilibrium, the entropy 
of the system is a maximum, so that all the X t — 0. If x lt x 2 » • • • are not 
zero but comparatively small (i.e. in slightly non-equilibrium states of the 
system), the X t may be expressed as linear functions: 


Xi = p ik x k . (120.3) 

The constant coefficients fi, k are the first derivatives of the X„ i.e. the second 
derivatives of S, and therefore 


Pik = fiki . 


(120.4) 


t In particular applications, cases occur where the complete equilibrium which 
is being approached depends on external parameters (such as volume or external 
field) which themselves vary slowly with time; the equilibrium (mean) values of 
the quantities considered therefore vary also. If this variation is sufficiently slow, 
we can again use the relations derived here, except that the mean values x' i can¬ 
not be regarded as always equal to zero. If they are denoted by *$ 0) , then (120.1) 
must be replaced by 


= -A/*(**-4 0) ). 


(120.1a) 
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If we express the quantities x t in terms of the X t from (120.3) and substi¬ 
tute in (120.1), we obtain the relaxation equations in the form 

Xi = -y tk X k , (120.5) 

where 

ru = Vit (120.6) 

are new constants called kinetic coefficients. We shall now prove the principle 
of the symmetry of the kinetic coefficients or Onsager's principle (L. Onsager, 
1931), according to which 

yik = via- (120.7) 

The proof is based on the fact mentioned in§ 119 that similar equations 
(120.1) and (120.5) are satisfied by the quantities that describe fluctuations 
in an equilibrium system. We define mean values £,(/) of the fluctuating 
quantities x t , and mean values S,(t) of the X ( , at a time t, for given values 
of xi , x 2 , ... at t = 0; then 


h = ~y,A. (t a- 0) (120.8) 


We now make use of the symmetry of the fluctuations (in an equilibrium 
system) under time reversal, expressed by the relation (119.3), which may be 
written 

<*,(/) x*(0)> = {xi 0) x k (t)), (120.9) 

or, with the I//), 

<£/(')**> = (*M0)> (120.10) 

where the averaging is with respect to the probabilities of the various values 
of all the x t at t — 0. We differentiate this equation with respect to t and 
substitute the derivatives from (120.8): 


yn{Eit)x k ) = y kl (x,Eit)). 

When t = 0, the *5^ are evidently equal to 3^(0); hence, putting t = 0 in the 
above equation, we get 

y it {Xix k ) = ykiXiXt ), 

where the two factors in the averaged products are taken at the same instant. 
From (111.8), such mean values (X^) = &ik> and we arrive at the required 
result (120.7).* 


* Here it would be incorrect to use instead of ( 120 . 9 ) the relation ( 119 . 2 ), which 
gives (*/( 0 ) **( 0 ) = (xi—t)x k ( 0 )). It can be shown that differentiating this equa¬ 
tion with respect to t and then putting t = 0 gives (with the use of (120.9)) {x t x^) = 0. 
In reality, however, the functions 4> ik (t) (like <f>(t) in § 118 ) have in this approx¬ 
imation two different derivatives at t— 0, according as r -*■ +0 or t -*■ —0. 
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The following two comments should, however, be made regarding this 
result. The proof depends on the symmetry of the equations of motion with 
respect to time, and the formulation of this symmetry is somewhat altered 
for fluctuations in a uniformly rotating body and for bodies in an external 
magnetic field: in these cases the symmetry under time reversal holds only 
if the sign of the angular velocity of rotation Q or of the magnetic field H 
is simultaneously changed. Thus in these cases the kinetic coefficients dep¬ 
end on Q or H as parameter, and we have the relations 

yikiO) = y ki {-Q), y,*(H) = y*,(-H). (120.11) 

Moreover, it has been assumed in the derivation that the quantities x { 
and x k are unaffected by time reversal. The relation (120.9), and therefore 
the result (120.7), remain valid if both quantities change sign under time 
reversal (are both proportional to the velocities of some macroscopic mo¬ 
tions). But if one of x t and x k changes sign and the other remains unchanged, 
the derivation must start from (119.4) instead of (119.3), and the principle 
of the symmetry of the kinetic coefficients is formulated as 

= ( 120 . 12 ) 

Exactly similar results are valid for the kinetic coefficients £ lk which appear 
in the relaxation equations when these are put in the form thermodynami¬ 
cally conjugate to equations (120.5): 

ti = -Ci k x k , U = Mk • (120.13) 

The coefficients C ik have symmetry properties similar to those of the y lk . 
This can be seen by a corresponding derivation, but is in any case evident 
because of the reciprocal relation between the quantities x t and X t ; see the 
second footnote to § 111. 

If all the quantities x lt behave in the same way under time reversal, 

so that the matrix of the y lk is entirely symmetrical, the rates x t can be repre¬ 
sented as derivatives 


i,=-dfiax h f=h’uX,X k , (120.14) 

of a quadratic function of the X t with coefficients y lk . 

The importance of the function / is due to the fact that it determines the 
rate of change of the entropy of the system: 

8 = (dS/dxi)Xi = -Xixi = Xt df/dXj , 

and, since/ is a quadratic function of the X„ Euler’s theorem gives 

$ = 2/. (120.15) 

25 
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As equilibrium is approached, the entropy increases to a maximum. The 
quadratic form f must therefore be positive-definite, and this imposes certain 
conditions on the coefficients y ik . The function / may also be expressed in 
terms of the x { , and its derivatives then give the rates £,: 

X, = -Sf/dXi, /= i< ik XiX k . (120.16) 

Here, of course, we have as before S = —x t X s = 2/. 

For a system consisting of a body in an external medium we can trans¬ 
form (120.15) by using the fact that the change in entropy of a closed system 
in a deviation from equilibrium is — J R min /T' 0 , where R mia is the minimum work 
needed to bring the system from the equilibrium state into the one considered 
(see (20.8)). t Putting also R min = AE—T 0 AS+P 0 AV (where E, S and V 
relate to the body, and To, P 0 are the temperature and pressure of the me¬ 
dium), we obtain 

£-TqS+P 0 V = -2/T 0 . (120.17) 

In particular, if the deviation from equilibrium occurs with the temperature 
and pressure of the body constant and equal to To and P 0 , 

&=-2fT, (120.18) 

and at constant temperature and volume 

P = -2fT. (120.19) 


§ 121. The dissipative function 

The macroscopic motion of bodies surrounded by an external medium is in 
general accompanied by irreversible frictional processes, which ultimately 
bring the motion to a stop. The kinetic energy of the bodies is thereby con¬ 
verted into heat and is said to be dissipated. 

A purely mechanical treatment of such a motion is clearly impossible: 
since the energy of macroscopic motion is converted into the energy of ther¬ 
mal motion of the molecules of the body and the medium, such a treatment 
would require the setting up of the equations of motion for all these mole¬ 
cules. The problem of setting up equations of motion in the medium which 
contain only the “macroscopic” coordinates of the bodies is therefore a 
problem of statistical physics. 

1 Owing to this relation between the change of the] entropy and R mfn , the X t 
can also be defined as 

X, = (l/r 0 ) dRmia/dxi, (120.2a) 

which is sometimes more convenient taan (120.2); cf. (22.7). 
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This problem, however, cannot be solved in a general form. Since the 
internal motion of the atoms in a body depends not only on the motion of 
the body at a given instant but also on the previous history of the motion, the 
equations of motion will in general contain not only the macroscopic co¬ 
ordinates Q lt Q 2 , ...,Q S of the bodies and their first and second time deriva¬ 
tives but also all the higher-order derivatives (more precisely, the functions 
Q,(t) are subject to some integral operator). The Lagrangian for the macro¬ 
scopic motion of the system does not then exist, of course, and the equations 
of motion will be entirely different in different cases. 

The equations of motion can be derived in a general form if it may be 
assumed that the state of the system at a given instant is completely deter¬ 
mined by the values of the coordinates Q t and velocities £),, and that the 
higher-order derivatives may be neglected; a more precise criterion of small¬ 
ness has to be established in each particular case. We shall further suppose 
that the velocities Q, are themselves so small that their higher powers may be 
neglected, and finally that the motion consists of small oscillations about 
certain equilibrium positions. The latter is the case usually met with in this 
connection. We shall assume the coordinates Q t to be chosen so that Q t — 0 
in the equilibrium position. Then the kinetic energy K(Q t ) of the system will 
be a quadratic function of the velocities Q t and independent of the coordi¬ 
nates Q t themselves; the potential energy U(Q t ) due to the external forces 
will be a quadratic function of the coordinates Q t . 

We define the generalised momenta P { in the usual way: 


= ( 121 . 1 ) 

These equations define the momenta as linear combinations of the velocities; 
using them to express the velocities in terms of the momenta and substituting 
in the kinetic energy, we obtain the latter as a quadratic function of the 
momenta, with 

Q i =dK(P i )/dP l . (121.2) 

If the dissipative processes are entirely neglected, the equations of motion 
will be as in ordinary mechanics, according to which the time derivatives 
of the momenta are equal to the corresponding generalised forces: 

Pi = —dU/dQi. (121.3) 

First of all, let us note that equations (121.2), (121.3) are in formal agree¬ 
ment with the principle of the symmetry of the kinetic coefficients, if the 
quantities x lt x 2 , ..., x^ defined in § 120 are taken as the coordinates Q, 
and momenta P,. For the minimum work needed to bring the bodies from 
a state of rest in their equilibrium positions to the positions Q t with mo¬ 
menta P t is R min — K(P t )+U(Q { ). The quantities X ly X 2 , ..., X 2s will 
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therefore be the derivatives (see the previous footnote) 


X Qi = (1 IT) dRrmJdQi = (1 IT) dUfdQt , 
X Pt = (1 IT) dR min /dP t = (l jT) dKfdPt 


and equations (121.2), (121.3) will correspond to the relations (120.5) with 
y Q{Pt — —T = -y P(Qi , in accordance with the rule (120.12); this is a case 
where one quantity (Q t ) remains invariant under time reversal but the other 
(P t ) changes sign. 

In accordance with the general relations (120.5), we can now write the 
equations of motion allowing for dissipative processes, by adding to the 
right-hand sides of equations (121.2), (121.3) certain linear combinations of 
the quantities such that the required symmetry of the kinetic 

coefficients is maintained. It is easy to see, however, that equations (121.2) 
must be left unchanged, since they are simply a consequence of the definition 
(121.1) of the momenta and do not depend on the presence or absence of 
dissipative processes. This shows that the terms added to equations (121.3) 
can only be linear combinations of the quantities X F{ (i.e. of the derivatives 
dK/dP t ), since otherwise the symmetry of the kinetic coefficients would be 
violated. 

Thus we have a set of equations of the form 


* _ dU ' dK 
Pi 00 / Ytk dP k * 


where the constant coefficients y, k are related by 


yik = yu- 

Putting dK/dP k = 0*, we have finally 


A = -|^-Z yA- 

oQi k =l 


(121.4) 

(121.5) 


These are the required equations of motion. We see that the presence of 
dissipative processes leads, in this approximation, to the appearance of 
frictional forces which are linear functions of the velocities. Owing to the 
relation (121.4) these forces can be written as the derivatives, with respect 
to the corresponding velocities, of the quadratic function 


f ~ 2 ^ YikQiQk , 

which is called the dissipative function. Then 


dU 0/ 
00 / 00 / * 


( 121 . 6 ) 


(121.7) 
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Using the Lagrangian L = K— U, we can write these equations of motion as 


_d_ / 6L \ 8L 0/ 


( 121 . 8 ) 


which differs from the usual form of Lagrange’s equations by the presence 
of the derivative of the dissipative function on the right. 

The existence of friction causes a decrease in the total mechanical energy 
K+U of the moving bodies. In accordance with the general results of § 120 
the rate of decrease is determined by the dissipative function. This will be 
proved afresh here, since there is some difference in the notation used in the 
present section. We have 


K+u) - £(§* + S & ) = y4 p ‘ + w)' 


or, substituting (121.7) and using the fact that the dissipative function is 
quadratic, 

h K+u) =-Y‘wr- 2f ' (121 - 9) 

as it should be. 

Finally, we may mention that, when there is an external magnetic field, 
the equations of motion again take the form (121.5), but (121.4) is replaced 
by 

y/*(H) = y*/(—H). 

As a result, there is no dissipative function whose derivatives determine thn 
frictional forces. The equations of motion therefore cannot be written ie, 
the form (121.7). 


§ 122. Spectral resolution of fluctuations 

The spectral resolution of a fluctuating quantity x{t) is defined by the usual 
Fourier expansion formulae: 

Xa>= ] *(/>?'“" d/, (122.1) 

and conversely 

x(t) = | (122.2) 

It should be noted that the integral (122.1) in fact diverges, since x(t) does 
not tend to zero as 1 1\ -*<». This is unimportant, however, as regards the 
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formal derivations below, whose purpose is to calculate the mean squares, 
which are certainly finite. 1. 

Substituting (122.2) in the definition (118.1) of the correlation function, 
we obtain 

w-t) = <mm 

= [ j (122.3) 

If this integral is to be a function of the difference t—f only, the integrand 
must contain a delta function of co +co', i.e. we must have 

(*«*«/) = 2n(x 2 )a> b(co+a)'). (122.4) 

This relation is to be regarded as the definition of the quantity symbolically 
denoted by (x 2 ) m . Although the quantities x m are complex, (x 2 ) w is clearly 
real. The expression (122.4) is zero except when to' = — co, and is symmetrical 
with respect to interchange of co and co'; hence (jt 2 )^ = (jc 2 )_ 0> ; and a change 
in the sign of co is equivalent to taking the complex conjugate. 

Substituting (122.4) in (122.3) and eliminating the delta function by inte¬ 
grating with respect to co, we find 

<K>)= (" <xXe-‘«'~. (122.5) 

In particular, 0(0) is the mean square of the fluctuating quantity: 



o 


We see that the spectral density of the mean square fluctuation is just the 
quantity (x 2 )„,, or 2(x\ if the integral is taken only over positive frequen¬ 
cies. The same quantity is also, by (122.5), the Fourier component of the 
correlation function. Conversely 

(x% = J 0(/)<? to 'd/. (122.7) 

In the formulae given above, x(t) has been regarded as a classical quantity. 
For a quantum variable, the expansions (122.1) and (122.2) must relate to 

t We follow S. M. Rytov in the treatment of the spectral resolution of fluctua¬ 
tions. 
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a time dependent operator x(t), and the spectral density (x 2 )^ is defined by 
^(XcXa,'+ Xa/Xa) = 2 7t{x 2 ) a b{(0+ 0 )') (122.8) 


instead of (122.4). 

The expression (118.8) was obtained for the correlation function of quasi¬ 
stationary fluctuations of a single quantity. An elementary integration gives 
as its spectral resolution 

(x% = J + j-j-rrjj = /3((0 2 + p ) • (122-9) 

In accordance with the physical significance of the approximation, which 
corresponds to quasi-stationary fluctuations, this expression is valid only for 
frequencies small compared with the reciprocal of the time for partial 
equilibrium to be established. 

In terms of the random force y(t) defined at the end of § 118, the time 
dependence of the fluctuating quantity x is described by the equation 
x = —hc+y. Multiplying by and integrating with respect to t from — °° 
to oo (the term xe i<ot being integrated by parts 1- ), we obtain (X—ico)x w = y m . 
Hence it is evident that we must put 

(y% = (ft) 2 +A 2 ) (x% = 2 2/J5. (122.10) 

This expression can also, of course, be obtained directly from (118.10). 
The presence of 3(1) in (118.10) corresponds to the fact that (y\ is inde¬ 
pendent of ft) in (122.10). 

The above formulae can be immediately generalised to the simultaneous 
fluctuations of several thermodynamic variables. The corresponding corre¬ 
lation functions <f> ik (t) have been determined in§ 119. The components of 
their spectral resolution are 

(xiXk\, = J 4>:k(t)e M it 

= J (x,(t)x t (0)y«’ it, (122.11) 

and instead of (122.4) we have 

(x iai x k J) = 2 7i(xtXk)co <5(ft)+ft)'); (122.12) 

the order of the factors in (jqx*.)^ is significant. 

t The terms in x(± oo) are to be omitted; they occur because, as mentioned 
above, the integrals (122.1) are actually divergent. Formally, they are still unim¬ 
portant in the calculation of the average (jw), since they are finite when a/ = —ft) 
and can be omitted in comparison with the principal (delta function) term. 
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A change in the sign of the time is equivalent to the change go — — go in 
the spectral resolution, which in turn implies taking the complex conjugate 
of (x,x*)a>- T he equation 4> ik (t) = <f> kt (—t) (119.2) therefore shows that 

(_XjXk)co = (x k Xj)-. w = ( x k Xi ) w . (122.13) 

The symmetry of the fluctuations under time reversal, expressed by equation 
(119.3) or (119.4), is written in terms of the spectral resolution as 

(*,**)«, = ±(x,x k )- a) = ±(x,x*)S, (122.14) 

where the -f and — signs respectively relate to cases where x, and x k behave 
similarly or differently under time reversal; in the former case, therefore, 
(*/**)<» * s rea l and symmetrical in the suffixes i and k, while in the latter case 
it is imaginary and antisymmetrical. 

The equations (119.8) are satisfied by the correlation functions of quasi¬ 
stationary fluctuations. They are easily solved by means of the spectral 
resolution. 

Since the equations (119.8) refer only to times t 0, we shall apply to 
them a “one-sided” Fourier transformation, multiplying by and inte¬ 
grating with respect to t from 0 to °°. The term e to, #, z (/) is integrated by parts; 
since 0 rt («s) = 0, we have 

-^//(0)-/o)(x,x,)L +) = -A lfc (xfcX/)L +) , 

with the notation 

Ort)l +) = J Mty~' it. (122.15) 

0 

The value of <J> n (0) is determined by the “initial condition” (119.9); hence 

(Xi k -icQd ik ) (x*x/)L +) = 
or 

(C ik - tcofak) (x**/)i +) = du, 

where the coefficients X ik have been replaced by the kinetic coefficients 
£ ik — finXfc (see (120.13)), which are more convenient because of their sym¬ 
metry. The solution of these algebraic equations is 

(w/)L +) = ( C-ia>p)~h , 

where the index — 1 denotes the inverse matrix. 

On the other hand, the desired components of the spectral resolution 
(122.11) are expressed in terms of the components of the “one-sided” 
expansion (122.15) by 


(xiXkX = (x,x*)L +) + (xkXi)^* ; 


(122.16) 
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this is easily seen by writing the integral from —« to <» asa sum of two 
integrals from — «> to 0 and from 0 to °°, replacing t by — t in the first, and 
using the symmetry property (119.2). Thus we have finally 

(xix k ) w = (£ - ioifi)~} k + (£ + io>P)~\i . (122.17) 

By the symmetry properties of the matrices t lk and fl ik , the quantities (122.17) 
necessarily have the properties (122.13) and (122.14).* 

The results obtained above can be put in a different form by using in the 
relaxation equations “random forces” in the same way as was done at the 
end of§ 118 for a single fluctuating quantity. The correlation properties 
of these forces take an especially simple form if they are brought into the 
equations written in terms of thermodynamically conjugate quantities, as 
in (120.5) or (120.13). For example, with random forces Y„ the equations 
(120.13) become 

%t = —Ci k x k -\-Y t ; (122.18) 

the quantities Y t may be neglected when the x { exceed their mean fluctuations. 
As in the derivation of (122.10), a simple calculation gives for the spectral 
resolution of the correlation functions of the random forces 

(TOco = (122.19) 

As in (122.10), these are independent of the frequency. 

If random forces y t are used in equation (120.5), 

Xi = -y ik X k + yi , (122.20) 

their correlation function is given by the analogous formula 

OWk) * = yik 4 -Ykt • (122.21) 

This is obvious without further calculations if we again use the reciprocity 
of the relation between the x t and the X t (see the second footnote to§ 111). 
The advantage of formulae (122.19) and (122.21) is that they involve the 
elements of the matrices C ik and y ik themselves, and not of their inverses.* 

t The matrix of the quantities (i ik is always symmetrical. But, if certain x, and x k 
behave differently under time reversal, the corresponding @ ik = 0. This follows 
because [l ik is the coefficient of the product xpc k in the quadratic form (111.1) 
which determines the change of entropy in a deviation from equilibrium. Since the 
entropy is invariant under time reversal, while the product x t x k changes sign, 
the entropy cannot contain any such term, and we must have fi ik = 0. 

* Since the expressions (122.19) and (122.21) are independent of the frequency* 
it follows (as with (122.10) for a single fluctuating quantity) that the correlation 
functions (T,(/) Y k (0)) and (y^t) y k (0)) themselves contain a delta function of time: 

<y*0 ^(o)> = (y, k +y ki ) m ( 122 . 21 a) 
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As an example of the use of the above formulae, let us consider fluctua¬ 
tions of a one-dimensional oscillator, i.e. a body which is at rest in the equi¬ 
librium position {Q = 0) but capable of executing small oscillations in some 
macroscopic coordinate Q. Because of fluctuations, the coordinate Q will 
in fact undergo deviations from the value Q = 0. The mean square of this 
deviation is determined directly from the coefficient in the quasi-elastic force 
which acts on the body during a deviation. 

We write the potential energy of the oscillator in the form U = ~mo)lQ 2 , 
where m is the “mass” (i.e. the coefficient of proportionality between the 
generalised momentum P and the velocity () : P = m£)), and co 0 the natural 
frequency of the oscillator (in the absence of friction). Then the mean square 
fluctuation is (cf. § 112, Problem 7) 

(Q*) = T/ma>l (122.22) 

The spectral resolution of the fluctuations in the coordinate will be ob¬ 
tained for the general case where the oscillations are accompanied by friction. 

The equations of motion of an oscillator with friction are 

£ = P/m, (122.23) 

P = - mcolQ-yP/m , (122.24) 

where —yP/m = —y() is the frictional force. As shown in § 121, if Q and 
P are taken as x x and x 2 , the corresponding X x and X 2 are mcolQ/T and 
P/mP. Equations (122.23) and (122.24) then represent the relations x t = 
-y lk X k , so that 

yu — 0, yi 2 = —yn = —T, yvi = yT. 

In order to apply these equations to the fluctuations, we write (122.24) as 
P = -mcolQ-yPlm + y, (122.25) 

with the random force y on the right; equation (122.23), which is the defi¬ 
nition of the momentum, must be left unchanged. According to (122.21) 
we have immediately the spectral density of the fluctuations of the random 
force 

(y 2 )w = 2 y 22 = 2yT. (122.26) 

Finally, in order to derive the required (Q\, we substitute P = m£) in 
(122.25), obtaining 

mQ+y()+mco%Q = y. (122.27) 

Multiplying by and integrating over time, we find 
(— mo) 2 — icoy + m(o%)Q w = y w , 

and hence finally 

(QX = 2 yT/[m*(co*-co*)*+coY]. (122.28) 
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§ 123. The generalised susceptibility 

It is not possible to derive a general formula for the spectral distribution 
of arbitrary fluctuations analogous to formula (122.9) for the quasi¬ 
stationary fluctuations, but in many cases it is possible to relate the 
properties of fluctuations to quantities describing the behaviour of the 
body under certain external interactions. These may be fluctuations of 
either classical or quantum quantities. 

Physical quantities of this type have the property that for each of them 
there exists an external interaction described by the presence, in the Hamil¬ 
tonian of the body, of a perturbing operator of the type 

(i23.i) 

where x is the operator of the physical quantity concerned, and the perturb¬ 
ing generalised force f is a given function of time. 

The quantum mean value x is not zero when such a perturbation is present 
(whereas x = 0 in the equilibrium state in the absence of the perturbation), 
and it can be written in the form a/, where a is a linear integral operator 
whose effect on the function f{t) is given by a formula of the type 

x(t) = = J a(r)/(f-T)dr, (123.2) 


a(r) being a function of time which depends on the properties of the body. 
The value of x at time t can, of course, depend only on the values of the 
force / at previous (not subsequent) times; the expression (123.2) satisfies 
this requirement. The quantity x(t) is called the response of the system to the 
perturbation. 

Any perturbation depending on time can be reduced by means of a Fourier 
expansion to a set of monochromatic components with a time dependence 
e~ icot . Substituting in (123.2) / and x in the forms f m e~ imt and xje mmivt , we 
find as the relation between the Fourier components of the force and the 
response 

*. = *(»)/., (123.3) 

where the function a(co) is given by 

a(co) = J a(0*“°' dr. (123.4) 

o 

If this function is specified, the behaviour of the body under the perturbation 
in question is completely determined. We shall call* a(co) the generalised 

t For example, / may be an electric field and x the electric dipole moment 
acquired by the body in that field. Then a is the electric polarisability of the body. 
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susceptibility. It plays a fimdamentalpartin the theory described below, since, 
as we shall see, the fluctuations of the quantity x can be expressed in terms 
of it. 1 

The function « (co) is in general complex. Let its real and imaginary parts 
be denoted by a' and a": 

a(co) = «'(<») +zV'Cco). (123.5) 

The definition (123.4) shows immediately that 

a {—co) = a *(co). (123.6) 

Separating the real and imaginary parts, we find 

a'(—ft>) = a'(fi>), a"(— co) = — a"(ft>), (123.7) 

i.e. a'(co) is an even function of the frequency, and a" an odd function. 
When co = 0 the function a"(a>) changes sign, passing through zero (or in 
some cases through infinity). 

It should be emphasised that the property (123.6) simply expresses the 
fact that the response x must be real for any real force /. If the function / is 
purely monochromatic and is given by the real expression 

f(i) = re/*-'"' = +/?«'“), (123.8) 

then by applying the operator a to each of the two terms we obtain 

x = f [«(»)/ oe-M +a(-ft>)/?<? to ‘]; (123.9) 

the condition for this expression to be real is just (123.6). 

As co -► oo, the function a(co) tends to a real finite limit a,*,. For definiteness 
we shall suppose below that this limit is zero; a non-zero a,*, requires only 
some obvious slight changes in some of the formulae. 

The change in state of the body as a result of the “force”/is accompanied 
by absorption (dissipation) of energy; the source of this energy is the external 
interaction, and after absorption in the body it is converted into heat. This 
dissipation also can be expressed in terms of the quantity a. To do so, we use 
the equation dE/dt = dH/dt , which states that the time derivative of the 
mean energy of the body is equal to the mean value of the partial derivative 
of the Hamiltonian of the body with respect to time (see§ 11). Since only the 
perturbation P in the Hamiltonian depends explicitly on the time, we have 

dE/dt = -x df/dt. (123.10) 

t The quantity a(co) thus defined is more convenient than the quantity Z(a>) = 
— l/ico<x(co), called the generalised impedance, which is the coefficient in the rela¬ 
tion fa, = Z(co)x a . 
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This relation is of importance in applications of the theory under discussion. 
If we know the expression for the change in energy in a particular process, 
a comparison with (123.10) will show which quantity is to be interpreted as 
the “force”/with respect to a given variable x. 

Substituting x and/from (123.8) and (123.9) in (123.10) and averaging 
over time, we find the mean energy Q dissipated per unit time in the system 
under a monochromatic perturbation. The terms containing e ±2iat vanish 
on averaging, and we obtain* 

Q = a*-a) |/„| 2 = |/o| 2 . (123.11) 

From this we see that the imaginary part of the susceptibility determines the 
dissipation of energy. Since any actual process is always accompanied by 
some dissipation (Q >- 0), we reach the important conclusion that, for all 
positive values of the variable co, the function a" is positive and not zero. 

It is possible to derive some very general relations concerning the function 
a (co) by using the methods of the theory of functions of a complex variable. 
We regard co as a complex variable (co = co' +/co") and consider the properties 
of the function a(co) in the upper half of the co-plane. From the definition 
(123.4) and the fact that a (t) is finite for all positive t, it follows that a(co) 
is a one-valued regular function everywhere in the upper half-plane. For, 
when co" =» 0, the integrand in (123.4) includes the exponentially decreasing 
factor e~ tw " and, since the function oc(t) is finite throughout the range of 
integration, the integral converges. The function a (co) has no singularity on 
the real axis (co" = 0), except possibly at the origin.* It is useful to notice 
that the conclusion that a(co) is regular in the upper half-plane is, physically, 
a consequence of the causality principle. Owing to this principle, the inte¬ 
gration in (123.2) is taken only over times previous to t, and the range of 

* If the function /(/) is not purely monochromatic but the perturbation acts 
over a finite time (/-*■ 0 as |/| — oo), the total energy dissipation in the whole 
time is expressed in terms of the Fourier component of the perturbation by the 
integral 

J Qil = — J/««(«>) l/J 2 ^ 

* In the lower half-plane, the definition (123.4) is invalid, since the integral 
diverges. Hence the function a(o>) can be defined in the lower half-plane only as 
the analytical continuation of the expression (123.4) from the upper half-plane, 
and in general has singularities in this region. 
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integration in (123.4) therefore extends from 0 to °° rather than from 

— co to o°. 

It is evident also from the definition (123.4) that 

a {-of) = a*(co). (123.12) 

This generalises the relation (123.6) for real co. In particular, for purely 
imaginary co we have a(/co") = a*(/co"), i.e. the function a(co) is real on the 
imaginary axis. 

We shall prove the following theorem. The function a(co) does not take real 
values at any finite point in the upper half-plane except on the imaginary 
axis, where it decreases monotonically from a positive value ao >■ 0 at 
co = iO to zero at co = i <». Hence, in particular, it will follow that the func¬ 
tion a(co) has no zeros in the upper half-plane. 

To prove the theorem* we use a theorem from the theory of functions of a 
complex variable, according to which the integral 


1 f da(co) dco 
2 Jii J dco a (co)—a 


(123.13) 


taken round some closed contour C, is equal to the difference between the 
number of zeros and the number of poles of the function a(co )—a in the region 
bounded by the contour. Let a be a real number and let C be taken as a 
contour consisting of the real axis and an infinite semicircle in the upper 
half-plane (Fig. 53). Let us first suppose that a 0 is finite. Since in the upper 


O 



Fig. 53 


half-plane the function a(co) has no pole, the same is true of a (co)—a, and the 
integral in question gives simply the number of zeros of the difference a—a, 
i.e. the number of points at which a(co) takes the real value a. 


The proof given here is due to N. N. Melman. 
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To calculate the integral, we write it as 

1 f da 
2ni | a — a * 

a 

the integration being round a contour C' in the plane of the complex variable 
a which is the map of the contour C in the co-plane. The whole infinite semi¬ 
circle is mapped on to the point a = 0, and the origin (to = 0) is mapped on 
to another real point a 0 . The right and left halves of the real axis of co are 
mapped in the a-plane on to some very complicated (generally self-intersect¬ 
ing) curves which are entirely in the upper and lower half-planes respectively. 
It is important to note that these curves nowhere meet the real axis (except 
at a = 0 and a = a 0 ), since a does not take real values for any real finite co 
except co = 0. Because of this property of the contour C\ the total change of 
the argument of the complex number a —a on passing round C' is 2tz (if a 
lies between 0 and a 0 as shown in Fig. 53) or zero (if a lies outside that range), 
whatever the number of self-intersections of the contour. Hence it follows 
that the expression (123.13) is equal to 1 if 0 < a<«o and zero for any other 
value of a. 

Thus we conclude that the function a (co) takes, in the upper half-plane of 
co, each real value of a in this range once only, and values outside this range 
not at all. Hence we can deduce first of all that on the imaginary axis, where 
the function a(co) is real, it cannot have either a maximum or a minimum, 
since otherwise it would take some values at least twice. Consequently, a(co) 
varies monotonically on the imaginary axis, taking on that axis, and nowhere 
else, all real values from ao to zero once only. 

If oco = oo (i.e. a(co) has a pole at the point co = 0), the above proof is 
affected only in that on passing along the real axis (in the co-plane) it is 
necessary to avoid the origin by means of an infinitesimal semicircle above 
it. The change in the contour C' in Fig. 53 can be regarded as the result of 
moving ao to infinity. The function a(co) then decreases monotonically from 
00 to 0 on the imaginary axis. 

Let us now derive a formula relating the real and imaginary parts of the 
function a(co). To do so, we choose some real positive value co 0 of co and 
integrate the expression a/(co—co 0 ) round the contour shown in Fig. 54. This 
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Fig. 54 
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contour includes the whole of the real axis, indented upwards at the point 
co = co o 0 (and also at the point co = 0 if the latter is a pole of the function 
oc(co)), and is completed by an infinite semicircle. At infinity, a -+• 0, and the 
function <xf(co—coo) therefore tends to zero more rapidly than l/co. The 
integral 

J CO—COo 

consequently converges; and since oc(co) is regular in the upper half-plane, and 
the point co = co 0 has been excluded from the region of integration, the func¬ 
tion oc/(co—co 0 ) is analytic everywhere inside the contour C, and the integral 
is therefore zero. 

The integral along the infinite semicircle is also zero. The point co 0 is 
avoided by means of an infinitesimal semicircle whose radius q tends to zero. 
The direction of integration is clockwise, and the contribution to the integral 
is — i7tac(co 0 ). If a 0 is finite, the indentation at the origin is unnecessary, and 
the integration along the whole real axis therefore gives 


lim 
e—*.o 


f —-—dco + f —-—dco incc(co 0 ) 

J co-coo j co—co o 


The first term is the principal value of the integral from — » to °o. Indicating 
this in the usual way, we have 

ma(ft)o) = P f dco. (123.14) 


Here the variable of integration co takes only real values. We replace it by I, 
call the given real value co instead of co 0 , and write the function a (co) of the 
real variable co in the form a = a' -Ho c". Taking the real and imaginary parts 
of (123.14), we obtain the following two formulae: 


= -P f dl, 

v ' n J i-co 

(123.15) 

*"(«>) =--P 

' or i-co 

(123.16) 


called the dispersion relations and first derived by H. A. Kramers and 
R. de L. Kronig (1927). It should be emphasised that the only essential 
property of the function a(co) used in the proof is that it is regular in the 
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upper half-plane. 1- Hence we can say that Kramers and Kronig’s formulae, 
like this property of a(co), are a direct consequence of the causality principle. 
Using the fact that a"(£) is an odd function, we can rewrite (123.15) as 


or 


o 

I'J 


i-co 


di+~p 

n 


l 


&"(*) 

a 2 -w 2 


d£. 


«"(£) 

l+co 


dl, 


(123.17) 


If the function a(co) has a pole at the point ca = 0, near which a = iA/a> y 
the semicircle avoiding this pole gives a further real term —Ajo), which must 
be added to the left-hand side of equation (123.14). Thus formula (123.16) 
becomes 


«"(«,) = —Lp f , (123.18) 

71 J ^~° i W 


but (123.15) and (123.17) remain unchanged. 

We may also derive a formula which expresses the values of a(co) on the 
positive imaginary axis in terms of the values of a"( w ) on the real axis. To do- 
so, we consider the integral 


coa(co) 
J C0 2 +C0§ 


d to 


taken along a contour consisting of the real axis and an infinite semicircle 
in the upper half-plane (co 0 being a real number). This integral can be 
expressed in terms of the residue of the integrand at the pole co = ico 0 . The 
integral along the infinite semicircle is zero, and so we have 




On the left-hand side the real part of the integral is zero, since the integrand 
is an odd function. Replacing co by I and co 0 by co, we have finally 

a < to) = lflr< 123 - 19 > 

o 

t The property a -► 0 as co oo is not essential: if the limit a„ were other 
than zero, we should simply take a—a* in place of a, with corresponding obvious, 
changes in formulae (123.15), (123.16). See also§ 126, Problem. 
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Integration of this with respect to co gives 


J a(fco) dco = J a"(a>) dco. (123.20) 

o o 


§ 124. The fluctuation-dissipation theorem 

Let us now proceed to calculations which are designed to relate the fluctua¬ 
tions of a quantity x to the generalised susceptibility defined in§ 123. 

Let a body to which the quantity x refers be in a particular (nth) stationary 
state. The mean value (122.8) is calculated as the corresponding diagonal 
matrix element 

ftW.-+***.).» = -2- £ [«U + (xAn, (*»)»»], (124-1) 

m 

where the summation is over the whole spectrum of energy levels; since the 
operator x m is complex, the two terms in the brackets are not equal. 

The time dependence of the operator x(t) means that its matrix elements 
must be calculated by means of the time-dependent wave functions. We 
therefore have 

(x w ) nm = J x„ m e / ( (a *™ +tu ) t d t = 2 nx nm 8 {co nm +co), (124.2) 

where x^ is the ordinary time-independent matrix element of the operator x, 
expressed in terms of the coordinates of the particles of the body, and 
= (E n —E m )/h is the frequency of the transition between the states n 
and m. Thus 

\(,x (t $ 0 ) >+x (o ’X m )„ n = 2n 2 '£\ x nm | 2 [ 8 (co nm +co) 8 (co mn +co') 

+ 8 (co„ m +<*>') 8 (co mtt +co)] t 

where we have used the fact that = x * m „, since x is real. The products of 

delta functions in the brackets can clearly be written as 

8 (o) nm -f co) 8 (co +a>') + 3(co m „ -f co) 8(00 +co'). 

A comparison with (122.8) then gives 

(x% = Tt^lXnml 2 [ 8 (CO+CD nm ) + 8 (( 0 +CQ mn )]. (124.3) 

The following comment may be made concerning the way in which this 
expression is written. Although the energy levels of a macroscopic body are, 
strictly speaking, discrete, they are so close together that in practice they 
form a continuous spectrum. Formula (124.3) may be written without the 
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delta functions if it is averaged over small frequency intervals (which never¬ 
theless contain many levels). If T(E) is the number of energy levels less than E, 
then 

= (124.4) 

where E m — E n +hco , E' m = E n -hco. 

Let us now assume that the body is subject to a periodic perturbation (with 
frequency co), described by the operator 

f = -fx = +/oV“")*- (124.5) 

Under the effect of the perturbation the system makes transitions, and the 
probability (per unit time) of the transition « — m is given by 

w mn = I 2 {<5(« +<»„,„) + b(m +«„„)}; (124.6) 

see Quantum Mechanics , § 42. The two terms in this formula correspond to 
those in (124.5). In each transition the system absorbs or emits a quantum 
The sum 

<2 = £ WmMmn 

is the mean energy absorbed by the body per unit time; this energy is supplied 
by the external perturbation, and after absorption in the body it is dissipated 
there. Substitution of (124.6) gives 

Q = ^ I fo | 12 I] I x nm | 12 (<5(<» + G>mn) + <5(C0 + C0 nm )}C0 m „ 

or, since the delta functions are zero except when their argument is zero, 

Q = |/o| 2 ^ (124.7) 

Comparison of (124.7) and (123.11) gives 

a "( w ) = ZII 2 W" + G) «m)-5(co +co mn )}. (124.8) 

n m 

The quantities (x 2 ) m and a" thus calculated are related in a simple manner 
but the relation appears only when these quantities are expressed in terms of 
the temperature of the body. To do this, we average by means of the Gibbs 
distribution (cf. the first footnote to § 118). For (x 2 ) m we have 

(x^a, = 71 £ Q n \x nm I 2 {(5(ft) +C 0 , im ) + d(cO+CO mn )}, 

n t m 
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where for brevity we have put Q n = e (ir-£ * )/r , E n denoting the energy levels 
of the body and F its free energy. Since the summation is now over both 
suffixes m and n, these can be interchanged. If this is done in the second term, 
we obtain 

(x% = n £ (Qn + Qm ) \x„ m \ 2 d(C0 + CO„ m ) 

m, n 

= 71 £ e„(l +e fie °nJT) \x nm \*b{(o+a> nm ) 
m, n 

or, because of the delta function in the summand, 

(x 2 )* = n(l +e-* lolT ) £ q„ \x„ m \ 2 d(co+a) nm ). 

m,n 

In an exactly similar manner we obtain 

«" = "(i-e-iWT) •£ 

U m, n 

A comparison of these two expressions gives 

(**). = fa" coth ^ = 2fa" ||+- s -^_ T j. (124.9) 

The mean square of the fluctuating quantity itself is given by the integral 
<x 2 > = A j* k "( o >) coth ^ dco. (124.10) 

These important formulae constitute the fluctuation-dissipation theorem 
(FDT), established by H. B. Callen and T. A. Welton (1951). They relate 
the fluctuations of physical quantities to the dissipative properties of the 
system when it is subject to an external interaction. It should be noted that 
the factor in the braces in (124.9) is the mean energy (in units of hco) of an 
oscillator at temperature T; the term \ corresponds to the zero-point oscil¬ 
lations. 

As at the end of § 118 the results obtained above can be written in a differ¬ 
ent form by formally regarding the spontaneous fluctuations of the quantity 
x as due to the action of some fictitious random forces. It is convenient to 
write the formulae in terms of the Fourier components x m and f w as if x 
were a classical quantity. The relation between them is 

= «(«)/„,, (124.11) 

similarly to (123.3), and the mean square fluctuations can then be written 
in the form 


(x^Xa,') = a(ft>) a (ft/) (/»/«/>, 
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or with the spectral densities of fluctuations, by the definition (122.4): 
(* 2 )«, = a (co) a(-co) C/ 2 )™ 

= | oc(co)| 2 (/^) a> . 

The spectral density of the mean square of the random force is accordingly, 
from (124.9), 




hcc"(co) 


hco 
corn ^r— 
2 T 


(124.12) 


This treatment may offer certain advantages in particular applications of the 
theory. 

The derivation of the FDT is based on regarding the external interaction 
(124.5) as a small perturbation; this also ensures that the response of the 
system is linear (there is a linear relation between x and the force f). It 
should be emphasised, however, that this does not imply any physical re¬ 
strictions on the permissible values of the mean fluctuation of x itself. The 
smallness of the interaction can always be achieved by making sufficiently 
small the auxiliary quantity/, which does not appear in the final formulation 
of the FDT. Thus, for the class of physical quantities x under consideration, 
the properties of their fluctuations (in a system in thermodynamic equilib¬ 
rium) are entirely determined by the response of the system to an infinitesi¬ 
mal external interaction. 

At temperatures Tyg>fico we have coth (hco/2T) fa 2T/hco, and formula 
(124.9) becomes 

(x*) m = (27» a(124.13) 
The constant h no longer appears, in accordance with the fact that under 
these conditions the fluctuations are classical. 

If the inequality T » kto is valid for all frequencies of importance (those 
for which a "{co) is significantly different from zero), then we can take the 
classical limit in the integral formula (124.10) also: 




But from (123.17) this integral can be expressed in terms of the static value 
a'(0) = a(0), and hence - *' 

<x 2 > = 2oc(0). (124.14) 

* This expression can also be derived directly from the Gibbs distribution in 
classical statistics. Let x = x(q, p) be a classical quantity. With a term —xf 
(/ constant) in the energy of the system, the mean value of x is 


* = [*(«■ p) exp { p) +^- p)/ j di ip. 

By definition, a(0) = dxfdf when/-*- 0; differentiating the above expression, we 
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Lastly, let us consider the relationship between these results and the theory 
of quasi-stationary fluctuations (§ 118). First of all, we note that, if x is such 
that its fluctuations are small in the sense implied in § 110 (i.e. the expansion 
(110.3) of the entropy is permissible), the mean square (x 2 ) = l/ft. A compar¬ 
ison with (124.14) shows that for such a quantity 

a(0) = 1 /(¥T. (124.15) 

Next, let x be a quantity of the class whose fluctuations are quasi-station¬ 
ary. We assume that the body is subject to the action of a static force /. 
This causes a displacement of the equilibrium state, in which x is now not 
zero but a(0)/ = f/fiT. The macroscopic equation of the relaxation of a sys¬ 
tem far from equilibrium will then have the form 

x = -X(x-flpT ), (124.16) 

which differs from x = -be (118.5) in that x is zero not when x = 0 but 
when x = f/fiT. 

Equation (124.16) may be regarded as valid also when the body is subject 
to the action of a time-dependent perturbation, provided that the period of 
variation of the force /(/) is large compared with the time for the establish¬ 
ment of the partial equilibrium corresponding to any given value of x. If 
fit) is a periodic function of time with frequency co, the macroscopic value 
of x(t) will vary with the same frequency. Substituting in equation (124.16) 
f{t) and x(t) in the form (123.8), (123.9) and separating the terms in e~ imt 
and e ,tot , we obtain 


- i(m(o))f 0 = - Aa(co)/ 0 + (A/pr)f 0 , 


whence 


a (to) = ?.!PT(X-ico). 
According to the FDT (124.9), we then have 
2X 


(x 2 )a, = 


fko fko 

Pitf+co 2 ) 2T C 2T ’ 


(124.17) 


(124.18) 


find 

a(0) = ^Jx 2 exp d<7 dp = i <* 2 >; 

the free energy F also depends on/, but the term in the derivative 0F/0/disappears 
when we put /= 0, i.e. x = 0. 
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This result generalises formula (122.9), which relates to fluctuations of a 
classical quantity. The expression (124.18) differs from (122.9) by a factor 

~ coth ~, (124.19) 

2T 7T 

which tends to unity in the classical limit {hen <sc T). 

Equation (124.16) can also be viewed in another way: not as the macro¬ 
scopic equation of motion of a system far from equilibrium (under an ex¬ 
ternal interaction), but as the equation for the fluctuations of the quantity 
x(0 in an equilibrium closed system under the action of the random force 
/. In this interpretation, it corresponds to equation (118.9), and the two 
definitions of the random force differ only by a factor: y = 2//7/S. The 
spectral density (y 2 )^ is found by substituting (124.17) in (124.12): 

= (124 - 20 > 

which differs from the previous expression (122.10) by the same factor 
(124.19). 


§ 125. The fluctuation-dissipation theorem for more than one variable 

The FDT can easily be generalised to the case where several fluctuating 
quantities x { are considered simultaneously. The generalised susceptibilities 
in such a case are determined from the response of the system to a pertur¬ 
bation having the form 

V = (125.1) 

and are the coefficients in the linear relation between the Fourier components 
of the mean values x,(/) and the generalised forces f t {t ): 

3c^ = a /*(<»)/*». (125.2) 

The change in the energy of the system is expressed in terms of the external 
perturbation by 

£ = -fiXi. (125.3) 

This formula, like (123.10), is generally used in particular applications of the 
theory to establish the actual relationship between the quantities x t and f { . 

The spectral densities of fluctuations are defined in terms of the mean 
values of the symmetrised operator products: 

^(xiojXko/ + x ko /x i(0 ) = 2^(x,x Jt ) t0 d(co +ft/)» 


(125.4) 
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which generalise the expression (122.8). A calculation of this mean value as 
the diagonal (tin) matrix element, as in the derivation of (124.3), gives the 
result 

(****)« = 71% {(Xl)r,m (x k )mn <$(ft) + <*>„*) 
m 

+ (x/c )nm ( Xi) mn d(a> + co mn )}. (125.5) 

Let a periodic perturbation with 

fit) = Woie- i<ut +fo iwt ) (125.6) 

act on the system. The response is 

m = f[a i k (co)f ok e->°>‘ +a?,( W )^']. (125.7) 

Substituting these two equations in (125.3) and averaging over the period 
of the perturbation, we obtain instead of (123.11) the following expression 
for the energy dissipation: 

Q = \ico(ocu e -(x.ki)foifok- (125.8) 

On the other hand, a calculation similar to the derivation of (124.7) gives 

Q = £/o</o*[(*/)mn (X k )nm 6(CO+O) nm ) 

- ( X t )» m ( X k )mn d(CD+CD mn )}, 

and a comparison with (125.8) shows that 

<X*k-<X k i = -^jr- E [(*/)m„ (Xk)nm d((0+(Q nm ) 
n m 

( Xi)nm (Xk)mn 8((0 + ^mn)]- (125.9) 

Finally, averaging (125.5) and (125.9) over the Gibbs distribution as in 
§ 124, we find the following generalisation of the FDT (124.9): 

(*,**)« = i^kt-oc*) coth (hcol2T). (125.10) 

As in formulae (124.11) and (124.12), we can express (125.10) in terms of 
fictitious random forces whose action would give a result equivalent to 
the spontaneous fluctuations of the x t . To do so, we write 

x iu) = CCikfkw, fito = >X~}kX k(a (125.11) 

and 

' (. fifk)m = oc i/OC \m(XlXm)a>• 

Substitution of (125.10) gives 

(fifkX = v/#(a - k-a - &) coth (fi(o/2T). 


(125.12) 
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From these results we can draw some conclusions concerning the sym¬ 
metry properties of the generalised susceptibilities <x. tk (co) (H. B. Callen, M. L. 
Barasch, J.L. Jackson and R.F. Greene, 1952). Let us first suppose that the 
quantities x t and x k are invariant under time reversal; then their operators 
x t and x k are real. We shall also suppose that the body has no magnetic 
structure (see the first footnote to § 128) and is not in an external magnetic 
field; then the wave functions of its stationary states are also real,* and con¬ 
sequently so are the matrix elements of the quantities x. Since the matrices 
x^f, are Hermitian, we have x^, = x^ = x mn . Then the right-hand side 
of (125.9), and consequently the left-hand side, are symmetrical in the suffixes 
i and k. Hence a**—a w = a^—or <x ik +a* fe = a^+aj,, i.e. we conclude 
that the real part of is symmetric. 

But the real and imaginary parts (o4 and cc' ik ) of each <x {k are related by 
linear integral equations, namely Kramers and Kronig’s formulae. Hence 
the symmetry of <x' ik implies that of a.' ik and therefore that of ac ik itself. 
Our final result is therefore 


a ik(o)) = ac k i(co). (125.13) 

These relationships are somewhat modified if the body is in an external 
magnetic field H. The wave functions of a system in a magnetic field are not 
real, but have the property = ip(— H). Accordingly the matrix ele¬ 
ments of the quantities x are such that x^H) = x^—H), and the 
expression on the right of (125.9) is unchanged, when the suffixes i and k are 
transposed, only if the sign of H is simultaneously changed. We therefore 
obtain the relation 


aj*(H)—a&/(H) = a£,(-H)-a*(-H). 


Another relation is given by Kramers and Kronig’s formula (123.14),. 
according to which 




where J is a real linear operator. Adding this to the Hermitian conjugate 
equation a.* k = —ij(<x* k ), we obtain 


af*+a w = -iJ(ctf k -ct ki ); 


here all the are, of course, taken for a fixed value of H. Hence we see that* 
if the difference oc* k —ix ki has a particular symmetry property, then so has 

* The exact energy levels of a system of interacting particles can be degenerate 
only with respect to the directions of the total angular momentum of the system. 
This source of degeneracy can be eliminated by assuming the body to be enclosed 
in a vessel with immovable walls. The energy levels of the body will not then be 
degenerate, and so the corresponding exact wave functions can be taken as real. 
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the sum ct* k +a w , and therefore itself. Thus 

a,*(«; H) = a*,(«; -H). (125.14) 

Finally, let the quantities x include some which change sign under time 
reversal. The operator corresponding to such a quantity is purely imaginary, 
and so x nm = x^ = — x^. If the two quantities x t , x k are both of this 
kind, the derivation of (125.13) is unaffected, but if only one of them changes 
sign under time reversal, the right-hand side of equation (125.9) changes 
sign when the suffixes i, k are interchanged. Accordingly (125.13) becomes 

a /*(<») = —a ki (co). (125.15) 

For a body in a magnetic field we have 

«/*(©; H) = -a ki (co; -H). (125.16) 

All these relations can, of course, be derived also from formula (125.10) 
as a consequence of the symmetry of the fluctuations with respect ot time. For 
example, if the two quantities x t and x k behave in the same way under time 
reversal, then the symmetry mentioned implies that (x { x k ) m is real and sym¬ 
metric in the suffixes i and k (see§ 122). Then the right-hand side of (125.10) 
must also be symmetric in these suffixes, and we return to the result (125.13). 
This derivation of the symmetry properties of the generalised susceptibilities 
is analogous to that of the principle of the symmetry of the kinetic coefficients 
in§ 120; we shall see below that formulae (125.13)—(125.16) may beregard- 
ed as a generalisation of that principle. 

The relation between the generalised susceptibilities and the kinetic co¬ 
efficients is shown by comparing the FDT with the theory of quasi¬ 
stationary fluctuations of several variables. We shall give the relevant for¬ 
mulae without reiterating all the arguments similar to those at the end of 
§ 124 for the case of a single variable. 

The static values of the susceptibilities are related to the entropy expan¬ 
sion coefficients / 3 ik by 

T<x.ik{ 0 ) = 

The displacement of the equilibrium state when static forces f k act on the 
system is therefore given by 

5; = ««(0)/* = rhcfk/T, X, = filkXk = filT. 

The macroscopic equations of motion of a non-equilibrium system under 
the action of quasi-static forces f k (t) may be written 
Xi = -yik(X k -f k /T), 

which differs from (120.5) in that X k is replaced by X k —f k /T. 


(125.17) 
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Substituting in (125.17) xff) and f(t) as the periodic functions (125.6), 
(125.7) (with the X k written as the linear combinations X k = /?*/*/), we 
obtain 

iCOCCimfom = yikflkl&lmfom ~h yimfom » 
whence, since the f 0m are arbitrary, we have the relations 
- i( 0 CL tm + y ik Pki<*im = jry im 
or 

(125.18) 

These are the required relations between the <x ik and the kinetic coefficients 
Vtk- 

The quantities / 3 ik are by definition symmetric with respect to their suffixes 
(being the derivatives — d 2 S/dx { dx k ). Hence the symmetry of the cc ik implies 
that of the y ik , i.e. the ordinary principle of the symmetry of the kinetic 
coefficients. 

Regarding the f k in equations (125.17) as random forces, and substituting 
(125.18) in (125.12), we obtain 

.... hcoT hco 

(fifk)a> = — 2 ~ (y Uc + y ki) coth . 

If the random forces y t are defined as in (122.20), then y t = y ik f k lT> and their 
spectral distribution is 

O' l w)„ = ~(^+n l )coth~. (125.19) 

This relation differs from formula (122.21) by the same factor (124.19), 
which tends to unity in the classical limit. 


§ 126. The operator form of the generalised susceptibility 

The FDT can also be regarded from the opposite side, taking equation 
(124.9) from right to left and writing (x 2 ) m explicitly as the Fourier compo¬ 
nent of the correlation function: 

«"(») = 2£ ta " h ^ f <?'“"<^(0) x(t) +x(t) i(0)> dl. (126.1) 
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In this form, the equation in principle allows the function a "{co) to be calcu¬ 
lated from the microscopic properties of the system. Its disadvantage is that 
it gives directly only the imaginary part of a(co), not the whole function. 
A similar formula can be obtained that does not suffer from this disadvan¬ 
tage. To derive it, we make a direct quantum-mechanical calculation of the 
mean value x in the perturbed system, with the perturbation operator (124.5). 1, 

Let IPJP be the wave functions of the unperturbed system. Following the 
general method (see Quantum Mechanics , § 40), we seek the wave functions 
of the perturbed system in the first approximation as 

'F„ = r Py+'£ l a m .y$\ (126.2) 

where the coefficients satisfy the equations 

In solving this, we must assume that the perturbation is “adiabatically” 
applied until the time t from t = — <» (cf. Quantum Mechanics , § 43); this 
means that we must put co — co^fiO in the factors e ±imt (where iO denotes 
id with d +0). Then 

„ _ 1 _ 1 

2n lco mn -co-i0 co mn +co + iQ j v ' 

With the function x F n thus found, we calculate the mean value x as the 
corresponding diagonal matrix element of the operator x. In the same ap¬ 
proximation, 

x= jV„**>P„d q 

%> 

= E iflmnX nn ^ a ^ + 

m 

— ~77jr E x mn x nm --- 77? H-;-—nrlyo^ -,tof 

2 n „ lco mn -co — i0 co mn +co+i0 I 

-{-complex conjugate. 

Comparison of this result with the definition (123.9) shows that 

*“> = *S'*-'* (126.4) 

t This is more direct than using Kramers and Kronig’s relations to find a '(ft)), 
and thence a(ca), froma"(m). 
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The real and imaginary parts of this expression can be separated by means 
of the formula 

-*!*/»«(*); (126.5) 


see Quantum Mechanics , (43.10). For a "(co) we recover, of course, the previ¬ 
ous result (124.8). 

It is easy to see that the expression (126.4) is the Fourier transform of the 
function 


«(0 = 


I 


o. 


/> 0 , 

t < 0 


(126.6) 


(as with the correlation function, this mean value depends, of course, only 
on the difference between the times at which the two operators x(t) are 
taken). For, calculating the function (126.6) as the diagonal matrix element 
with respect to the nth stationary state of the (unperturbed) system, we have 
for t >- 0 


*0 = tEWO^o)-uo)^..(')] 

n m 


n m 

where the change to time-independent matrix elements is made by the usual 
rule: 

Xnm(t) = Xn^nmt. 

Since the function a(/) is zero except when t > 0, its Fourier transform is 
calculated as* 


f e imt d t = —~ 
J co + *0 

o 

and is the same as (126.4). 

Thus we have as the final result 


(126.7) 



e ia>t (x(t) x(0)—x(0) x(t)) dt 


(126.8) 


(R. Kubo, 1956). Being valid for averaging over any given stationary state 
of the system, this formula also remains unchanged after averaging over the 
Gibbs distribution. 


* The integral is calculated by deflecting the contour of integration (in the com¬ 
plex /-plane) upwards or downwards according to the sign of ft), i.e. replacing t by 
t(\+ib sgnco) and then making b -+■ +0. 
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The generalised susceptibilities <x. ik (co) which determine the response of the 
system to a perturbation affecting several quantities x, are given by a similar 
formula, 

a,*(ft)) = j j* e ia,t {xi{t) x k (0)~x k (0) *,(/)> dt. (126.9) 

i 


PROBLEM 

Determine the asymptotic form of a(ft)) for co -*• <», if a(<») = 0. 

Solution. When co -+ <» , small values of t are important in (126.8). Putting 
jKO = J0(O)+^(O), we find 

a (co) ^ j* fe <a,r d/, 

the uniform argument t = 0 of the operators being omitted. The integral is calcu¬ 
lated by differentiating (126.7) with respect to co, and gives 

a (ft)) - ~ H ); (1) 

this formula is valid if the mean value of the commutator is other than zero. 

The expression (1), being an even function of ft), is real, so that it is the asymptotic 
form of a'(ft)). From (123.15) we have with co oo 


using the fact that *"(£) is odd. Comparison with (1) gives the following “sum 
rule” fora"(cft); 


/* ITt 

ft)a "(co) dco = ~ (ije-jei). 


§ 127. Fluctuations in the curvature of long molecules 

In ordinary molecules, the strong interaction between atoms reduces the 
thermal motion within molecules to small oscillations of the atoms about 
their equilibrium positions, which have practically no effect on the shape of 
the molecule. Molecules consisting of very long chains of atoms (e.g. long 
polymer hydrocarbon chains) behave quite differently, however. The great 
length of the molecule, together with the relative weakness of the forces tend- 
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mg to preserve the equilibrium straight shape of the molecule, means that 
the fluctuation curvature of the molecule may become very large and even 
cause the molecule to coil up. The great length of the molecule enables us to 
consider it as a kind of macroscopic linear system, and statistical methods 
may be used in order to calculate the mean values of quantities describing its 
curvature (S. E. Bresler and Ya. I. Frenkel’, 1939). f 

We shall consider molecules having a uniform structure along their length. 
Being concerned only with their shape, we can regard such molecules as 
uniform continuous threads. The shape of a thread is defined by specifying 
at each point in it the “curvature vector” g, which is along the principal 
normal to the curve and equal in magnitude to the reciprocal of the radius 
of curvature. 

The curvature of the molecule is in general small at each point; since the 
molecule is of great length this does not, of course, exclude very large relative 
movements of distant points of it. For small values of the vector g , the free 
energy per unit length of the curved molecule can be expanded in powers of 
the components of this vector. Since the free energy is a minimum in the equi¬ 
librium position (the straight shape, with g = 0 at every point) linear terms 
do not appear in the expansion, and we have 

F = F o+kJ u a tkQiQk, (127.1) 

where the values of the coefficients a ik represent the properties of the straight 
molecule (its resistance to curvature) and are constant along its length, 
since the molecule is assumed homogeneous. 

The vector g is in the plane normal to the line of the molecule at the point 
considered, and has two independent components in that plane. Accordingly, 
the set of constants a ik forms a symmetrical tensor of dimension two and 
rank two in this plane. We refer this to its principal axes, and denote its prin¬ 
cipal values by ai, a 2 ; the thread which represents the molecule need not be 
axially symmetrical iq its properties, and so a x and a 2 need not be equal. The 
expression (127.1) then becomes 

F = + + 

where Qi and q 2 are the components of g in the direction of the corresponding 
principal axes. 

* In the theory given here, the molecule is regarded as an isolated system, its 
interaction with neighbouring molecules being neglected. In a solid or liquid 
substance this interaction may, of course, have a considerable effect on the shape 
of the molecules. Although the applicability of the results to actual substances is 
therefore very limited, their derivation is of considerable methodological interest. 
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Finally, integrating over the whole length of the molecule, we find the total 
change in its free energy due to a slight curvature: 

= t J ( a iQi + a 2Q& d/, (127.2) 

where / is a coordinate along the thread. It is clear that ai and a% are neces¬ 
sarily positive. 

Let t a and t b be unit vectors along the tangents at two points a and b on the 
thread separated by a section of length /, and let 8 = 8(1) denote the angle 
between these tangents, i.e. t a »t b = cos 8. 

Let us first consider a curvature so slight that the angle 8 is small even for 
distant points. We draw two planes through the vector t a and the two princi¬ 
pal axes of the tensor a ik in the normal plane (at the point a). For small 0, 
the square of this angle may be written 

02=02 + 02^ (127.3) 

where 8 1 and 0 2 are the angles of rotation of the vector t b relative to t a in 
these two planes. The components of the curvature vector are related to the 
functions 0i(/) and 0 2 (/) by Qi = d0i(/)/d/, = d0 2 (/)/d/, and the change in 

the free energy due to the curvature of the molecule may be written 

JF ' = TjH^-) 2+a ^)1 d/ - (127 - 4) 

In calculating the probability of a fluctuation with given values of 0i(/) = 0 1 
and 0 2 (/) = 0 2 for a particular /, we must consider the most complete equilib¬ 
rium possible for given 0i and 0 2 (see the first footnote to § 111). That is, we 
must determine the minimum possible value of the free energy for given 0i 
and 0 2 . An integral of the form 


for given values of the function 0i(/) at both limits (0i(O) = 0,0i(/) = 0i) has 
a minimum value if 0i(/) varies linearly. Then 


the fluctuation probability w oc e AFtlT (see (116.7)), and so we obtain for 
the mean squares of the two angles 

(81) = /TK, <0D = lTla 2 . 
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The mean square of the angle 6(1) under consideration is 

< e2 >= ,r (i + i)- (,27 - 5 > 

In this approximation it is, as we should expect, proportional to the length of 
the section of the molecule between the two points. 

Curvature with large values of the angles 6(1 ) may now be treated as fol¬ 
lows. The angles between the tangents t a , at three points a, b t c on the 
thread are related by the trigonometrical formula 

cos 6 ac = cos 6 ab cos 6 bc —sin 6 ab sin 6 bc cos <£, 

where (j> is the angle between the planes (t a , t b ) and (t b , t c ). Averaging this for¬ 
mula and bearing in mind that, in the approximation considered, the fluctua¬ 
tions of curvature of the sections ab and be of the molecule (for a given direc¬ 
tion of the tangent t b at the middle point) are statistically independent, we 
obtain 

(cos 6 ac ) = (cos 6 ab cos 6 bc ) 

= (cos 6 ab )( cos 6 bc )\ 

the term containing cos 4> gives zero on averaging. 

This relation shows that the mean value (cos 6(1)) must be a multiplicative 
function of the length l of the section of the molecule between two given 
points. But for small 6(1) we must have, according to (127.5), 

(cos 0(0) =! i--ke a >= 1-fr/a, 

with the notation 2ja = l/tfi + l/tf 2 . The function which satisfies both these 
conditions is 

(cos 6) = e- lTla , (127.6) 

and this is the required formula. For large distances /, the mean value 
(cos 6) 0, in accordance with the statistical independence of the directions 

of sufficiently distant parts of the molecule. 

By means of formula (127.6) it is easy to determine the mean square of the 
distance R (measured in a straight line) between the two ends of the molecule. 
If t(/) is a unit vector along the tangent at an arbitrary point in the molecule, 
the radius vector between its ends is 

L 

R = f t(0 d/, 

6 

where L is the total length of the molecule. Writing the square of this integral 
as a double integral and averaging, we obtain 

(R 2 > = J J t(/!)-t(/ 2 ) d/ x d/ 2 = J j e~ T \h-i*\ia d/i d/ 2 . 

0 0 0 0 


27 
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The calculation of the integral gives the final formula 

( R a > = 2^ 2 1 + (127.7) 

For low temperatures {LT <sc a) this becomes 

(R 2 ) = L 2 (l—LTI3a); (127.8) 

as T —■ 0 the mean square (R 2 ) tends to the square of the total length of the 
molecule, as it should. If LT » a (high temperatures or great lengths L), 

(R 2 ) = 2 La/T. (127.9) 

Then (R 2 ) is proportional to the length of the molecule, and as L increases 
the ratio ( R 2 )/L 2 tends to zero. 



CHAPTER XIII 


THE SYMMETRY OF CRYSTALS 


§ 128. Symmetry elements of a crystal lattice 

The most usual properties of symmetry of macroscopic bodies relate to the 
symmetry of the configuration of particles in them. 

Atoms and molecules in motion do not occupy precisely defined places in 
a body, and for an exact statistical description of their arrangement we must 
use a density function g(x, y, z), which gives the probability of various con¬ 
figurations of the particles: g dV is the probability that an individual particle 
is in the volume element dV. The symmetry properties of the configuration 
of the particles are determined by the coordinate transformations (transla¬ 
tions, rotations and reflections) which leave the function g(x, y, z) invariant. 
The set of all such symmetry transformations for a given body forms what is 
called its symmetry group. 

If the body consists of different kinds of atom, the function g must be deter¬ 
mined for each kind of atom separately; this, however, is unimportant here, 
since all these functions in an actual body will in practice possess the same 
symmetry. We could also use the function g defined as the total electron 
density due to all the atoms at each point in the body. 1- 

The highest symmetry is that of isotropic bodies (bodies whose properties 
are the same in all directions), which include gases, liquids and amorphous 
solids. It is evident that in such a body all positions in space of any given par¬ 
ticle must be equally probable, i.e. we must have g = constant. 

In anisotropic crystalline solids, on the other hand, the density function is 
not simply a constant. In this case it is a triply periodic function (with periods 
equal to those of the crystal lattice) and has sharp maxima at the lattice 
points. Besides translational symmetry, the lattice (i.e. the function g(x, y, z)) 
also has, in general, symmetry under certain rotations and reflections. The 

t Moving electrons can cause not only a mean charge density eg but also a mean 
current density j(.r, y, z). Bodies in which there are non-zero currents are those 
having a “magnetic structure”, and the symmetry of the vector function j(jt, y, z) 
determines the symmetry of that structure. This is discussed in Electrodynamics, 
§ 28 . 
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lattice points which can be made to coincide by any symmetry transformation 
are said to be equivalent. 

Proceeding to study the symmetry of a crystal lattice, we must first of all 
ascertain which elements can contribute to this symmetry. 

The symmetry of a crystal lattice is based on its spatial periodicity, the 
property of being unchanged by a parallel displacement or translation through 
certain distances in certain directions ; f translational symmetry will be further 
discussed in§ 129. 

As well as translational symmetry, the lattice may also be symmetrical 
under certain rotations and reflections; the corresponding symmetry ele¬ 
ments (axes of symmetry , planes of symmetry , and rotary-reflection axes) 
are the same as those which can occur in symmetrical bodies of finite size (see 
Quantum Mechanics, § 91). 

In addition, however, crystal lattices can also possess symmetry elements 
consisting of combinations of parallel translations with rotations and reflec¬ 
tions. Let us first consider combinations of translations with the axes of sym¬ 
metry. The combination of an axis of symmetry with a translation in a direc¬ 
tion perpendicular to the axis does not give a new type of symmetry element. 
It is easy to see that a rotation through a certain angle followed by a transla¬ 
tion perpendicular to the axis is equivalent to a rotation through the same 
angle about an axis parallel to the first. The combination of a rotation about 
an axis and a translation along that axis leads to a new type of symmetry ele¬ 
ment, a screw axis. The lattice has a screw axis of order n if it is unchanged by 
rotation through an angle 2 nfn about the axis, accompanied by translation 
through a certain distance d along the axis. 

After n rotations, with accompanying translations, about a screw axis of 
order n, the lattice is simply shifted along the axis by a distance nd. Thus, 
when there is a screw axis, the lattice must certainly also have a simple 
periodicity along this axis with a period not exceeding nd. This means that 
screw axes of order n can be correlated only with translations through 
distances d = pain (p = 1,2, ..., n— 1), where a is the smallest period of the 
lattice in the direction of the axis. For example, a screw axis of order 2 can 
be of only one type, the translation being through half a period; screw axes 
of order 3 can be correlated with translations by -|- or J- period, and so on. 

Similarly, we can combine translations with planes of symmetry. Reflection 
in a plane together with translation in a direction perpendicular to the plane 
does not give a new type of symmetry element, since such a transformation 
is easily seen to be equivalent to a reflection in a plane parallel to the first. 
The combination of a reflection with a translation along a direction lying in 

Here the crystal lattice must be regarded as infinite, ignoring the faces of 
the crystal. 
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the reflection plane leads to a new type of symmetry element, a glide-reflection 
plane or glide plane. The lattice has a glide-reflection plane if it is unchanged 
by a reflection in this plane, accompanied by a translation through a certain 
distance d in a certain direction lying in this plane. 

A twofold reflection in a glide-reflection plane amounts to a translation 
through a distance 2d. It is therefore clear that a lattice can have only glide- 
reflection planes such that the translation distance d = \ -a, where a is the 
smallest period of the lattice in the direction of the translation. 

The combination of rotary-reflection axes with translations does not lead 
to new types of symmetry element, since in this case any translation can be 
resolved into two parts, one perpendicular to the axis and the other parallel 
to it and therefore perpendicular to the reflection plane. Thus a rotary- 
reflection transformation followed by a translation is always equivalent to 
another rotary-reflection transformation about an axis parallel to the first. 


§ 129. The Bravais lattice 

The translational periods of a lattice can be represented by vectors a whose 
directions are those of the respective translations and whose magnitudes are 
equal to the distances concerned. The lattice has an infinity of different lat¬ 
tice vectors. These vectors are not all independent, however: one can always 
choose three basic lattice vectors (corresponding to the three dimensions of 
space) which do not lie in one plane, and then any other lattice vector can 
be represented as a sum of three vectors each an integral multiple of one of 
the basic vectors. If the basic vectors are denoted by ai, a 2 , a 3 , an arbitrary 
lattice vector a will be of the form 

a = niai + « 2 a 2 + «3a3, (129.1) 

where m, « 2 , «3 are any positive or negative integers or zero. 

The choice of the basic lattice vectors is not unique. On the contrary, they 
may be chosen in an infinity of ways. Let ai, a 2 , a 3 be basic lattice vec¬ 
tors, and let us replace them by other vectors aj, a^, a^, defined by the formu¬ 
lae 

a ; = £ a,*a* (i , k = 1 , 2, 3), (129.2) 

where the a lk are some integers. If the new periods aj are also basic lattice vec¬ 
tors, then, in particular, the vectors a, must be expressible in terms of the a / 
a!s linear functions with integral coefficients; then any other lattice vector can 
also be expressed in terms of the a/. In other words, if we express the a ; in 
terms of the a- in accordance with (129.2), the resulting formulae must be of 
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the type 

a « = ^Pik*'k> 

with the fi ik again integral. The determinant \fi ik \ is the reciprocal of the 
determinant \<x ik \, and since both are integers it follows that the equation 

I*/* I =±1 (129.3) 

is a necessary and sufficient condition for the a/ to be basic lattice vectors. 

Let us choose a lattice point and mark off from it three basic lattice vec¬ 
tors. The parallelepiped formed by the three vectors is called a unit cell of the 
lattice. The whole lattice can then be regarded as a regular assembly of such 
parallelepipeds. All the unit cells are, of course, identical in their properties; 
they have the same shape and size, and each contains the same number of 
atoms of each kind identically arranged. 

It is evident that identical atoms will be found at every vertex of every unit 
cell. All these vertices, therefore, are equivalent lattice points, and each can be 
brought to the position of any other by translation through a lattice vector. 
A set of all such equivalent points which can be brought into coincidence by a 
translation forms what is called a Bravais lattice of the crystal. This clearly 
does not include every point of the crystal lattice; indeed, in general it does 
not even include all equivalent points, since the lattice may contain equiva¬ 
lent points which can be made to coincide only by transformations involving 
rotations or reflections. 

The Bravais lattice can be constructed by selecting any crystal lattice point 
and performing all possible translations. By taking initially some other point 
not in the first Bravais lattice we should obtain another Bravais lattice 
displaced relative to the first. It is therefore clear that the crystal lattice in 
general consists of several interpenetrating Bravais lattices, each correspond¬ 
ing to atoms of a particular type and position. All these lattices, regarded as 
sets of points (i.e. purely geometrically), are completely identical. 

Let us return now to the unit cells. Because the choice of the basic lattice 
vectors is arbitrary, that of the unit cell is also not unique. The unit cell can 
be constructed from any basic vectors. The resulting cells are, of course, of 
varying shapes, but their volumes are all equal. This is most simply seen as 
follows. It is clear from the above discussion that each unit cell contains one 
point belonging to each of the Bravais lattices that can be constructed in the 
crystal concerned. Consequently, the number of unit cells in a given volume 
is always equal to the number of atoms of a particular type and position, i.e. 
is independent of the choice of cell. The volume of each cell is therefore the 
same, and equal to the total volume divided by the number of cells. 
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§ 130. Crystal systems 

Let us now consider the possible types of symmetry of the Bravais lattices. 

First, we shall prove a general theorem concerning the symmetry of crystal 
lattices with respect to rotations. Let us see which axes of symmetry the 
lattice can have. Let A (Fig. 55) be a point of a Bravais lattice, lying on an 
axis of symmetry perpendicular to the plane of the diagram. If B is another 
point separated from A by one of the possible translations, a similar axis of 
symmetry must pass through B. 


B' A' 



A o B 

Fig. 55 


Let us now perform a rotation through an angle $ = 2Tt/n about the axis 
through A y where n is the order of the axis. Then the point B and the axis 
through it will move to B'. Similarly, a rotation about B carries A into A'. 
From their construction, the points A' and B' belong to the same Bravais 
lattice, and so can be made to coincide by a translation. The distance A'B' 
must therefore also be a translational period of the lattice. If a is the shortest 
period in the direction concerned, the distance A'B' must therefore be equal 
to pa with p integral. It is seen from the figure that this gives 

a+2a sin(0 —yrc) = a— 2a cos 0 
= pa, 

or cos <f> = L(1 -p). 

Since | cos (j) 1 «« 1, p can be 3, 2, 1 or 0. These values correspond to 
<f> = 27tfn with n — 2, 3, 4 or 6. Thus the crystal lattice can have axes of 
symmetry only of order 2, 3, 4 and 6. 

Let us now examine the possible types of symmetry of the Bravais lattice 
under rotations and reflections. These types of symmetry are called crystal 
systems , and each corresponds to a certain set of axes and planes of symmetry, 
i.e. is a point group. 

It is easy to see that every point of a Bravais lattice is a centre of symmetry 
thereof. For to each atom in a Bravais lattice there corresponds another atom 
collinear with that atom and with the lattice point considered, and such that 
the two atoms are equidistant from this lattice point. If the centre of sym¬ 
metry is the only symmetry element of the Bravais lattice (apart from trans¬ 
lations), we have 
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1. The triclinic system. This system, the least symmetrical of all, corre¬ 
sponds to the point group C t . The points of a triclinic Bravais lattice lie at 
the vertices of equal parallelepipeds with edges of arbitrary lengths and arbi¬ 
trary angles between edges. Such a parallelepiped is shown in Fig. 56. 

The Bravais lattices are customarily denoted by special symbols; that of the 
triclinic system is denoted by T r 

2. The monoclinic system is next in degree of symmetry. Its symmetry ele¬ 
ments are a second-order axis and a plane of symmetry perpendicular to this 
axis, forming the point group C 2h . This is the symmetry of a right parallel¬ 
epiped with a base of any shape. The Bravais lattice for this system can be 
constructed in two ways. In one, called the simple monoclinic Bravais lattice 
(JT m ), the lattice points are at the vertices of right parallelepipeds with the ac 
face an arbitrary parallelogram (Fig. 56). In the other, the base-centred lat¬ 
tice (.T* ), the lattice points are not only at the vertices but also at the centres 
of opposite rectangular faces of the parallelepipeds. 




r c r c v r c f 


Fig. 56 
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3. The orthorhombic system corresponds to the point group D u . This is 
the symmetry of a rectangular parallelepiped with edges of any length. The 
system has four types of Bravais lattice. In the simple orthorhombic lattice 
(T 0 ), the lattice points are at the vertices of rectangular parallelepipeds. In 
the base-centred lattice (T% there are in addition lattice points at the centres 
of two opposite faces of each parallelepiped. In the body-centred lattice (7^), 
the points are at the vertices and centres of the parallelepipeds; finally, in the 
face-centred lattice (T{) ,the points are at the vertices and at the centre of each 
face. 

4. The tetragonal system represents the point group this is the sym¬ 
metry of a right square prism. The Bravais lattice for this system can be 
constructed in two ways, giving the simple and body-centred tetragonal 
Bravais lattices (T q and JPp, whose points lie respectively at the vertices and at 
the vertices and centres of right square prisms. 

5. The rhombohedral or trigonal system corresponds to the point group 
Aw : this is the symmetry of a rhombohedron (a solid formed from a cube 
by stretching or compressing it along a spatial diagonal). In the only Bravais 
lattice possible in this system (JT rh ) the lattice points are at the vertices of 
rhombohedra. 

6. The hexagonal system corresponds to the point group this is the 
symmetry of a regular hexagonal prism. The Bravais lattice for this system 
(T a ) can be constructed in only one way; its lattice points are at the vertices 
of regular hexagonal prisms and at the centres of their hexagonal bases. It is 
useful to mention the following difference between the rhombohedral and 
hexagonal Bravais lattices. In both, the lattice points lie in planes perpendic¬ 
ular to the axis of order 3 or 6, and form a network of equilateral triangles; 
but in the hexagonal lattice the points are directly superimposed in successive 
such planes (in the direction of the Co axis); these planes are shown in plan in 
Fig. 57. In the rhombohedral lattice, on the other hand, the points in each 
plane lie above the centres of the triangles formed by the points in the pre¬ 
vious plane, as shown by the circles and crosses in Fig. 57. 

7. The cubic system corresponds to the point group O h ; this is the symmetry 
of a cube. This system has three types of Bravais lattice: the simple cubic (T c ), 
the body-centred cubic (T®) and the face-centred cubic (/"{). 

In the sequence of systems: triclinic, monoclinic, orthorhombic, tetragonal, 
cubic, each has higher symmetry than those which precede it, i.e. each con¬ 
tains all the symmetry elements which appear in the preceding ones. The 
rhombohedral system is similarly of higher symmetry than the monoclinic, 
while at the same time it is of lower symmetry than the cubic and hexagonal 
systems: its symmetry elements are present in both of the latter, which are the 
two systems of highest symmetry. 

We may also mention the following fact. It might appear at first sight 
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that further types of Bravais lattice beyond the fourteen listed above are 
possible. For instance, if we add to the simple tetragonal lattice a point at 
the centre of each opposite square base of the prisms, the lattice would again 
be of tetragonal symmetry. However, it is easy to see that this would not 
give a new Bravais lattice. For, on joining the points of such a lattice in the 
manner indicated in Fig. 58 by the broken lines, we see that the new lattice 
is again a simple tetragonal one. The same is easily found to be true in all 
similar cases. 



The Bravais lattice parallelepipeds shown in Fig. 56 themselves have all 
the symmetry elements of the system to which they belong. However, it must 
be remembered that, for all the Bravais lattices except the simple ones, these 
parallelepipeds are not unit cells: the lattice vectors from which they are con¬ 
structed are not basic ones. As the basic lattice vectors in the face-centred 
Bravais lattices we can take the vectors from any vertex of the parallelepiped 
to the centres of the faces, in the body-centred lattices from a vertex to the 
centres of the parallelepipeds, and so on. Fig. 59 shows the unit cells for the 
cubic lattices T f c and r° c \ these cells are rhombohedra and do not themselves 
possess all the symmetry elements of the cubic system. It is evident that the 
volume Vf of the face-centred Bravais parallelepiped is four times that of the 
unit cell: v f = 4v. The volumes of the body-centred and base-centred paral¬ 
lelepipeds are twice that of the unit cell: v v = 2v, v b = 2v. 

In order to define completely the triclinic Bravais lattice, it is necessary to 
specify six quantities: the lengths of the edges of its parallelepipeds and the 
angles between the edges. In the monoclinic system four quantities are suffi¬ 
cient, since two of the angles between the edges are always right angles. Simi¬ 
larly, we easily find that the Bravais lattices of the various systems are defined 
by the following numbers of quantities (lengths of edges of parallelepipeds or 
angles between edges): triclinic 6, monoclinic 4, orthorhombic 3, tetrago¬ 
nal 2, rhombohedral 2, hexagonal 2, cubic 1. 
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§ 131. Crystal classes 

In many effects which may be called macroscopic, a crystal behaves as a 
homo g eneous and contin uous body. The macroscopic properties of the crys¬ 
tal depend only on the direction considered in it. For example, the properties 
of the passage of light through a crystal depend only on the direction of the 
light ray; the thermal expansion of a crystal is in general different in different 
directions; finally, the elastic deformations of a crystal under various external 
forces also depend on direction. 

On the other hand, the symmetry of crystals brings about an equivalence of 
various directions in them. All macroscopic properties of a crystal will be 
exactly the same in such directions. We can therefore say that the macro¬ 
scopic properties of the crystal are determined by the symmetry of directions 
in it. For instance, if the crystal has a centre of symmetry, every direction in 
it will be equivalent to the opposite direction. 

Translational symmetry of the lattice does not lead to equivalence of direc¬ 
tions, since parallel displacements do not affect directions. For the same rea¬ 
son, the difference between screw axes and simple axes of symmetry, and 
between simple planes of symmetry and glide-reflection planes, does not 
affect the symmetry of directions. 

Thus the symmetry of directions, and therefore that of the macroscopic 
properties of the crystal, are determined by its axes and planes of symmetry, 
with screw axes and glide planes regarded as ordinary axes and planes. Such 
sets of symmetry elements are called crystal classes. 

As we already know, an actual crystal may be regarded as a set of several 
interpenetrating identical Bravais lattices. Because of this superposition of 
the Bravais lattices, the symmetry of an actual crystal is in general different 
from that of the corresponding Bravais lattice. 

In particular, the set of symmetry elements forming the class of a given 
crystal is in general different from its system. It is evident that the addition of 
further points to a Bravais lattice can only eliminate some of its axes or 
planes of symmetry, not introduce new ones. Thus the crystal class contains 
fewer (or at most the same number of) symmetry elements than the corre¬ 
sponding system, i.e. the set of axes and planes of symmetry of the Bravais 
lattice of the crystal in question. 

From this we can derive a method of finding all the classes belonging to a 
given system. To do so, we must find all the point groups which contain some 
or all of the symmetry elements of the system. It may happen, however, that a 
point group thus obtained comprises symmetry elements present in more 
than one system. For example, we have seen in § 130 that all Bravais lattices 
have a centre of symmetry. The point group C, is therefore present in all 
systems. Nevertheless, the distribution of crystal classes among systems is 
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usually physically unique: each class must be assigned to the system of 
lowest symmetry among those which contain it. For example, the class C t 
must be assigned to the triclinic system, which has no symmetry element 
except a centre of inversion. With this method of assigning the classes, a 
crystal having a certain Bravais lattice will never be placed in a class which 
could be constructed from a Bravais lattice of a system of lower symmetry— 
with one exception (see below). 

The necessity of satisfying this condition is physically evident: it is phys¬ 
ically most improbable that the atoms in a crystal which belong to its Bravais 
lattice should be arranged more symmetrically than is required by the sym¬ 
metry of the crystal. Moreover, even if such a configuration were to occur 
by chance, any external perturbation, even a weak one (heating, for example), 
would be sufficient to destroy this configuration, since it is not imposed by 
the symmetry of the crystal. For instance, if a cubic Bravais lattice were to 
occur in a crystal belonging to a class for which the tetragonal system was 
sufficient, even a slight interaction would be capable of lengthening or short¬ 
ening one of the edges of the cubic cell, converting it into a right square 
prism. 

From this example we see the importance of the fact that the Bravais lattice 
of a system of higher symmetry can be converted to that of a system of lower 
symmetry by means of an arbitrarily small deformation. There is one excep¬ 
tional case, however, where such a transformation is not possible: a hexago¬ 
nal Bravais lattice cannot be converted by any infinitesimal deformation 
into the lattice of the rhombohedral system, which is of lower symmetry. For 
we see from Fig. 57 that, to transform the hexagonal into the rhombohedral 
lattice, it is necessary to move the lattice points in alternate layers by a finite 
amount from the vertices to the centres of the triangles. In consequence, all 
the classes of the rhombohedral system can be obtained with either a hexa¬ 
gonal or a rhombohedral Bravais lattice. 1. 

Thus, to find all the crystal classes, we must first look for the point groups 
of the triclinic system, which has the lowest symmetry, and then go on in turn 
to systems of higher symmetry, omitting those of their point groups (i.e. 
classes) which have already been assigned to systems of lower symmetry. It is 
found that there are altogether 32 classes; a list of these arranged according 
to systems is as follows: 

System Classes 

Triclinic C l5 C { 

Monoclinic C s , C 2 , C 2h 

t Crystals of rhombohedral classes with a hexagonal Bravais lattice are usually 
assigned to the rhombohedral system. 
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System 


Classes 


Orthorhombic 


d 2 . 

&2h 


Tetragonal 




C*h> 






Rhombohedral 



C* v , 

^ 3 > 

Hexagonal 

Q* 



^6 h> 



** 



Cubic 

T, 



O , 


In each of these sets of classes the last is the one of highest symmetry, and 
contains all the symmetry elements of the corresponding system. The classes 
whose symmetry is equal to that of the system are called holohedral classes. 
Those whose number of different symmetry transformations (rotations and 
reflections, including the identical transformation), is less than for a holo¬ 
hedral class by a factor of two or four are called hemihedral and tetartohedral 
classes respectively. For example, in the cubic system the class O h is holo¬ 
hedral, O, T h and T d are hemihedral, and T is tetartohedral. 


§ 132. Space groups 

Having studied the symmetry of the Bravais lattices and the symmetry of 
directions in the crystal, we can, finally, go on to consider the complete actual 
symmetry of crystal lattices. This symmetry may be termed microscopic, in 
contradistinction to the macroscopic symmetry of crystals discussed in§ 131. 
The microscopic symmetry determines those properties of a crystal which 
depend on the arrangement of the atoms in its lattice (e.g. th'e scattering of 
X-rays by the crystal). 

The set of (actual) symmetry elements of the crystal lattice is called its 
space group. The lattice always has a certain translational symmetry, and may 
also have simple, rotary-reflection and screw axes of symmetry and simple 
and glide-reflection planes of symmetry. The translational symmetry of the 
lattice is entirely determined by its Bravais lattice, since by the definition of 
the latter the crystal lattice can have no translational periods except those of 
its Bravais lattice. Hence, to determine the space group of a crystal, it is 
sufficient to find the Bravais lattice and to enumerate the symmetry elements 
which involve rotations and reflections, including of course the relative 
position of these axes and planes of symmetry. It must also be remembered 
that the translational symmetry of the crystal lattice means that, if the lattice 
possesses an axis or plane of symmetry, there exists an infinity of parallel 
axes or planes which are carried into one another by displacements through 
the lattice vectors. Finally, in addition to these axes (or planes) of symmetry 
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separated by lattice vectors, the simultaneous presence of translational sym¬ 
metry and the axes (or planes) of symmetry results in the existence of other 
axes (or planes) which cannot be made to coincide with the former by a trans¬ 
lation through any lattice vector. For example, the presence of a plane of 
symmetry involves not only planes parallel to it at distances equal to the lat¬ 
tice vector but also planes of symmetry which bisect each lattice vector: it 
is easily seen that reflection in any plane followed by translation through a 
distance d in a direction perpendicular to the plane is equivalent to reflection 
in a plane parallel to the first and at a distance d from it. 

The possible space groups can be divided among the crystal classes, each 
space group being assigned to the class where the set of axes and planes of 
symmetry is the same as in the space group when no distinction is made in the 
latter between simple and screw axes and between simple and glide planes. 
Altogether 230 different space groups 1, are possible; they were first found by 
E. S. Fedorov (1895). The space groups are distributed among classes as 
shown in Table 1. 


Table 1 


Class 

Number of groups 

Class 

Number of groups 

Q 

1 

S 9 

2 

Ci 

1 

C *o 

6 

C s 

4 

D* 

7 

c 2 

3 

d 

6 

C 2Ji 

6 

Cz, 

1 

C 2v 

22 

c 9 

6 

Z>2 

9 

Qh 

2 


28 

»» 

4 

s t 

2 

C 6v 

4 

Ci 

6 

*6 

6 

Ci, 

6 

^6 h 

4 


12 

T 

5 

Ci V 

12 

T h 

7 

D i 

10 

T d 

6 

J>iH 

20 

O 

8 

C, 

4 

o h 

10 


1 Including eleven pairs that are the same except for the direction of rotation 
about their screw axes. 



§133 The Reciprocal Lattice 413 

We shall not pause here to enumerate the symmetry elements of all the 
space groups, which would be a very lengthy process. They may be found in 
manuals of crystallography. 1- 

The space groups that contain no screw axes and glide planes are said to be 
symmorphic\ there are 73 of these. The remaining 157 space groups contain 
such symmetry elements. The crystal lattices that belong to non-symmorphic 
space groups must certainly contain at least two identical atoms in each unit 
cell: since a rotation about a screw axis or a reflection in a glide plane 
involves a translation through a fraction of a basic lattice vector, the Bravais 
lattice points are not carried into one another by such transformations, 
and the crystal lattice must therefore consist of at least two interpenetrating 
Bravais lattices occupied by identical atoms. 


§ 133. The reciprocal lattice 

All physical quantities which describe the properties of a crystal lattice have 
the same periodicity as the lattice itself. Such quantities are, for example, 
the charge density due to the electrons in the atoms in the lattice, the proba¬ 
bility of finding an atom at a particular point in the lattice, and so on. 

Let the function U(r) be any such quantity. Its periodicity implies that 

t/(r-Miai-M 2 a 2 + H3a3) = ^( r ) (133.1) 

for any integral n lt n 2 , n 3 (a!, a 2 , a 3 being the basic vectors of the lattice). 

Let us expand the periodic function U(r) as a triple Fourier series, which 
may be written 

U=^U b e*", (133.2) 

where the summation is over all possible values of the vector b. These are 
determined from the requirement that the function U , when put in the form 
of the series (133.2), satisfies the periodicity condition (133.1). This means that 
the exponential factors must be left unchanged when r is replaced by r +a, a 
being any lattice vector. For this to be so it is necessary that the scalar pro¬ 
duct a*b should always be an integral multiple of 2rt. Taking a successively 
as the basic vectors ai, a 2 , a 3 , we must therefore have ai«b = 2jipi, a 2 «b = 
2np 2 , a 3 *b = 2np 3i where pi, p 2 , p 3 are positive or negative integers or zero. 
The solution of these three equations has the form 

b = pibi-f-p 2 b 2 +/?3b3, (133.3) 

t A full account of the space groups is given, for example, by G.Yu. Lyubarski!, 
The Application of Group Theory in Physics , Pergamon, Oxford, 1960, and in the 
International Tables for X-Ray Crystallography, Vol. I, Kynoch Press, Birming¬ 
ham, 1952. The latter also lists the equivalent points for each space group. 
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where the vectors b, are given in terms of the a, by 

bi = 2 ^ 2 X 83 /^, b 2 = 2 ^a 3 Xai/v, b3 = 2 jraiXa 2 /p, 

w=a 1 .a 2 Xa s . (133.4) 

We have thus determined the possible values of the vector b. The summation 
in (133.2) is taken over all integral values ofpi,p 2 ,p 3 - 

Geometrically, the product v = ai«a 2 Xa 3 represents the volume of the 
parallelepiped formed by the vectors a l5 a 2 , as, i.e. the volume of the unit cell; 
the products aiXa 2 , etc., represent the areas of the three faces of this cell. 
The vectors b, therefore have the dimensions of reciprocal length, and in 
magnitude are equal to 2 :t times the reciprocal altitudes of the parallelepiped 
formed by the vectors ai, a 2 , a 3 . 

From (133.4) it is seen that b, and a, are related by 

a;»b* = 0 if i 5 * k, 

= 2tz if i = k. (133.5) 

Hence the vector bi is perpendicular to a 2 and a 3 , and similarly for b 2 and b 3 . 

Having defined the vectors b,, we can formally construct a lattice with 
bi, b 2 , b 3 as basic vectors. This is called the reciprocal lattice, and the vectors 
bi, b 2 , b 3 are called the (basic) vectors of the reciprocal lattice.* 

Let us calculate the volume of the unit cell of the reciprocal lattice. This 
is v' = bi«b 2 Xb 3 . Substitution of the expressions (133.4) gives 

v' = ^^-a 2 Xa 3 «(a 3 Xa 1 )X(a 1 Xa 2 ) 

(2 7lf 

= L ^(a 2 Xa 3 *ai)(a 8 Xai.a 2 ) 

= ( 2nf!v . (133.6) 

It is evident that the reciprocal lattice cell corresponding to a triclinic 
Bravais lattice will also be an arbitrary parallelepiped. Similarly, the recipro¬ 
cal lattices of the simple Bravais lattices of the other systems are also simple 
lattices of the same system; for example, the reciprocal lattice of a simple 
cubic Bravais lattice also has a simple cubic cell. It is also easy to see by a 
straightforward construction that the reciprocal lattices of the face-centred 
Bravais lattices (orthorhombic, tetragonal and cubic) are body-centred 
lattices of the corresponding systems; the volume of the Bravais parallelepi¬ 
ped in the reciprocal lattice is v’ v = (2tt) 3 8/ty, where v f is the volume of the 
Bravais parallelepiped in the original lattice. Conversely, the body-centred 

t The definition (133.4), which is now customary in the physics literature, differs 
by factors of 2n from that usual in pure crystallography. 
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original lattices correspond to face-centred reciprocal lattices, again with 
Vf = (2jr 3 )8/r B . Lastly, base-centred lattices have reciprocal lattices which are 
also base-centred, with v' b = (27r) 3 4/v 6 . 

An equation of the form b«r = constant, where b is a given vector, repre¬ 
sents a plane perpendicular to the vector b and at a distance from the origin 
equal to the constant divided by h. Let us take the origin at any of the 
Bravais lattice points, and let b = Pibi +p 2 b 2 be any vector of the 
reciprocal lattice (p x , p 2 , pz being integers). Also writing r in the form a = 
«iai +« 2 a 2 +« 3 a 3 , we obtain the equation of a plane: 


b«a/2jr = n x p x + n 2 p 2 +nzPz = m , (133.7) 

where m is a given constant. If this equation represents a plane containing 
an infinity of Bravais lattice points (called a crystal plane), it must be satisfied 
by a set of integers m, n 2 , « 3 . For this to be so, the constant m must clearly be 
an integer also. For given pi,p 2 ,pz, when the constant m takes various inte¬ 
gral values, equation (133.7) successively defines an infinity of crystal planes 
which are all parallel. A particular family of parallel crystal planes thus de¬ 
fined corresponds to each reciprocal lattice vector. 

The numbers p x , p 2 , p 3 in (133.7) can always be taken as mutually prime, 
i.e. as having no common divisor except unity. If there were such a divisor, 
both sides of the equation could be divided by it, leaving an equation of the 
same form. The numbers p x , p 2 , p 3 are called the Miller indices of the family 
of crystal planes in question and are written as ( PiPzPz .)• 

The plane (133.7) intersects the coordinate axes (taken along the basic 
lattice vectors ai, a 2 , a 3 ) at the points ma x /p x , ma 2 /p 2 , mazlpz- The ratio of 
the intercepts (measured in units of a x , a 2 , a z respectively) is l/p x : l/p 2 : l/p 3 , 
i.e. they are in inverse proportion to the Miller indices. For instance, the 
Miller indices of planes parallel to the coordinate planes (i.e. having inter¬ 
cepts in the ratio «>:«>: 1) are (100), (010), (001) for the three coordinate 
planes respectively. Planes parallel to the diagonal plane of the basic paral¬ 
lelepiped of the lattice have indices (111), and so on. 

It is easy to find the distance between two successive planes of the same 
family. The distance of the plane (133.7) from the origin is 2nm/b , where b is 
the length of the reciprocal lattice vector concerned. The distance of the next 
plane from the origin is 2n{m + \)!b, and the distance d between these two 
planes is 

d = 2 nib. (133.8) 

The following formula is useful in applications: 

£<?">•*= w£d(r-a), (133.9) 


28 
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where the summations on the left and right are taken over all vectors of the 
reciprocal and original lattices respectively. The sum on the right is a function 
of r that is periodic in the original lattice, and the left-hand side expresses it 
as a Fourier series. 1- The corresponding formula 

jyk. a= ✓£$(k-b) (133.10) 

follows immediately from (133.9), because of the symmetrical relationship 
between the two lattices. 


§ 134. Irreducible representations of space groups 

The physical applications of the theory of symmetry generally involve using 
the mathematical formalism of what are called representations of groups. In 
this section we shall discuss the question of the classification and method of 
constructing the irreducible representations of the space groups.t 

Let us first summarise in more mathematical terms the information given 
in the preceding sections about the structure of space groups. 

Each space group contains a sub-group of translations comprising an infin¬ 
ity of all possible parallel displacements which leave the crystal lattice 
unchanged; this sub-group is the mathematical expression of the Bravais 
lattice of the crystal. The complete space group is obtained from this sub¬ 
group by adding n symmetry elements involving rotations and reflections, 
where n is the number of symmetry transformations of the corresponding 
crystal class; we shall call these the rotational elements. Every element of the 
space group may be represented as the product of one of the translations 
and one of the rotational elements. 8 

If the space group does not contain screw axes and glide planes (a 
symmorphic group), the rotational elements can be taken simply as the n 
symmetry transformations (rotations and reflections) of the crystal class. In 
non-symmorphic groups, the rotational elements are rotations and reflections 
combined with a simultaneous translation through a certain fraction of one 
of the basic vectors of the lattice. In such space groups, the rotational ele- 

t The divergence of the sum when r = a occurs because the lattice is infinite. 
In considering a lattice of large but finite volume, the sum when r = a is to be 
equated to the number of lattice cells N. 

t The reader is assumed familiar with group theory to the extent given, for 
example, in Quantum Mechanics , Chapter XII. 

§ The translation sub-group is Abelian (all its elements commute) and is a nor¬ 
mal divisor of the complete space group: all elements of the group that are conju¬ 
gate to translations are also translations. (Two elements A and B are said to be 
conjugate if A = C~ X BC with C a third element of the group.) 
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ments of symmetry are “interlinked” with translations and do not themselves 
form a sub-group; for example, a repeated reflection in a glide plane is not an 
identical transformation but a translation through one of the basic vectors 
of the lattice. 

In order to characterise explicitly the elements of the space group, it is 
convenient to denote them by symbols (Pit), where P is any rotation or 
reflection and t the vector of a simultaneous translation; the effect of this 
element on the radius vector r of any point is shown by (P | t)r = Pr +t. The 
multiplication of elements follows the obvious rule 

(P'|t')(P!t) = (P'P|P't + t'). (134.1) 

The element inverse to (P11) is 

(P|t) _1 = (P _1 ) —P -1 t); (134.2) 

on multiplication by (P11) it gives the unit element (E J 0) of the group, wher e 
E denotes the identical rotation. 

In particular, the pure translations are represented by the symbol (E | a), 
where a is any of the lattice vectors. The rotational elements in symmorphic 
groups, chosen as described above, are of the form (P10). In non-symmorphic 
groups, the rotational elements have the form (P| r), where r is the fraction 
of a lattice vector through which translation takes place along the screw 
axis or glide plane. In the former case, the set of rotational transformations 
(P| 0) is itself a sub-group of the space group. In the latter case, the elements 
(P | r) themselves do not form a sub-group, since a repeated application of 
them gives not the identical transformation but a translation through one of 
the basic lattice vectors. The rotations and reflections P as such (i.e. if 
the differences between simple and screw axes, and between simple and glide 
planes, are ignored) always form a group, however, namely the point sym¬ 
metry group which defines the crystal class; this point group may conven¬ 
iently be called in this respect the direction group of the lattice. 1- 

Let us now construct the irreducible representations of the space groups.* 

Any such representation can be given by a set of functions of the form 

4>ka = Mka^ k * r , (134.3) 

t In every case, the relation between the space group and the direction group may 
be formulated in the following way, using the group-theory standpoint. Let all 
the elements of the space group be distributed into n affine classes, each containing 
an infinity of products of one rotational element with all possible translations, 
i.e. all elements of the form (P| T+a) with given P and r. If we now regard the whole 
of each of these classes as an element in a new group, we get a factor group of the 
original space group, which is isomorphous with the direction group. 

* The arguments below are due to F. Seitz (1936). 


28 * 
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where the k are constant wave vectors, the u ka are functions invariant under 
translations, and the suffix a = 1, 2, ... labels functions with the same k. 

As a result of a parallel displacement r — r-fa (where a is any vector of 
the lattice), the functions (134.3) are multiplied by constants e ,k#a . In other 
words, the matrices of translations are diagonal in the representation given by 
the functions (134.3). It is evident that two vectors k which differ by b 
(where b is any vector of the reciprocal lattice) will give the same law of 
transformation of the functions^ by translations: since a»b is an integer 
times 2n, e i&,b = 1. Such vectors k will be said to be equivalent. If we imagine 
the vectors k drawn from a vertex of a reciprocal lattice cell to various points, 
the non-equivalent vectors will correspond to the points in one unit cell. 

By the application of a rotational element of symmetry (P| r), the function 
(f> k(t is transformed into a linear combination of the functions (f> Wa with vari¬ 
ous values of a and a vector k' which is obtained from k by means of the 
rotation or reflection in question, performed in the reciprocal lattice: 
k' = Fk. f The set of all (non-equivalent) vectors k which can be obtained 
from one another by the application of all n rotational elements of the group 
is called the star of the wave vector k. In the general case of arbitrary k the 
star contains n vectors (rays). The functions <f) ka which form the basis of an 
irreducible representation must always include functions having all the 
different rays of the star of k: since functions with non-equivalent k are 
multiplied by different factors under translations, no choice of linear combi¬ 
nations of them can bring about a decrease in the number of functions which 
are transformed into combinations of one another. 

For certain values of k the number of rays in its star may be less than w, 
since it may happen that some of the rotational elements of symmetry leave k 
unchanged or transform it into an equivalent vector. For example, if the vec¬ 
tor k is along an axis of symmetry, it is unchanged by rotations about this 
axis; a vector k from a vertex to the centre of the unit cell,i.e. k = -§h<» 
where b, is one of the basic vectors of the reciprocal lattice, is transformed 
by inversion into the equivalent vector —k = —yb, = k—b*. 

The set of rotational elements of symmetry (regarded as all being simple 
rotations or reflections P) which appear in a given space group and which do 
not alter the vector k (or which transform it into an equivalent vector) is 
called the proper symmetry group of the vector k, or simply the group of k; it 
is one of the ordinary point symmetry groups. 

Let us first consider the simple case of symmorphic space groups. The 
base functions of an irreducible representation of such a group can be written 

t In transforming the vector k in the reciprocal lattice all axes and planes of 
symmetry must, of course, be treated as simple ones, i.e. only the direction 
group is to be considered. 
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as products 

<£k« = ««Y>k, (134.4) 

where the u a are invariant under translations and the y^ are linear combina¬ 
tions of the expressions e ,k * r (with equivalent k) invariant with respect to the 
transformations in the proper symmetry group of the vector k; in (134.4) 
this vector takes all the values in its star. In translations the functions u a are 
unchanged, but the functions y> k , and therefore the <f> ka , are multiplied by 
In rotations and reflections belonging to the group of k, the functions ip k are 
unchanged but the functions u a are transformed into combinations of one 
another. Thus the functions u a give one of the irreducible representations of 
the point group, these being called in this connection small representations. 
Finally, rotational elements which are not in the group of k transform 
sets of functions (134.4) with non-equivalent k into combinations of one 
another. The dimension of the representation of the space group thus con¬ 
structed is equal to the number of rays in the star of k multiplied by the 
dimension of the small representation. 

Thus the problem of finding all irreducible representations of symmorphic 
space groups reduces entirely to the classification of the vectors k with re¬ 
spect to their proper symmetry and the known problem of discovering the 
irreducible representations of finite point groups. 

Let us now consider space groups which have screw axes or glide planes. 
The presence of such elements of symmetry is still unimportant if the wave 
vector k is such that it remains unchanged (i.e. is not transformed into an 
equivalent vector) under all the transformations in its group. 1- In this case the 
corresponding irreducible representations are again given by functions of the 
form (134.4), in which the u a form the basis of a representation of the point 
group of the vector k. The only difference from the previous case will be 
that under rotational transformations the functions y^ = e /k * r in (134.4) will 
not remain unchanged, but will be multiplied by e fk * r . 

Functions of the form (134.4) become inapplicable, however, if there are 
several equivalent vectors k transformed into one another by transformations 
in their proper symmetry group. In a rotational transformation with a 
simultaneous translation r, functions e flt ' r with equivalent but different 
values of k are multiplied by different factors (since b«r/2jt is not integral), 
and therefore their linear combinations y^ will not be transformed into 
combinations of one another. 

In such cases it is no longer possible to consider the rotational elements and 
the translations separately, but of the infinity of translations it is sufficient 
to consider a finite number only. These cases arise for vectors k from a 

t This always includes, in particular, the vector k = 0 and a vector in a general 
position in which the unit element of its group is the identical transformation. 
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vertex of a unit cell of the reciprocal lattice to various special points within 
the cell, all or some of whose coordinates are simple rational fractions of the 
basic vectors bi, b 2 , ba. 1- We shall call the extended group of the wave vector 
the group consisting of the rotational element (together with the relevant 
translations through fractions of a period f) and those translations for 
which k«a/2jr is a rational fraction (< 1); the remaining translations 
are again regarded as identical transformations. The functions ^ which 
give irreducible representations of the finite group thus formed (small 
representations), together with the corresponding functions <f> VK for other 
rays in the star of k, give an irreducible representation of the space group. 
The dimension of the small representations in these groups may be as high 
as six (for the crystal class O h ).t 

This procedure will now be demonstrated for a specific example. 

Let us consider the space group (Dl h ) which corresponds to the simple 
orthorhombic Bravais lattice and contains the following rotational elements: § 

(E\ 0), (Q!0), (C% 10), (C||0), 

(/|r), (or, |t), (o>[t), (o z |r), 

the x , y and z axes being taken along the three basic vectors of the lattice; 
r = ~(ai -fa 2 +as); the axes of symmetry C 2 are simple axes but the planes a 
perpendicular to them are glide planes. 


+ In practice these fractions are usually y or the last two values occur¬ 
ring for groups of the rhombohedral and hexagonal systems. 

$ If the representations of the extended group of the wave vector are regarded 
as representations of the unextended group (one of the point groups), then the 
relations between the matrices <S that represent the elements G of the group will be 
different from those between these elements themselves: if G X G 2 = G z , the cor¬ 
responding matrices of the representation will in general be related not by a simi¬ 
lar equation 0 X G 2 = (as in ordinary representations), but by G X C 2 = 0 ) 12 G 3t 
where o> 12 is a phase factor equal to unity only in modulus: | co l2 1 = 1. Such rep¬ 
resentations are said to be projective. All the essentially different projective re¬ 
presentations can be listed once and for all in each point group, and thereafter used 
as small representations for constructing irreducible representations of space 
groups. 

An account of the theory of projective representations, and tables of them for the 
prystallographic point groups, will be found in G. L. Bir and G. E. Pikus, Symmetry 
ond Deformation Effects in Semiconductors {Simmetriya i deformatsionnye iffekty v 
voluprovodnikakh), Nauka, Moscow, 1972. 

There exist also complete tables of irreducible representations of space groups, 
which are given by O. V. Kovalev, Irreducible Representations of the Space Groups, 
Gordon & Breach, New York, 1965; C. J. Bradley and A. P. Cracknell, The Mathe¬ 
matical Theory of Symmetry in Solids , Clarendon Press, Oxford, 1972. 

§ The space groups are customarily denoted by the symbol for the crystal class, 
with an index which arbitrarily numbers the group within the class. 
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Let us take, for example, the vector 

k = (4-,0,0); (134.5) 

the three numbers in parentheses give the components of the vector along the 
reciprocal lattice axes, measured in units of the edge lengths ( b t = 2n/a t ) of 
the reciprocal lattice cell. Its proper symmetry includes all the axes and 
planes of the point group Z> 2A , and so this vector is its own star. The extended 
group is got by adding the translation (E | ai) for which k*a/2n = Thus we 
obtain a group of 16 elements in 10 classes as shown in the upper line in 
Table 2. The fact that the elements (C% 10) and (C% j a^), for example, are 
conjugate (i.e. belong to the same class) may be seen as follows. We have 

(/[ r)- 1 {Cl |0)(/|r) = (7| -r)(C£10)(7| r) 

= {I\-t){ClI\Clr) 

= (Cl\ -r + Qr). 

But 

Cl? = 2 { ®i 4" #2 ®s)> 

~~“?•+■ Cl? = a x a 2 

= ai-(2ai + a 3 ), 

and, since translations through a 3 and 2ai must be regarded as identical 
transformations, we have 

(7|r)- 1 (Q|0)(/|r)=(Q|a 1 ). 

Table 2 

(Cl\0) {Cl 1 0) (7|r) {o x \t) {o y \t) (aft) 

(^ 10 ) (£(«,) 

(QI a i) ( C 2 1 *i) (71 * +«i) {<r x ! ?+ a,) (o> 1 1 +ai) {o z j r +ai) 

A 2 -2 2 -2 0 0 0 0 0 0 

A 2 -2 -2 2 0 0 0 0 0 0 

From the numbers of elements and classes in the group we find that it has 
eight one-dimensional and two two-dimensional irreducible representations 
(8*l 2 +2*2 2 = 16). All the one-dimensional representations are obtained 
from representations of the point group D 2h , the translation {E | a x ) being 
assigned the character 1. These representations, however, occur here as 
“spurious” representations and must be rejected. They do not solve the 
problem in question: their base functions are invariant under all translations, 
whereas the functions ^ k * r with given k are certainly not invariant with 
respect to the translation (7i|ai). Thus there remain only two irreducible 
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representations, whose characters are shown in Table 2. The base functions 
of these representations can be taken as 

r x : cos 7tx, sin nx, 

r 2 : cos nx sin 2 ny, sin nx sin 2 ny; 

the coordinates x , y, z are measured in units of the respective basic vectors 
ai, as, a3. 

Let us also consider the representations corresponding to the star of two 
vectors 

k = (y> 0, x), (i 0, -*) (134.6) 

with proper symmetry C 2v (the axis C 2 being along the z-axis); x is an arbi¬ 
trary number between 0 and 1 (other than The extended group of k con¬ 
tains eight elements in five classes (Table 3). (The dependence of the base 
functions of the representations of this group on z reduces to a common 
factor e 2n, * a or e~ 2ni><z , which is invariant under all transformations of the 
group; it is therefore unnecessary to extend the group by translations along 
the z-axis.) There are four one-dimensional and one two-dimensional 
irreducible representation of this group. The one-dimensional representations 
must be rejected for the same reason as previously, leaving only one 
representation, whose characters are shown in Table 3. Its base functions 
-can be taken as 


e ±2nb» cos nXi e ±tntxz s j n nXt 


with the plus and minus signs in the exponent for the two vectors (134.6) 
respectively; the complete irreducible representation of the whole space group 
is four-dimensional, and is given by all four of these functions together. 

Table 3 

(q 10) (a x | r) (o y | r) 

{E |0) (E\* x ) 

(QI a i) ( a x I <r + a i) (or, Ir+aj) 
2-20 0 0 


§ 135. Symmetry under time reversal 

In physical applications of the theory of symmetry groups, a further condi¬ 
tion is usually imposed on their representations, namely that the base func¬ 
tions should be real (or rather reducible to a real form). This arises in con¬ 
sequence of the symmetry under time reversal. In quantum mechanics, this 
symmetry has the result that complex-conjugate wave functions must cor- 
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respond to the same energy level of the quantum system, and must therefore 
appear among the base functions of the same physically irreducible represen¬ 
tation (cf. Quantum Mechanics , § 96). In classical theory, however, this 
symmetry is expressed by the invariance of the equations of motion under 
the change t -*• — /; the equation contains time derivatives of an even order, 
the second. Consequently, the equations for the displacements n s of the 
atoms in the lattice remain real when their solution is sought in the complex 
form (69.6) (oc e~ ilot ); the amplitudes of these expressions can therefore be 
taken to be real. 1- 

Real base functions, of course, remain real under the action of any element 
of symmetry; thus all the group representation matrices are real. If, however, 
any irreducible representation does not satisfy the condition, it must be 
combined with the complex-conjugate representation to form one physically 
irreducible representation of twice the dimension. Let us consider from this 
standpoint the cases that can occur for representations of space groups 
(C. Herring, 1937). 

The simplest case in this respect is the one where the stars of the wave 
vectors k and — k do not coincide. Then the irreducible representations con¬ 
structed from each star are certainly complex. For example, for the star of k 
the base functions of the representations are multiplied by factors ^ k ' a under 
translations ( E | a), and these factors include none that are complex con¬ 
jugates; it is therefore clear that no choice of linear combinations of these 
functions can bring the matrices of the transformations to a real form. 
On the other hand, by taking the complex conjugates of these functions we 
obtain the complex-conjugate representation belonging to the star of the 
vector — k. By combining these two representations, we arrive at a real 
representation. Thus, to find a physically irreducible representation, we must 
include — k together with k in the star of each wave vector. That is, to obtain 
the whole of the required star we must apply to some original k all the ele¬ 
ments of the direction group plus the centre of symmetry. 

If, however, the star of the wave vector already contains all the necessary 
values of k, this does not guarantee that the irreducible representations 
constructed from them are real, as can be shown by a simple example. 

Let us consider the symmorphic space group 5j, belonging to the crystal 
class S i and having a simple tetragonal Bravais lattice. In this group, we 
take the representations corresponding to the star of two vectors 

k = (0, 0, x), (0,0, -x), (135.1) 

where the z-axis is along the symmetry axis and x is an arbitrary number 
between 0 and 1 (other than The proper symmetry of these vectors is C 2 * 

t This will not be so in the presence of a magnetic field or in a crystal having a 
magnetic structure. 
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a point group having two one-dimensional representations with the following 
^characters: 


E C 2 
A 1 1 

B 1 -1 


Taking the first of these as the small representation, we get a two-dimensional 
representation of the whole space group, whose basis can be taken as the 
complex conjugate functions exp (±2 nixz)\ this representation is therefore 
real. When B is the small representation, we have a two-dimensional repre¬ 
sentation of the whole group, with base functions 

exp (2 nixz) cos 2nx, exp (— 2nixz) sin 2nx. 

The characters of the rotational elements of the group in this representation 
are 

(£|0) (S A 1 0) (C 2 |0) (61(0) 

2 0-20 

and those of the translations are 

(£l ai ) {E | a 2 ) (£|a 3 ) 

2 2 2 cos 2nx 

All these characters are real, but the representation is nevertheless complex: 
its base functions cannot be brought into a real form. The physically irre¬ 
ducible representation is found by adding to these functions their complex 
conjugates, and in this case therefore by combining two complex-conjugate 
but equivalent (with the same characters) representations. 1- 

In the example considered, the symmetry under time reversal doubles the 
dimension of the physically irreducible representation for values of the wave 
vector on a straight line (the axis of symmetry) in k-space. There are also 
cases where this doubling occurs for values of k occupying a whole plane in 
k-space, this plane being perpendicular to a second-order screw axis. 

Let us consider, for example, the non-symmorphic space group C 2 , which 
belongs to the crystal class C 2 and has a simple monoclinic Bravais lattice. 
The second-order axis, which we take as the z-axis, is here a screw axis, 
with a translation through half a lattice vector: (C 2 |-§-as). In this group, 
we take the star of two wave vectors: 

k=M,i), (-x,-A,|), (135.2) 


+ This kind of situation did not arise in point groups, for which all the irredu¬ 
cible representations with real characters are real. 
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where « and A are arbitrary numbers between 0 and the x- and y-axes are 
oblique, in a plane perpendicular to the axis of symmetry. The star includes 
k and — k, since the vectors (—x, —2, ——) and(—«, —A, are equivalent. 
This star corresponds to two equivalent (with the same real characters) 
two-dimensional irreducible representations of the group, given respectively 
by the base functions 

e ± 2n (xx+ Xy)ginz 

and their complex conjugates. A physically irreducible representation is 
obtained by combining these two complex-conjugate representations. Its 
four base functions fall into two pairs each corresponding to one of the two 
wave vectors in the star: 

gZ7tl(xx+Ay) e ±lnz an( J e —2ni(xx+Ay)g±ktz e 

If the irreducible representation is found together with its base functions, 
there is no difficulty in seeing whether it is real or complex. Nevertheless, 
in more complicated cases (and for the investigation of certain general 
problems) it is useful to have a criterion for answering this question from the 
characters of the small representation. Such a criterion can be obtained from 
the following general theorem in the theory of group representations.* 

For each of the irreducible representations of the group, the following 
sum can have one of three values: 

j g JtCG 2 ) = +1 (a), 0 (b), -1 (c). (135.3) 

The summation is over all the elements in the group, and g is the order of 
the group. Correspondingly the representation is (a) real, (b) complex with 
non-equivalent complex-conjugate representations (they have complex- 
conjugate characters), (c) complex with equivalent complex-conjugate repre¬ 
sentations (they have equal real characters). 

We shall outline the way in which this criterion can be converted for 
application to space groups, but not give the details. According to the method 
described in § 134 for the construction of irreducible representations of 
space groups, their characters may be expressed as 

Z[(P|* + a)] = SXk < [(i , l*)]exp (dec a), (135.4) 

where j£ k [(jP| k)] are the characters of the rotational elements of the group in 
the small representation, and the summation is over those rays ki, k 2 , ... of 

t It is proved, for instance, in the books mentioned in the footnotes to§§ 132 
and 134. 
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the star of the wave vector for which P is an element of the symmetry group. 
Applying this formula to the element 

(P| r + a) 2 = (i^| T+jPr-f a+Pa) 

= (P|r) 2 (P[a+Pa), 


we have 

X[(P|r + a) 2 ] = 


with the substitution k,»Pa = a •P -1 ^ in the exponent. These characters 
are to be summed over all translations and all rotational elements (P | r). 
The sum 

£ exp {ia.(k,+P _1 k,)} 


is zero except when k,+P -1 k| = 0 or b. Lastly, because all rays in the star 
are of equal significance, in the sum over i which is finally to be calculated 
all the terms are the same. 

We thus obtain the Herring criterion : 

-- ZhttP 1 rf\ = +1 (a), 0 (b), -1 (c), (135.5) 

«k 

where % k are the characters of the small representation and the summation is 
over those rotational elements (P]r) of the space group which convert k 
into a vector equivalent to — k: Pk = — k +b; t n k is the number of rotational 
elements in the proper symmetry of the wave vector. 

In particular, if the space group contains no rotational elements having 
the specified property, the sum (135.5) has no terms, and case (b) occurs, 
in accordance with our previous discussion of the case where the stars of k 
and — k are not the same. 

In the example of the group S'* discussed above, the elements (SJO) 
and (Sj 10) have the desired property; their squares are the element (C 2 10). 
The sum (135.5) is therefore 

H*k [0*410) 2 ] + Xk[0S 3 410) 2 ]} = Xk[(C 2 1 0)1; 

it is 1 for the small representation A and — 1 for the small representation B y 
for which we thus have cases (a) and (c), again in accordance with previous 
results. 


t Here (P | r) 2 does not alter the vector k (or converts it into an equivalent vector), 
and is therefore certainly part of the proper symmetry group of the vector k. 
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§ 136. Symmetry properties of normal vibrations of a crystal lattice 

One physical application of the mathematical theory of the representations 
of space groups is the classification of the normal vibrations of a lattice by 
means of their symmetry properties. 1 " 

It may be recalled that a lattice with v atoms in the unit cell has for any 
given wave vector k a total of 3v normal vibrations, each with its frequency 
m(k). That is, over the whole range of variation of k the dispersion relation 
co — co(k) of the vibrations has 3v branches co a (k); each of the co a (k) takes 
values in a certain finite range, the phonon energy band. All the essentially 
different values of the wave vector lie in one unit cell of the reciprocal lattice; 
if we consider the whole infinite reciprocal lattice, the functions co a (k) are 
periodic in it: 

G> a (k + b) = ft)«(k). (136.1) 

The physical principles of the classification of lattice vibrations by means 
of the irreducible representations of the symmetry group are the same as for 
the corresponding classification of finite symmetrical systems (polyatomic 
molecules; see Quantum Mechanics , § 100). The normal coordinates of the 
vibrations, which act as the basis of an irreducible representation of the 
symmetry group of the lattice, all belong to one frequency. 

Each irreducible representation of the space group is specified, first of all, 
by its star of wave vectors. From this it follows immediately that the fre¬ 
quency is the same for all normal vibrations that differ only by values of k 
from the same star. Thus each function co a (k) has the complete symmetry of 
directions for the crystal class concerned. As mentioned in § 135, the sym¬ 
metry under time reversal means that the star of k must be supplemented 
by all vectors — k (if k and — k themselves do not coincide); thus we always 
have* 

co a (—k) = m a (k). (136.2) 

For a given value of k (i.e. for one ray of the star), the normal coordinates 
are distributed among the bases of the small representations corresponding 
to various frequencies. If the dimension / of the small representation is more 
than one, there is degeneracy for the given value of k, the frequency in / 
branches being the same. 

t Representations of space groups were first applied to the study of the physical 
properties of crystal lattices by F. Hund (1936) and by L. P.Bouckaert, R. Smolu- 
chowski and E.P. Wigner (1936). 

* From the physical point of view, the relation between the transformation 
k -*• — k for the lattice vibrations and time reversal is obvious: a change in the 
sign of the time reverses the direction of wave propagation (or, in terms of the 
phonon picture, changes the sign of the phonon momentum p = fik). 
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When the vector k has a general position in the reciprocal lattice, it has 
no proper symmetry (its group contains only the unit element, i.e. the iden¬ 
tical transformation); all 3v values of co a (k) are in general different. Degener¬ 
acy may occur if the proper symmetry of the wave vector is so high that its 
group has irreducible representations with dimension /=► 1. With reference 
to the spatial symmetry only, this may take place either at isolated points 
in the lattice or on entire straight lines (axes of symmetry) in it. The symmetry 
under time reversal may also cause (twofold) degeneracy on entire planes 
in k-space (F. Hund, 1936; C. Herring, 1937). According to the discussion in 
§ 135, this degeneracy can occur on planes perpendicular to a second-order 
screw axis; see the example of representations associated with the star 
(135.2). f 

In order to classify the normal vibrations of a specific crystal lattice, we 
must first find the complete vibrational representation of the space group 
given by all the vibrational coordinates (atomic displacement vectors) 
together. This representation is reducible; by decomposing it into irreducible 
parts, we find the degree of degeneracy of the frequencies and the symmetry 
properties of the corresponding vibrations. It may happen that one represen¬ 
tation appears several times in the vibrational representation: this means 
that there are several different frequencies with the same multiplicity corre¬ 
sponding to vibrations of the same symmetry. 

This procedure is analogous to the method of classifying molecular vi¬ 
brations (i Quantum Mechanics ,§ 100). There is an important difference, how¬ 
ever, in that the lattice vibrations are further characterised by the parameter 
k, which takes a continuous series of values, and the classification must be 
carried out for each value (or class of values) of the wave vector separately. 
If k is specified, the star of the irreducible representation of the space group 
is determined. It is therefore sufficient in practice to find the vibrational 
small representation and decompose it into irreducible small representations, 
i.e. irreducible representations of the symmetry group of the vector k. 

The classification of the lattice vibrations in the limit as k — 0 is especially 
simple. When k = 0, the irreducible small representations for all the space 
groups (whether or not symmorphic) are the same as the irreducible rep¬ 
resentations of the point symmetry group of the lattice, namely its crystal 
class. To find the vibrational representation (Z> vib ) we must consider only 

* Besides degeneracies due to the lattice symmetry, there can also be degeneracy 
for “accidental” values of k; the existence of such degeneracies could be theoreti¬ 
cally predicted only by actually solving the equations of motion of the atoms in a 
specific lattice. For an analysis of possible cases, see C. Herring, Physical Review 
52, 365, 1937 (reprinted in R.S. Knox and A. Gold, Symmetry in the Solid State, 
Benjamin, New York, 1964). 
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the atoms in one unit cell, i.e. regard all translationally equivalent atoms 1- * * * 5 as 
one. Without repeating the whole discussion of the atomic vibrations in the 
molecule for this case, we can formulate the following rule for finding the 
characters of the vibrational representation of the lattice when k = 0. The 
characters of a rotation C(0) through an angle 0 about an axis of symmetry* 
or S($) about a rotary-reflection axis, are 

Xvib(C) = v c %v(C), % yib (S) = v s Xv(S), (136.3) 

where 

X V (C) = 1 +2 cos <£, Xv($) = -1 +2 cos 0 

are the characters of the representation given by the three components of a 
(polar) vector; v c and v s are the numbers of atoms which remain fixed or 
move to translationally equivalent places in the transformation.* The same 
formulae give the characters for reflection in a plane (transformation 5(0)) 
and for inversion in a centre of symmetry (transformation 5 (tt)). A rotation 
about a screw axis or a reflection in a glide plane certainly brings all the 
atoms into translationally non-equivalent positions, and for them we there¬ 
fore always have % vib = 0. 

These rules may be illustrated by an example. 8 The diamond lattice 
belongs to the non-symmorphic space group 0\. It has a face-centred cubic 
Bravais lattice with two like atoms in the unit cell at the vertices (000) and 
at the points \ i) on the spatial diagonals of the cubic cells.'I Half the rota¬ 
tional elements of the group 0\ coincide with rotations and reflections in the 
point group T d . These transformations leave both atoms fixed or move them 
to translationally equivalent positions. The characters of the vibrational 
representation for these elements are therefore x v ib = 2^. The remaining 

1 These are the occupied sites in any one Bravais lattice. 

* For a molecule, a subtraction is needed in the characters of the vibrational 

representation in order to eliminate the coordinates that correspond to the displace¬ 
ment or rotation of the molecule as a whole. For a lattice, the number (six) of 
these degrees of freedom is negligible compared with the total number of degrees 

of freedom, and such a subtraction is not necessary. 

5 To avoid misunderstanding, we may note that the classification of the limit¬ 
ing frequencies of the optical branches of the vibrations by means of the crystal¬ 
lographic symmetry only of the lattice is not valid for ionic crystals. The long- 
wavelength optical vibrations of the ionic lattice are accompained by the occurrence 
of macroscopic polarisation of the crystal and an associated macroscopic electric 
field, which in general modifies (and reduces) the symmetry of the vibrations. 

'' The coordinates of the atoms are specified with respect to the edges of the cubic 
cell and in units of the length of these edges. The volume of a face-centred cubic 
cell is four times that of the unit cell. The basic lattice vectors go from the vertex 
to the points ( ^ \ 0), (-§■ 0 \), (0 \ y), which are the centres of the faces of the- 
cubic cell. 



430 The Symmetry of Crystals 

rotational elements of the group 0\ are screw rotations and reflections in 
glide planes, obtained by combining the elements of the group T d with 
inversion (/1 r), where r]= ; these elements move the atom at (000) to 

the translationally non-equivalent point (~ ~ so that their characters are 
y vib = 0. The decomposition of the resulting vibrational representation into 
irreducible representations of the point group O h is Z) vib = F 2g +F 2 J The 
coordinates of the acoustic vibrations which describe the movement of the 
cell as a whole when k = 0 are transformed as the components of a vector, 
.and therefore correspond to the representation F 2u by which such compo¬ 
nents are transformed in the group O h . The representation F 2g corresponds 
to the triply degenerate limiting frequency of the optical vibrations.-t 
The degeneracy of the optical vibrations is generally removed on leaving 
the point k = 0. According to the symmetry, the amount of splitting may 
vary near k = 0 as a homogeneous function of the first or second order in 
the components of the vector k. The appropriate criterion is easily ascer¬ 
tained in terms of quantum perturbation theory. The Hamiltonian of lattice 
vibrations with a small wave vector k == 6k has the form Ft 0 +7* 6k, where ff 0 
is the Hamiltonian of vibrations with k = 0, and 7 is a vector operator; 
the term 7 • 6k acts as the perturbation which causes the splitting. The amount 
of splitting is of the first order in 6k if 7 has non-zero matrix elements for 
transitions between states belonging to the same degenerate vibrational 
frequency; otherwise, the splitting is of the second order in 6k. Here it must 
be noted that the operator y changes sign under time reversal, since the wave 
vector 6k changes sign while the product 7* 6k, like any Hamiltonian, must 
be invariant under time reversal. Thus the solution of the problem reduces 
to finding the selection rules for frequency-diagonal matrix elements of a 
vector operator that changes sign under time reversal (see Quantum Mecha¬ 
nics, § 97). If the degenerate frequency corresponds to an irreducible rep¬ 
resentation D , these rules depend on the decomposition of the antisymmetric 
part of its direct product with itself, (Z) 2 }; non-zero matrix elements exist if 
this expansion contains parts by which the components of a vector are 
transformed. 


t The point group O h may be regarded as the direct product OXC { or T d XCj\ 
here we use the second form. Accordingly, the irreducible representations of the 
group O h are constructed from representations of the group T d . In particular, the 
representations F 2g and F 2u of O h are obtained from the representation F 2 of T d , 
and differ in being respectively even and odd under inversion (see Quantum Mecha¬ 
nics, § 95). 

i The limiting frequency of the acoustic vibrations is always degenerate: the 
macroscopic nature of these vibrations leads to a single value co = 0 for all three 
branches, even if this is not required by symmetry. In this sense the degeneracy is 
“accidental”. 
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The splitting will certainly be of the second order in 5k if the point sym¬ 
metry group of the lattice (the crystal class) contains a centre of inversion; 
this is evident, since the squared basis of the representation {D 2 } must be 
even under inversion, whereas the components of a vector change sign. If the 
crystal class does not contain an inversion, there are two possibilities. For 
example, in the crystal class O , the antisymmetric products for the two- 
dimensional irreducible representation E and the three-dimensional rep¬ 
resentations Fi and F 2 are f 

{E*} = A 2 , {F?} = {F|} = F 1 +F 2 . 

The components of a vector are transformed by Fi; hence the splitting of the 
doubly degenerate frequency will be of the second order in 5k, and that of 
the triply degenerate ones will be of the first order. 

Let us now consider vibrations with non-zero wave vector. For symmorphic 
space groups, they are classified in the same way as in the case k = 0 
described above. The irreducible small representations are here the same as 
the irreducible representations of the point symmetry group of the vector k, 
and to find the vibrational small representation we must again consider only 
the atoms in one unit cell. 

The procedure may be demonstrated for the optical vibrations of the dia¬ 
mond lattice. The face-centred Bravais lattice of this structure corresponds 
to a body-centred cubic reciprocal lattice. At the point k = 0 (the vertex 
of the cubic cell) the proper symmetry of the wave vector is and there is 
(as shown above) one triply degenerate frequency of optical vibrations, 
corresponding to the representation F 2g ; the characters of this represen¬ 
tation are* 

E 8C S 3C 2 6a' 6S 4 / 8 S* 3a 6C 2 6C 4 

F%g 3 0 —1 1 —13 0 —1 1 —1 

Let us now see how this frequency is split when we leave the point k = 0. 

A displacement along the spatial diagonal of the cubic cell gives the vector 
k the proper symmetry C Sv . For this group the representation given by the 
same three vibrational coordinates is reducible: 

E 2C S 3 o' 

3 0 1 = E+Ai, 

t The notation for the irreducible representations of point groups is as in Quan¬ 
tum Mechanics , § 95. 

$ The symmetry elements that appear in the point group T d are put first, followed 
by the elements obtained on multiplication of these by the inversion /. The ele¬ 
ments 3C 2 are rotations through tz about axes along the edges of the cubic cell; 
6C 2 are rotations through n about the diagonals of the faces; 6a' are reflections in 
planes through opposite edges; 3cr are reflections in the planes of the faces. 
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i.e. the triply degenerate frequency splits into one doubly degenerate and 
one non-degenerate frequency. A similar splitting occurs in a displacement 
along an edge of the cubic cell, where the proper symmetry of the wave 
vector is 

E Ci 3 Ci 2a 2xs' 

3 -1 -1 -1 1 = E + B 2 . 

In a displacement along a diagonal of a face of the cubic cell, the proper 
symmetry of the vector k is lowered to C 2v , and the frequency splitting is 
complete: 

E C' 2 a o' 

3 1 — 1 1 — A\ -f- A.2 -\-B 2 . 

For crystal lattices of non-symmorphic space groups, the procedure for 
classifying the normal vibrations is more laborious, and we shall not pause 
to discuss it here. 1- 


§ 137. Stractures periodic in one and two dimensions 

A characteristic feature of solid crystals is that the density function q(x, y, z) 
is periodic in three dimensions and extends to unlimited distances. Let us 
consider the possibility of the existence in Nature of bodies whose density 
functions are periodic in only one or two dimensions (R. E. Peierls, 1934; 
L. D. Landau, 1937). 

For example, a body with q = g(x) could be regarded as consisting of par¬ 
allel planes regularly arranged and lying perpendicular to the x-axis, with 
the atoms randomly distributed in each plane. When q = g(x, y), the atoms 
would be randomly distributed along lines parallel to the z-axis, but these 
lines themselves would be regularly arranged. 

To discuss this question, let us consider the displacements undergone by 
small parts of the body as a result of thermal fluctuations. It is clear that, if 
such displacements increase without limit as the size of the body increases, 
there will necessarily be a “smoothing-out” of the function q, in contradic¬ 
tion with hypothesis. In other words, only those structures can occur for 
which the mean displacement remains finite when the dimensions of the body 
become arbitrarily large. 

Let us first confirm that this condition is satisfied in an ordinary crystal. 
Let u(x, y, z) denote the vector of the fluctuation displacement of a small 
region with coordinates x, y, z and let u be represented as a Fourier series; 

u = (137.1) 

t Examples of such groups are given in the book by Bir and’ Pikus quoted in 
§ 134. 
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the components of the vector k take both positive and negative values, 
and the coefficients are related by u_ k since u is real. The series (137.1) 
will include only terms with not too large wave numbers, k <> 1 Id, where d is 
the linear dimension of the region undergoing displacement. We shall 
consider the fluctuations at constant temperature; then their probability is 
given by 

w oc exp {-AF'IT), (137.2) 

where 

AF t = J (F-F) dV (137.3) 

is the change in the total free energy of the body in the fluctuation, and F 
now denotes the free energy per unit volume of the body (cf. (116.7)). 

To calculate AF t , we must expand F—F in powers of the displacement. 
The expansion will involve not the function u(x, y, z ) itself but only its deriv¬ 
atives, since F—F must vanish when u = constant, corresponding to a simple 
displacement of the body as a whole. It is evident that the terms in the ex¬ 
pansion which are linear in these derivatives must be absent, since otherwise 
F could not have a minimum for u = 0. Next, owing to the smallness of the 
wave numbers k, we need go only as far as the terms quadratic in the first 
derivatives of u in the expansion of the free energy, neglecting the terms 
containing the higher-order derivatives. Hence we find that AF t has the 
form 

AF t = \V £ k y , k z ), (137.4) 

where the elements of the real tensor 0 (/ (z and / being the tensor indices, 
over which summation is implied) are quadratic functions of the compo¬ 
nents of the vector k. t 

According to (111.9), we hence find for the mean square fluctuations of 
the Fourier components of the displacement vector 

<w/kW? k > = (T/Htfr}; (k x , k yi k z ), <Mj k M/k') = 0 for k' ^ -k, (137.5) 

where are the components of the tensor inverse to (f> a .t For clarity, 
this expression may be written 

= (137.6) 

t The terms containing products u^u^, exp [/(k+kO’r] with k' 5 * —k disappear 
on integration over the volume. 

£ To determine the constant numerical coefficient in (137.5), we have to note 
that each product appears twice (for ±k) in (137.4), giving 2 re (w^z/^), 
and the real part of the product is itself the sum of two independent pro¬ 
ducts. 


29* 
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where the A tl depend only on the direction of the vector k (n = k/k). The 
mean values («,«/) are found from (137.6) by summation over k; changing 
in the usual manner from this to integration, we get, for example, the mean 
square displacement vector 

V ' j k* (2nf 

= ( 137 ' 7 > 

The integral converges at the lower limit (k -*• 0) linearly in k. f Thus the 
mean square of the fluctuation displacement is, as it should be, a finite 
quantity independent of the size of the body. 

Next, let us consider a body with density function q = £>(*). Since q = 
constant along the y- and z-axes in such a body, no displacement along 
these axes can “smooth out” the density function, and such displacements 
are consequently of no interest here. We need therefore consider only a 
displacement u x . Moreover, it is easy to see that the first derivatives dujdy, 
dujdz cannot appear in the expansion of the free energy, since, if the body is 
rigidly rotated about the y- or z-axis, these derivatives change, whereas the 
free energy must obviously remain constant. Thus in the expansion of F—F 
we have to consider the following terms quadratic in the displacement: 

/ 3 u x \ 2 3 u x / 3 2 u x 3 *u x \ / 3 2 u x 3 2 u x \ 2 

(if)- ; 


the derivatives with respect to y and z appear symmetrically, owing to the 
complete symmetry in the yz-plane. Substitution in (137.3) leads to terms of 
the types 

l«*kl 2 *& \u X k\ 2 kji 2 , [Hjckl 2 * 4 , 

where x 2 = k%+k 2 z . Although the two latter expressions include powers of 
the wave vector components higher than the first expression, they may be 
of the same order of magnitude, since nothing is known a priori concerning the 
relative magnitude of k x and x. 

Thus the change in the free energy will be of the form 

AF t = \V £ | | 2 <Kk„ x 2 ), (137.8) 


where $ is a quadratic function of the variables k x and x 2 . Instead of (137.7), 
we now have 



1 d *k 

<K**,x 2 ) {2nf 


T fdfc, d(x*) 
WJ <f>(k xt x 2 ) * 


(137.9) 


f The integrand as written is valid only when k is not too large. 
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This integral is logarithmically divergent when k — 0. The divergence of the 
mean square displacement implies that a point to which a particular value of 
g{x) corresponds may be displaced through very large distances; in other 
words, the density g(x) is “smoothed out” through the whole body, so that 
no function g(x) is possible except the trivial case g = constant. 

Similar arguments for a body with g — g(x, y) give the following expres¬ 
sion for the mean squares of the displacement: 


<•©>«>- 


T f dk x d k y dk z 
Wj <t>{k x ,k y 7k*y 


(137.10) 


where (f) is again a quadratic function of its arguments. This integral is easily 
seen to converge at the lower limit, so that the mean fluctuational displace¬ 
ment remains finite. Thus bodies having such a structure could in theory 
exist, but it is not known whether they do in fact exist in Nature. 

So far in this section we have been concerned with three-dimensional bod¬ 
ies, and only the arrangement of the atoms was assumed to have a two- 
dimensional (or one-dimensional) ordering. Let us now consider the possi¬ 
bility of an ordered configuration of atoms in two-dimensional systems where 
the atoms occupy only a certain surfaced The two-dimensional analogue of 
ordinary solid crystals would be a film in which the atoms are regularly ar¬ 
ranged at the points of a plane lattice. This configuration could be described 
by a density function g(x,y) (which now has a different meaning from 
that used above, since only atoms on one surface z — constant are consid¬ 
ered). It is easy to see, however, that the thermal fluctuations “smooth 
out” such a crystal, so that g = constant is the only possibility: the mean 
values of the products of components of the fluctuational displacement 
u (in the xy-plane) are again determined by expressions of the form (137.6) 
and (137.7), except that the integration is now taken over two-dimensional 
k-space: 

(«-“/> = (,37.11) 

and the integral diverges logarithmically as k 0 . 

Here, however, the following reservation is necessary. The result obtained, 
strictly speaking, means only that the fluctuational displacement becomes 
infinite when the size (area) of the two-dimensional system increases without 
limit (so that the wave number may be arbitrarily small). But, because of the 
slow (logarithmic) divergence of the integral, the size of the film for which the 


+ Such are monomoleeular adsorbed films at the interface between two iso¬ 
tropic phases; see § 159. 
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fluctuations are still small may be very great. 1. In such cases, a film of finite 
size might have practically “solid-crystal” properties and be approximately 
describable as a two-dimensional lattice. We shall see in § 138 that such 
properties of two-dimensional systems become more marked at lower tem¬ 
peratures. 


§ 138. The correlation function in two-dimensional systems 

The expression (137.11) gives the mean square fluctuational displacement at 
any specified point in a two-dimensional crystal system. A fuller under¬ 
standing of the properties of such systems can be achieved by considering 
the correlation function between the fluctuations at different points in the 
system. 

Let us note first of all that, when T = 0, a two-dimensional lattice of any 
size could exist: the divergence of the integral (137.11) is due to the thermal 
fluctuations (T 0). Let g 0 (r) be the density function of the system at T = O.t 
We can determine the correlation function of the density fluctuations for 
non-zero but sufficiently low temperatures (much less than the Debye tem¬ 
perature). Under these conditions, only long-wavelength vibrations are ex¬ 
cited in the lattice, i.e. the variation of the density function is determined 
mainly by the long-wavelength fluctuations. 

Let the atoms at the points r in the lattice undergo fluctuational displace¬ 
ments u(r). If the function u(r) varies only slightly over distances of the order 
of a lattice constant (corresponding to the fluctuations with small wave 
numbers that we are concerned with here), the change in the density at each 
point in space may be regarded as simply the result of a shift of the lattice 
by an amount equal to the local value of the displacement vector. The 
fluctuating density is then written g(r) = p 0 [r—u(r)], and the correlation 
between its fluctuations at different points ri and r 2 is determined by the 
mean value 

<e(ri) e(r 2 )> = <eo[ri-u(ri)] p 0 [r 2 -u(r 2 )]>. (138.1) 

The periodic function go(r) can be expanded as a Fourier series (cf. (133.2)): 

po(r) = £4- £ eb^ b ' T , (138.2) 

mo 

where the b are the vectors of the (plane) reciprocal lattice and the constant 
term q has been separated from the sum. When these series are substituted 

1 The same applies to three-dimensional bodies with one-dimensional period¬ 
icity, for which the integral (137.9) diverges logarithmically. 

* Here and in the rest of § 138, r = („r, y) is the two-dimensional radius vector 
in the plane of the system. 
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in (138.1) and the result is averaged, the terms containing the products 
pjjgy with b' t* — b disappear, as will be shown below. The product with 
b' = — b gives a contribution to (138.1) 

| e b j 2 exp [/b«(ri-r 2 )] <exp [-/b«(ai-u 2 )]>; (138.3) 

for brevity, we write u(ri) = ui, u(r 2 ) = u 2 . 

The probability distribution for the fluctuations of the displacement 
vector is given by formula (137.2), in which AF t is a quadratic functional 
of u(r). If the values of u(r) for different (discrete) points in space are regarded 
as different fluctuating quantities x a (a = 1,2, ...), this means that the prob¬ 
ability distribution for them is Gaussian. We can then use in the averaging 
in (138.3) the formula 

(exp (a a Xa)) = exp (ioc a oCb(x a x b )) 

(see§ 111, Problem), obtaining 

(exp [—ib»(ui—u 2 )]> = exp (-ib/b/%//), (138.4) 

where 

%u(r) = «/ 2 )( m /i- m / 2 » 

= 2<m,m/>—<M/i«/ 2 )—<M/ 2 «/i) 

(r = ri-r 2 ). It remains to substitute ui and u 2 as the expansions (137.1). 
Noting that the mean values («&«/*') are zero when k' ^ — k, and are given 
by (137.11) when k' = -k, we find 

X „(r) = r(‘^-2(l-cosk.r)^^. (138.5) 

The integral converges for small k , since the factor 1 —cosk-r oc k 2 when 
k — 0.* For large k, the integral diverges logarithmically. This divergence 
is actually due only to the fact that the approximations used are invalid for 
large k: when k £ hek^ ~ T (where c is the velocity of sound; 
see§ 110), the fluctuations cease to be classical. (At low temperatures this 
condition is violated sooner than k 11a, where a is the lattice constant.) 
Noting also that for large k the term containing the rapidly oscillating factor 
cos k»r in the integrand may be omitted, we find 

ta ( r ) = ^ Aii log k^r; ( 138 * 6 ) 

t If we look into the origin of this factor, we see that it arises from the fact 
that b' = — b in (138.3). It is easy to see that when b' ^ — b there will not be 
cancellation in the integrand and the integral will diverge. Since these integrals 
occur in the exponent (cf. (138.4)), their divergence means that the corresponding 
contributions to the correlation function are zero. 
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the bar over A a denotes averaging over the directions of the vector k in the 
plane. 

The required correlation function is now obtained by substituting (138.6) in 
(138.3) and (138.4) and summing over b; the asymptotic law of decrease of 
this function with increasing distance r is given by the least rapidly decreasing 
term in the sum: 

(ebi) e(* *)>“ f cos b#r ’ 

___ (138.7) 

otb = bibiAnfln, 

where b is to be taken as the reciprocal lattice basic vector for which a b has 
its least value. 

Thus, in a two-dimensional lattice, the correlation function does tend to 
zero as r -* °° (unlike a three-dimensional lattice, where it tends to a finite 
limit), but only according to a power law, and more slowly at low temper¬ 
atures.* Note that the correlation function (138.7) depends on the direction 
of r, and the system therefore remains anisotropic. 

Similar but slightly more laborious calculations give a law of the same type 
for the correlation function in a three-dimensional system with density function 
g(x). For comparison, it may be recalled that in an ordinary liquid the correla¬ 
tion function decreases much more rapidly, in fact exponentially (see § 116). 


§ 139. Symmetry with respect to orientation of molecules 

The condition g = constant is necessary but certainly not sufficient for a 
body to be isotropic. This is clear from the following example. Let us imagine 
a body Consisting of elongated molecules, all positions in space of a molecule 
as a whole (i.e. of its centre of mass) being equally probable, but the axes of 
the molecules being predominantly oriented in one direction. Such a body is 
obviously anisotropic, despite the fact that g = constant for each atom pres¬ 
ent in the molecule. 

The property whose symmetry is here under consideration may be formu¬ 
lated in terms of a mutual correlation between the positions of the different 
atoms. Let gw dV% be the probability of finding an atom 2 in the volume 
element dF 2 for a given position of atom 1 (atoms of different types usually 
being involved); gw is a function of the coordinates ri and r 2 of the two 
atoms, and the symmetry properties of this function determine the symmetry 
of the body (in which g = constant). 

t A correlation function of this form was found by T.M. Rice (1965) for a two- 
dimensional superconductor, and by B. Tancovici (1967) and V. L. Berezinskii 
(1971) for a two-dimensional lattice. 
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The fact that the density function q is constant signifies that a relative dis¬ 
placement of parts of the body (without change of volume) does not affect 
the equilibrium state of the body, i.e. does not change its thermodynamic 
quantities. This is precisely the characteristic property of liquids (and gases). 
We must therefore regard bodies with q = constant and an anisotropic 
correlation function qn as forming a distinct category, liquid crystals (an¬ 
isotropic fluids). These include bodies whose molecules are anisotropically 
distributed in respect of their spatial orientation. 

Two types are possible as regards the symmetry of this distribution. For 
one type {nematic liquid crystals) the correlation function depends only on 
the difierenCCT7i = ri—r 2 ;when the length of this vector varies without 
change in its direction, no periodicity of the correlation function occurs, 
though it may undergo oscillations which become less as ri 2 increases. 
The function thus has no translational symmetry, and its symmetry group 
must consist of various rotations and reflections, i.e. is a point group. 
Geometrically, it may be any point group, with symmetry axes of any order, 
but apparently all the known nematic liquid crystals have an axis of complete 
axial symmetry, and the two directions along this axis are equivalent. The 
point groups C^, and have these properties. 1. We shall see in 
§ 140, however, that the symmetry D„ (which has no plane of symmetry) 
makes the state of the liquid crystal unstable, and there consequently must 
appear a certain “secondary” periodic structure typical of liquid crystals of 
the other {cholesteric) type. 

Besides tfertwoTypesTthere exist other anisotropic liquids with various 
layered structures, which are usually classed together as smectic liquid crys¬ 
tals. It seems that at least some of these have a density f^c{ion^(xjthat is 
periodic in one direction only. Such substances may be regarded as consist¬ 
ing of freely moving plane layers at equal distances apart. In each layer the 
molecules have an ordered orientation, but the configuration of their centres 
of mass is random. 

E has been showrTin § 137 that structures with a one-dimensional perio¬ 
dicity of the density function are smoothed out by thermal fluctuations. 
The divergence of these fluctuations is, however, only logarithmic. Although 
this excludes the possibility of a one-dimensional periodicity extended to 
arbitrarily large distances, it does not exlude its existence over comparatively 
small but nevertheless macroscopic regions of space, as already noted at the 
end of § 137. 

Finally, it may be mentioned that in ordinary isotropic liquids also there 
are two different types of symmetry. If the liquid consists of a substance 
which does not have stereoisomers, it is completely symmetrical not only 

1 1n the other groups with axial symmetry (C*. and C^) the two directions along 
the axis are not equivalent. Such liquid crystals would in general be pyroelectric. 
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under a rotation through any angle about any axis but also under a reflection 
in any plane, i.e. its symmetry group is the complete group of rotations about 
a point, together with a centre of symmetry (group K h ). If the substance has 
two stereoisomeric forms, however, and the liquid contains different num¬ 
bers of molecules of the two isomers, it will not possess a centre of symmetry 
and therefore will not allow reflections in planes. Its symmetry group is just 
the complete group of rotations about a point (group IT). 


§ 140. Nematic and cholesteric liquid crystals 

The orientational symmetry of nematic liquid crystals is janiaxial: at every 
point in the liquid there is only one preferred direction of orientation of the 
molecules, namely that of axia l symoigt r y- The macroscopic state of such a 
body can therefore be described by specifying one unit vector n(r) at each 
point, having this preferred direction; it is called the director . In a complete 
equilibrium state the body is iiomogeneou s, i.e. n = constant. Inhomogene¬ 
ous distributions n(r) describe various deformatTonal states of the liquid 
crystal. 

In a macroscopic deformation, n(r) varies slowly through the body; the 
characteristic dimensions of the deformation are large compared with molec¬ 
ular dimensions. The derivatives of n(r) with respect to the coordinates are 
therefore small quantities of an order that increases with that of the deriva¬ 
tive. Representing the total free energy of the deformed liquid crystal (at a 
given temperature) as an integral F t — f F dF, we can expand the free 
energy density F in powers of the derivatives of n(r) (C. W. Oseen, 1933; 
F. C. Frank, 1958). 

The expansion of the scalar quantity F can contain only scalar combina¬ 
tions of the components of the vector n and its derivatives. There are only 
two scalar combinations linear in the first derivatives: the true scalar div n 
and the pseudoscalar n»curl n. The former, on integration over the volume, 
becomes an integral over the surface of the body, and is therefore unimpor¬ 
tant in considering the bulk properties of the substance. 

True scalars quadratic in the first derivatives can be found by taking the 
rank-four tensor 

dttk drii 
dx, dx m 

and forming invariants from it by contraction with respect to pairs of 
suffixes or multiplication by components of the vector n. It must be noted 
here that n is a unit vector, so that 

0 „ - 0«Jt 
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In this way we find the invariants 


[(n.grad)n] 2 , 


9 rik dn k 
dxt dxi ’ 


(div n) 2 , 


dn k dni 
3 Xt dx k ‘ 
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The last two, however, differ only by a divergence: 

3 Hi 3 n k dn k 3«,• _ 3 / dn k dni \ 

3 Xi dx k 3 xt dx k dxi dx k dx k ) ’ 

so that their contributions to the total free energy differ only by an integral 
over the surface of the body, which is of no interest here (J. L. Ericksen, 
1962). The invariant 1. 


9 n k 
3 x t 


3 n k 
dXi 


(n»curl n) 2 4- (div n) 2 . 


and (n»curl n) 2 may therefore be taken as the independent invariant. Lastly, 
there is a pseudoscalar quadratic in the first derivatives: (n«curl n) div n.t 

Scalars linear in the second derivatives are of the same order of smallness 
as the above, but integration by parts reduces all of them to forms quadratic 
in the first derivatives. 

Thus we have the following expression for the free energy density of a 
liquid crystal: 

F = F 0 + fen* curl n + ytfi(div n ) 2 + ^ 2(11 • curl n) 2 

+ yu 3 [(n*grad)n ] 2 + 0 i 2 (n*curl n) div n, (140.1) 

where fe, a u a 2 , a$ and a 12 are (temperature-dependent) constants. 

As already mentioned in§ 139, the directions of n and — n are equivalent 
in all known liquid crystals of these types; to meet this condition, we must 
put a 12 = 0. Moreover, if the symmetry elements of the crystal include 
planes, fe = 0 : since n»curl n is a pseudoscalar and the free energy is a true 
scalar, the coefficient fe must be a pseudoscalar; but a medium having planes 
of symmetry cannot have pseudoscalar characteristics, since reflection in the 
plane would give fe = — fe. Thus the free energy of a nematic liquid crystal is 

F = F 0 + ya^div n) 2 + -^ 2(11 • curl n) 2 + y< 2 3 [(n»grad)n] 2 . (140.2) 

All three coefficients «i, a 2 , a 3 must be positive. Then n = constant corre¬ 
sponds to the equilibrium state. 


+ This is easily proved by expressing in components and taking the z-axis in the 
direction of n at the relevant point in space (then dnjdxf = 0). 

£ The product (n»grad)n*curl n = 0, since from grad n 2 = 0 it follows that 
(n*grad)n = — n xcurl n. 
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If the liquid crystal does not have a plane.o f symmetry, then & ^ 0.* We 
can rewrite (140.1) (with a 12 = 0) as 

F = F 0 + -J-ai(div n) 2 + \a 2 (n . curl n 4- qof + s[(n • grad)n] 2 , (140.3) 

where q 0 — bfa 2 (and the constant —b 2 /2a 2 is included in F 0 ). The equilibrium 
state of such a substance corresponds to a distribution of directions of the 
director such that 

divn = 0, (n»grad)n = 0, n«curln = — q 0 . 

These equations have the solutions 

n x =0, n y — cos qox, n z = sin qox. (140.4) 

This structure (corresponding to cholesteric l iquid crystals) can be imag¬ 
ined as the result of a uniform twisting about the x-axis of a nematic medium 
originally oriented with n = constant in one direction in the yz-plane. 
The orientational symmetry of a cholesteric crystal is periodic in one direc¬ 
tion (the x-axis) in space, so that the correlation function q x2 — Qiz(x, ri 2 ). 
The vector n reverts to its original value after each interval of length 2n/qo 
along the x-axis; but since the directions of n and — n are physically equiva¬ 
lent, the actual period of repetition of the structure is nlq Q . A structure of 
this type is usually said to bsjielicoidal. 

The above theory is, of course, valid only if the period of the helicoidal 
structure is Jaggein comparison with molecular dimensions. This condition 
is in fact satisfied in cholesteric liquid crystals (the period nlq 0 ~ 10~ 5 cm). 


§ 141. Fluctuations in liquid crystals 

Let us consider the fluctuations of the direction of the director n in a nematic 
liquid crystal (P. G. de Gennes, 1968). 

We express n as n 0 +i>, where n 0 = n is the equilibrium direction, constant 
throughout the volume, and v = An is the fluctuation from this value. Since 
n 2 = nj = 1, n 0 *i> s 0, i.e. the vector v is perpendicular to n 0 . Accordingly, 
the correlation function of the fluctuations, 

(^(ri)^)), (141.1) 

is a two-dimensional tensor in the plane perpendicular to no (a and /S being 
vector suffixes in that plane). In a homogeneous but anisotropic liquid, this 

f This symmetry will always occur for a liquid crystal consisting of one stereoiso¬ 
mer of a substance that has molecules with mirror-type asymmetry (such as alt the 
known cholesteric liquid crystals). Crystals consisting of two different stereoiso¬ 
mers of the same substance differ in the sign of the constant b. 
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function depends not only on the magnitude of the vector r = ra—ri but 
also on its direction. 

A magnetic field has a strong influence on the fluctuations of the director. 
This is due to the presence, in the free energy density of a liquid crystal, of a 
further term 

= (141.2) 

which depends on the vector n itself, not on its derivatives as in (140.2).* 
If % a > 0, the equilibrium direction of n is the same as that of the field, but 
if X a ■< 0 it is in the plane perpendicular to the field. We shall take the case 
where % a > 0, so that n 0 1| H. Then (n»H) 2 s* H 2 ( 1 — v 2 ); omitting the term 
independent of v, we can write 

F^=\rJPv 2 . (141.3) 

Taking F from (140.2) and (141.3), and retaining only quantities of the 
second order in v , we get the following expression for the change in the 
total free energy in a fluctuation: 

AF, = £ J {tfi(div vf -f ^(curl* vf -f a 3 (dv/dxf + x a tfV} dV, (141.4) 

with the *-axis in the direction of n 0 . It must be emphasised that, by using 
the expression (140.2) for the energy of the deformed crystal, we thereby 
limit the treatment to fluctuations with wavelengths much longer than 
molecular dimensions. 

We now proceed as in§ 116, expressing the fluctuating quantity v(r) as a 
Fourier series in the volume V : 

v = (141.5) 

After substitution of this series, the expression (141.4) forms a sum of 
terms (AF t \, each of which depends only on the component v k with a partic¬ 
ular value of k. Taking the xy-plane to contain the direction of k (and of 
H), we get 

(AF,\ = iVUa^+atl+XoH*)^ 1 
+(aJ4+a a kl+% 1 ,H i ) | ^ k ]*}. 

Hence (cf. § 116) we find for the mean square fluctuations 
<l»*l*> = T/Vfrk’+aJt+xJf), 

= T/ViaJcl+atkl+ l (141.6) 

(v*v A > =0. . 

t In a uniaxial anisotropic medium, the magnetic susceptibility is a tensor 
1 ik = %odac+%a n i n k> an d the magnetisation of the substance gives rise to a free 
energy term — I The quantity (141.2) is the part of this contribution that 

depends on n. 
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We see that, in the absence of the field, the fluctuations of the Fourier 
components i» k increase without limit as k — 0 (the integrals over d 3 k, which 
give the mean square of the vector v itself, remain finite, however). The 
application of the magnetic field suppresses the fluctuations that have wave 
numbers k <, (where a is the order of magnitude of the coefficients 

ai, a 2 , a 3 )S 

The correlation function (141.1) can be calculated from (141.6), using the 
formula 

<».(ri) = j VkKlnf ; (141.7) 

cf. (116.13). We shall not pause to give the fairly lengthy formula resulting 
from the integration,* but only mention that, in the absence of the field, the 
correlation function decreases as 1/r with increasing distance r = |r 2 —ri|. 
When the field is present, the decrease becomes exponential, with correlation 
radius r c ~ (a/% a ) m H~\ 

The fluctuations of the direction of the director in a cholesteric liquid 
crystal can be treated similarly, and only a brief commentary will be given 
here. 

In a cholesteric medium, we can distinguish the fluctuations of the local 
direction of the helicoidal structure axis and those of the phase (the angle of 
rotation of the vector n about this axis). Fluctuations of the first type are 
finite, but the mean square fluctuation of the phase is (in the absence of a 
magnetic field) logarithmically divergent as k — 0. In this respect, the fluc¬ 
tuations in a medium with one-dimensional periodicity of the orientational 
structure are analogous to those in a medium with one-dimensional perio¬ 
dicity of the particle configuration (§ 137). Strictly speaking, such periodicity 
is consequently impossible in a medium of arbitrarily great extent, but, 
on account of the large value of the helicoidal structure period in cholesteric 

t This type of fluctuation is analogous to the behaviour of the density fluctua¬ 
tions in an ordinary liquid near its critical point and that of the order parameter 
fluctuations near a phase transition point of the second kind (see § 146 and 152 
below). Whereas in these latter cases the factor that suppresses the fluctuations is 
the “distance” from the points concerned, here it is the external magnetic field, 
which is independent of the temperature. Note that it is precisely the increase of 
the fluctuations of n when k is small that enables us to treat these fluctuations 
independently of those of other quantities. In this connection, it is important that 
we are not considering the neighbourhood of phase transition points of the second 
kind. Near such points, the fluctuations of other characteristics of the transition 
also increase, and the fluctuations of n cannot in general be dealt with independently 
of the others. It should also be emphasised that the increase of the fluctuations 
does not lead to any limitations on the range of applicability of (141.6), whereas 
the validity of formula (146.8), for example, is subject to the inequality (146.15). 

* In deriving this, the expressions (141.6) must, of course, be rewritten in a form 
that does not involve a particular choice of the coordinate axes. 
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liquid crystals, the divergence of the fluctuations would occur only for such 
huge dimensions that the whole question is a purely academic one. 

We may add a few words about fluctuations in smectic liquid crystals 
consisting of regularly arranged plane layers. As already mentioned in 
§ 139, such a structure is smoothed out by thermal fluctuations, and can 
therefore occur only in restricted volumes. It is interesting to note, however, 
that these fluctuations are suppressed by a magnetic field. The origin of this 
effect is as follows. 

In each layer, the molecules are oriented in an ordered manner, with a 
preferred direction given by the director n; let this be normal to the surface 
of the layer. When fluctuations occur, the surface of the layers is deformed 
and the director is rotated. Let u be the displacement vector of points in a 
layer, and v again the change in the director (n = no -f v). In long-wavelength 
deformations, the layer may be regarded as a geometrical surface, and the 
small quantities v and u are then related by v = — grad (n»no) (the change of 
direction of the normal to the surface); for their Fourier components we have 
v k — — /x(u k «n 0 ), where x is the component of k in the plane of the layer. 
In the presence of the magnetic field, the change in direction of the director 
makes an additional contribution (141.3), proportional to v 2 , in AF t . This 
in turn has the result that the integral (137.9) which gives the mean square 
of the fluctuational displacement acquires a further term ~ x 2 in the denomi¬ 
nator of the integrand (together with a term in x 4 ), and in consequence the 
integral no longer diverges. 

Lastly, let us consider fluctuations in two-dimensional liquid-crystal 
systems (films). In such a system, the orientation of the molecules is 
specified by a director n lying in the plane of the film. If we consider 
its fluctuations (with wave vectors k in the plane of the film), we get an 
expression analogous to (141.6): in the absence of a field, ( j £) oc 1 /<£(&*, k y ), 
where <f)(k xt k y ) is a quadratic function of the components of k. But to 
find the total fluctuation ( v 2 ) this expression must now be integrated over 
d 2 k oc k dfc, and the integral diverges logarithmically. Thus the thermal 
fluctuations smooth out such a two-dimensional liquid-crystal structure. 
As with a two-dimensional solid crystal (§ 137), however, the logarithmic 
divergence does not exclude the existence of such a structure in regions of 
finite size. 
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PHASE TRANSITIONS OF THE SECOND KIND 
AND CRITICAL PHENOMENA 

§ 142. Phase transitions of the second kind 

It has already been mentioned in § 83 that the transition between phases of 
different symmetry (crystal and liquid; different crystal modifications) 
cannot occur in a continuous manner such as is possible for a liquid and a 
gas. In every state the body has either one symmetry or the other, and there¬ 
fore we can always assign it to one of the two phases. 

The transition between different crystal modifications is usually effected by 
means of a phase transition in which there is a sudden rearrangement of the 
crystal lattice and the state of the body changes discontinuously. As well as 
such discontinuous transitions, however, another type of transition involv¬ 
ing a change of symmetry is also possible. 



To elucidate the nature of these transitions, let us consider a specific 
example. At high temperatures, BaTiOs has a cubic lattice whose unit cell is 
as shown in Fig. 60 (the barium atoms are at the vertices, the oxygen atoms 
at the centres of the faces, and the titanium atoms at the centres of the cells). 
As the temperature decreases below a certain value, the titanium and oxygen 
atoms begin to move relative to the barium atoms parallel to an edge of the 
cube. It is clear that, as soon as this movement begins, the symmetry of the 
lattice is affected, and it becomes tetragonal instead of cubic. 

This example is typical in that there is no discontinuous change in state of 
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the body. The configuration of atoms in the crystal 1, changes continuously. 
However, an arbitrarily small displacement of the atoms from their original 
symmetrical positions is sufficient to change the symmetry of the lattice. The 
resulting transition from one crystal modification to another is called a 
phase transition of the second kind , in contrast to ordinary phase transitions, 
which in this case are said to be of the first kind.* 

Thus a phase transition of the second kind is continuous in the sense that 
the state of the body changes continuously. It should be emphasised, how¬ 
ever, that the symmetry, of course, changes discontinuously at the transition 
point, and at any instant we can say to which of the two phases the body 
belongs. But whereas at a phase transition point of the first kind bodies in 
two different states are in equilibrium, the states of the two phases are the 
same at a transition point of the second kind. 

As well as cases where the change in symmetry of the body occurs by a 
displacement of the atoms (as in the example given above), the change in 
symmetry in a phase transition of the second kind may result from a change 
in the ordering of the crystal. It has already been mentioned in § 64 that the 
concept of ordering arises if the number of lattice points that can be occu¬ 
pied by atoms of a given kind exceeds the number of such atoms. We shall 
use the word “own” for the places occupied by atoms of the kind in question 
in a completely ordered crystal, in contrast to the “other” places which are 
taken by some of the atoms when the crystal becomes disordered. In many 
cases, which will be of interest in connection with transitions of the second 
kind, it is found that the “own” and “other” lattice sites are geometrically 
identical and differ only in that they have different probabilities of contain¬ 
ing atoms of the kind in question. 8 If now these probabilities become equal 
(they will not be unity, of course), all such sites become equivalent, and there¬ 
fore new symmetry elements appear, i.e. the symmetry of the lattice is in¬ 
creased. Such a crystal will be said to be disordered. 

The foregoing may be illustrated by an example. The completely ordered 
alloy CuZn has a cubic lattice with the zinc atoms at the vertices, say, and the 
copper atoms at the centres of the cubic cells (Fig. 61a; a simple cubic Bra- 
vais lattice). When the alloy becomes disordered, copper and zinc atoms 

t To simplify the discussion, we shall conventionally speak of the configuration 
of the atoms or its symmetry as if the atoms were at rest. In reality we should 
speak of the probability distribution for various configurations of the atoms in 
space, and of the symmetry of this distribution. 

t Phase transition points of the second kind are also called Curie points, especi¬ 
ally when they are associated with a change in the magnetic structure of the body. 

8 We may note that in this case it can always be assumed that the probability 
of finding an atom at one of its own sites is greater than at one of the other sites 
simply because, if it were not, we could transpose the nomenclature of the sites. 
30 
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change places, i.e. non-zero probabilities of finding atoms of either kind 
exist at every lattice site. Until the probabilities of finding copper (or zinc) 
atoms at the vertices and at the centres of the cells become equal (that is, 
while the crystal is not completely ordered),these sites remain non-equiv¬ 
alent, and the symmetry of the lattice is unchanged. But when the probabil¬ 
ities become equal, all sites become equivalent, and the symmetry of the 
crystal is raised: a new lattice vector appears, from a vertex to the centre of 
a cell, and the crystal acquires a body-centred cubic Bravais lattice (Fig. 
61b). f 


(a) (b) 



oCu 'KZn 
Fig. 61 


So far we have discussed only transitions between different crystal modi¬ 
fications, but phase transitions of the second kind need not necessarily in¬ 
volve a change in symmetry of the configuration of atoms in the lattice. 
A transition of the second kind can also bring about a transformation be¬ 
tween two phases differing in some other property of symmetry, as for exam¬ 
ple at the Curie points of ferromagnetic or antiferromagnetic substances. 
In this case there is a change in symmetry of the arrangement of the elemen¬ 
tary magnetic moments in the body, or more precisely a disappearance of 
the currents j in it; see the first footnote to § 128. Other phase transitions 
of the second kind are the transition of a metal to the superconducting state 
(in the absence of a magnetic field) and that of liquid helium to the super¬ 
fluid state. In both these cases the state of the body changes continuously, 
but it acquires a qualitatively new property at the transition point. 

Since the states of the two phases are the same at a transition point of the 
second kind, it is clear that the symmetry of the body at the transition point 
itself must contain all the symmetry elements of both phases. It will be 

t Cases are in principle possible where the occurrence of ordering does not cause 
a change in the symmetry of the crystal. A phase transition of the second kind is 
then impossible: even if the transition from the ordered to the disordered state of 
the crystal were to occur continuously, there would still be no discontinuity of 
specific heat (see below). In such cases a phase transition of the first kind is, of 
course, possible. 
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shown below that the symmetry at the transition point itself is the same as 
the symmetry everywhere on one side of that point, i.e. the symmetry of one 
of the phases. Thus the change in symmetry of the body in a phase transition 
of the second kind has the following very important general property: 
the symmetry of one phase is higher than that of the other . 1 It should be 
emphasised that in a phase transition of the first kind the change in symmetry 
of the body is subject to no restriction, and the symmetries of the two phases 
may be unrelated. 

In the great majority of the known instances of phase transitions of the 
second kind, the more symmetrical phase corresponds to higher tempera¬ 
tures and the less symmetrical one to lower temperatures. In particular, a 
transition of the second kind from an ordered to a disordered state always 
occurs with increasing temperature. This is not a law of thermodynamics, 
however, and exceptions are therefore possible.* 

For brevity we shall arbitrarily call the more symmetrical phase simply 
the symmetrical one, and the less symmetrical phase the unsymmetrical one. 

To describe quantitatively the change in the structure of the body when it 
passes through the phase transition point, we can define a quantity 17 , 
called the order parameter , in such a way that it takes non-zero (positive 
or negative) values in the unsymmetrical phase and is zero in the symmetrical 
phase. For instance, in transitions where the atoms are displaced from their 
positions in the symmetrical phase, rj may be taken as the amount of this 
displacement. For transitions with a change in the ordering of the crystal 
(e.g. in the CuZn alloy mentioned above), the parameter rj may be defined 
as 

V = (w C u-H'Zn)/(M > Cu + Wza), 

where w Cu and w Za are the probabilities of finding a copper atom and a zinc 
atom respectively at any given lattice site. For magnetic transitions, 17 may 
be taken as the macroscopic magnetic moment per unit volume of a ferro- 
magnet or the magnetic moment of the sub-lattice for an antiferromagnet. 

It must again be emphasised that the symmetry of the body is changed 
(namely, increased) only when 17 becomes exactly zero; any non-zero value 
of the order parameter, however small, brings about a lowering of the 

t It will be recalled that the term “higher symmetry” refers to a symmetry which 
includes all the symmetry elements (rotations, reflections and translational periods) 
of the lower symmetry, together with additional elements. 

The condition mentioned is necessary but not sufficient for a phase transition 
of the second kind to be possible; we shall see later that the possible changes of sym¬ 
metry in such a transition are subject to further restrictions. 

* One exception, for example, is the “lower Curie point” of Rochelle salt, below 
which the crystal is orthorhombic, but above which it is monoclinic. 
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symmetry. A passage through a phase transition point of the second kind 
has a continuous change of rj to zero. 

The absence of any discontinuous change of state at a phase transition 
point of the second kind has the result that the thermodynamic functions of 
the state of the body (its entropy, energy, volume, etc.) vary continuously as 
the transition point is passed. Hence a phase transition of the second kind, 
unlike one of the first kind, is not accompanied by evolution or absorption 
of heat. We shall see, however, that the derivatives of these thermodynamic 
quantities (i.e. the specific heat of the body, the thermal expansion coefficient, 
the compressibility, etc.) are discontinuous at a transition point of the second 
kind. 

We must remember that mathematically a phase transition point of the 
second kind is a singularity of the thermodynamic quantities, and in partic¬ 
ular of the thermodynamic potential 0\ the nature of this singularity is 
discussed in §§ 148 and 149. In order to see this, let us first recall that a 
phase transition point of the first kind is not a singularity; it is a point at 
which the thermodynamic potentials 0\{P, T) and CP, T) of the two phases 
are equal, and each of the functions 0\ and 0% on either side of the transition 
point corresponds to an equilibrium (though possibly metastable) state of 
the body. In a phase transition of the second kind, however, the thermody¬ 
namic potential of each phase, if formally regarded on the far side of the 
transition point, corresponds to no equilibrium state, i.e, to no minimum of 
0; we shall see in§ 143 that the thermodynamic potential of the symmetrical 
phase would indeed correspond to a maximum of 0 beyond the transition 
point. 

This last result implies that superheating and supercooling effects are 
impossible in phase transitions of the second kind (whereas they can occur 
in ordinary phase transitions). In this case neither phase can exist beyond 
the transition point (here we ignore, of course, the time needed to establish 
the equilibrium distribution of atoms, which in solid crystals may be con¬ 
siderable). 


PROBLEM 

Let c be the concentration of atoms of one component of a binary solid solu¬ 
tion, and c 0 the concentration of these atoms’ “own” sites. If c c 0 the crystal 
cannot be completely ordered. Assuming the difference c—c 0 small and the crystal 
almost completely ordered, determine the concentration A of atoms at “other” 
sites, expressing it in terms of the value A 0 which it would have at c= c 0 for given 
P and T (C. Wagner and W. Schottky, 1930). 

Solution. Considering throughout only the atoms of one component, we use the 
concentration A of atoms at other sites and the concentration A' of their own sites 
not occupied by these atoms; concentrations are defined with respect to the total 
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number of all atoms in the crystal. Clearly 

c—c 0 = A—A'. (1) 

We shall regard the crystal as a “solution” of atoms at other sites and of own 
sites not occupied by atoms, the “solvent” being represented by atoms at their 
“own” sites. The transition of atoms from “other” to their “own” sites can then 
be regarded as a “chemical reaction” between the “solutes” (with small concentra¬ 
tions A and A') to form the “solvent” (with concentration s* 1). Applying to this 
“reaction” the law of mass action, we obtain AA' = K, where K depends only on 
P and T. For c = c 0 we must have A = A' = A 0 ; hence K — A§, and so 

AA'=A§. (2) 

From (1) and (2) we find the required concentrations: 

a = :-[(^^o)+v((^^+4^>], 

x = iH‘--‘-o)+v'{(4-4 0 ) , +‘ a S}]. 


§ 143. The discontinuity of specific heat 

The quantitative theory of phase transitions of the second kind is based 
on a consideration of the thermodynamic quantities of the body for given 
deviations from the symmetrical state (i. e. for given values of the order 
parameter rj); we can represent the thermodynamic potential of the body, 
for example, as a function of P, T and rj. Here it must of course be remem¬ 
bered that in the function 0(P, T, rj) the variable rj is in one sense not on the 
same footing as the variables P and T\ whereas the pressure and temperature 
can be specified arbitrarily, the value of rj which actually occurs must itself 
be determined from the condition of thermal equilibrium, i.e. the condition 
that 0 is a minimum (for given P and T). 

The continuity of the change of state in a phase transition of the second 
kind is expressed mathematically by the fact that the quantity rj takes arbi¬ 
trarily small values near the transition point. Considering the neighbourhood 
of this point, we expand 0(P, T, rj) in powers of??: 

0(P t T , rj) = 0 O +ocr) + Aif + Crp + Brj 1 + ..., (143.1) 

where the coefficients a, A, B, C, ... are functions of P and T. 

It must emphasised, however, that writing 0 as the regular expansion 
(143.1) does not take account of the fact already mentioned that the tran¬ 
sition point is a singularity of the thermodynamic potential; the same is true 
of the later expansion of the coefficients in (143.1) in powers of the tempera¬ 
ture. This section and §§ 144-146 are concerned with a theory 1 based on the 

t This theory is due to L. D. Landau (1937), who also first showed the general 
relation between phase transitions of the second kind and the change in the sym¬ 
metry of the body. 
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validity of such expansions; the conditions for it to be applicable will be 
considered in § 146. 

It can be shown (see§ 144) that, if the states with r] = 0 and r) 0 are of 
different symmetry (as we assume), the first-order term in the expansion 
(143.1) is identically zero: a = 0. The coefficient A{P, T) in the second-order 
term is easily seen to vanish at the transition point, since in the symmetrical 
phase the value rj = 0 must correspond to a minimum of 0, and for this to 
be so it is evident that A > 0 is necessary, while on the other side of the 
transition point, in the unsymmetrical phase, non-zero values of r\ must 
correspond to the stable state (i. e. to the minimum of#), and this is possible 
only if A < 0; Fig. 62 shows the form of the function 0{rj) for A < 0 and 
A >- 0. Since A is positive on one side of the transition point and negative 
on the other, it must vanish at the transition point itself. 



But if the transition point itself is a stable state, i. e. if 0 as a function of 
rj is a minimum at r\ = 0, it is necessary that the third-order term should be 
zero and the fourth-order term positive there: 

A C (P , T) = 0, C c (P, T) = 0, B C (P, T ) ^ 0, (143.2) 

where the suffix c refers to the transition point. 

The coefficient B, being positive at the transition point, is of course also 
positive in the neighbourhood of that point. 

Two cases can occur. In one, the third-order term is identically zero owing 
to the symmetry of the body: C(P, T) = 0. Then there remains at the 
transition point only the one condition A(P, T ) = 0, which determines P as a 
function of T or vice versa. Thus in the PT-p lane there is a line of phase 
transition points of the second kind. 1 

t This condition, however, needs to be made more precise; see the sixth footnote 
to § 145. 
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If, however, C is not identically zero, the transition points are deter¬ 
mined by the two equations A(P, T) = 0, C(P, T ) = 0. In this case, therefore, 
the continuous phase transitions can occur only at isolated points. 1- 

The most interesting case is, of course, that where there is a line of con¬ 
tinuous-transition points. In what follows we shall take the discussion of 
phase transitions of the second kind to refer only to this case, which will now 
be considered. It includes, in particular, transitions due to the appearance 
or disappearance of a magnetic structure. This is because of the symmetry 
under time reversal. The thermodynamic potential of the body cannot be 
altered by this transformation, whereas the magnetic moment (which here 
acts as the order parameter) changes sign. It is therefore clear that in such 
cases the expansion of 0 contains no odd-order terms. 

We shall therefore suppose that C = 0 and the expansion of the thermo¬ 
dynamic potential has the form 

0(P, T, rj) = 0 O (P, T) + A{P, Tfif+B(P , Tfif . (143.3) 

Here B > 0, while the coefficient A >- 0 in the symmetrical phase and A < 0 
in the unsymmetrical phase; the transition points are determined by the 
equation A(P t T) = 0. 

In the theory given here, it is assumed that the function A(P, T) has no 
singularity at the transition point, so that it can be expanded near this point 
in integral powers of the “distance” from the transition: 

A{P, T ) = a(P) (T-T c ), (143.4) 

where T c — T e (P ) is the transition temperature. The coefficient B(P, T ) may 
be replaced by B{P , T c ). The expansion of the thermodynamic potential 
therefore becomes 

0(P, T) = 0 O (i>, T) + a(P) (T- T c yrf + B{P)rf , (143.5) 

with B{P) > 0. 

The dependence of r\ on the temperature near the transition point, in the 
unsymmetrical phase, is determined from the condition for 0 to be a mini¬ 
mum as a function of r\. Equating the derivative d0/drj to zero, we obtain 
r\{A +2 Brf) = 0, and hence 

rf = -A/2B = a(T c -T)/2B; (143.6) 


It can be shown (L. Landau, Zhurnal iksperimentaVnoi i teoreticheskol fiziki 
7, 627, 1937; translation in Collected Papers ofL. D. Landau , p.209, Pergamon, 
Oxford, 1965) that there is always a third-order term in the expansion for the 
transition between an isotropic liquid and a solid crystal. 
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the solution rj — 0 with A < 0 corresponds to a maximum of 0 , not a min¬ 
imum. It should be noted that the configuration of the two phases on the 
temperature scale depends on the sign of a: for a =» 0 and a < 0, the un- 
symmetrical phase corresponds to the temperatures T < T c and T > T c 
respectively. We shall assume below the particular case where the symmet¬ 
rical phase is at T >■ T c , as happens in the great majority of cases, and 
accordingly that a >- 0. 

Neglecting higher powers of % we find for the entropy 

s' = -d0jdT = s 0 -(dA/dT)r ] 2 ; 

the term containing the temperature derivative of r] is zero, because 
d0/dr) = 0. In the symmetrical phase, r) = 0 and S — S 0 ; in the unsym- 
metrical phase, 

S' = So + (a*/2B) (T-T c ). (143.7) 

At the transition point itself, this expression becomes So, and the entropy is 
therefore continuous, as it should be. 

Finally, let us determine the specific heats C p = T(dS/dT) P of the two 
phases at the transition point. For the unsymmetrical phase we have, differ¬ 
entiating (143.7), 

C p = C p0 + a 2 T c /2B. (143.8) 

For the symmetrical phase S = S 0 , and therefore C p = C^. Thus the spe¬ 
cific heat is discontinuous at a phase transition point of the second kind. 
Since B > 0, C p > C p0 at the transition point, i.e. the specific heat increases 
in going from the symmetrical to the unsymmetrical phase, whatever their 
respective positions on the temperature scale. 

Other quantities besides C p are discontinuous: C„, the thermal expansion 
coefficient, the compressibility, etc. There is no difficulty in deriving relations 
between the discontinuities of all these quantities. First of all we note that 
the volume and the entropy are continuous at the transition point, i.e. 
their discontinuities AV and AS are zero: 

AV =0, AS = 0. 

We differentiate these equations with respect to temperature along the curve 
of transition points, i.e. assuming the pressure to be the function of tem¬ 
perature given by this curve. The result is 

A(dV/dT) P + (dP/dT) A(dV/dP) r = 0, (143.9) 

AC P /T- (dP/dT) A(dV/dT) P = 0, (143.10) 

since (dS/dP) T = —(dV/dT) p . These two equations relate the discontinuities 
of the specific heat C p , the thermal expansion coefficient and the compressi- 
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bility at a phase transition point of the second kind (W. H. Keesom and 
P. E. Ehrenfest, 1933). 

Differentiating along the curve of transition points the equations AS = 0 
an dAP — 0 (the pressure is, of course, unchanged in the transition), but with 
temperature and volume as independent variables, we find 


A(dPldT) y +(dV/dT)A(dP/dV) r = 0, (143.11) 

AC v fT+(dVfdT) A(dP/dT)y = 0. (143.12) 

It may be noted that 

AC P = r(dP/dT)M(-0F/0P) r , (143.13) 

AC V = —T(dV/dT) 2 A(—dV/dP)r 1 , (143.14) 


so that the discontinuities of the specific heat and the compressibility have 
the same sign. From the previous statement about the discontinuity of the 
specific heat, it follows that the compressibility decreases discontinuously 
on going from the unsymmetrical to the symmetrical phase. 

To conclude this section, let us return to the first part and consider the 
meaning of the function 0(P, T, r /). 

The formal introduction of this function for any values of 7] does not, 
in general, require the possible existence of actual macroscopic states (par¬ 
tial equilibria) corresponding to such values. We must emphasise, however, 
that such states do in fact exist near a phase transition point of the second 
kind: as the transition point is approached, the minimum of 0 as a function 
of t) becomes steadily flatter. This means that the “restoring force” that 
tends to bring the body to the state having the equilibrium value of r\ be¬ 
comes steadily weaker, so that the relaxation time for the establishment of 
equilibrium with respect to the order parameter increases without limit (and 
certainly becomes much longer than the time for equalisation of pressure 
throughout the body). 


PROBLEM 


Find the relation between the discontinuities of specific heat and heat of solution 
in a transition of the second kind in a solution (I. M. Lifshitz, 1950). 


Solution. The heat of solution per molecule of solute is given by q = 
dfVldn—w' 0 , where W is the heat function of the solution and w' 0 the heat func¬ 
tion per particle of the pure solute. Since w' 0 is not affected by the phase transition 
in solution, we have for the discontinuity of q 


Aq = AQfV/dn) = A~ = -TA(d*0ldn 0T), 


where we have used the fact that the chemical potential p' = d0Jdn is continuous 
at the transition. On the other hand, differentiation of the equation A(d0/dT ) = 0 
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(continuity of entropy) along the curve of the transition temperature as a function 
of the concentration c at constant pressure gives 


dT c A d*& . 
l^ A df i+NA SnST~ °’ 


Hence we have the required relation 

N Aq = (dr c /dc) AC p . 

We may note that in the derivation of this relation no assumption has been made 
concerning the concentration of the solution. 


§ 144. Effect of an external field on a phase transition 

Let us now consider how the properties of a phase transition change when 
the body is subjected to an external field whose action depends on the value 
of the parameter 17 . Without specifying the physical nature of this field, 
we may formulate in general terms the assumptions made about it. These 
amount to asserting that the application of the field is described by the 
appearance in the Hamiltonian of the body of a perturbing operator having 
the form 

8k = -flhV, (144.1) 

which is linear in the field “strength” h and in the operator i) of the quantity 
17 ; V is the volume of the body.* If the thermodynamic potential is defined 
as a function of P, T and h, the mean (equilibrium) value of rj is given by 
Vfj = - d0(P, T , h)/dh, (144.2) 

according to the theorem of differentiation with respect to a parameter; cf. 
(11.4) and (15.11). 

In order to ensure that this relation is satisfied in the Landau theory, we 
must add to the expansion (143.5) a term — rjhV: 

0(P, T, rj) = ®o(P, T)-VatTf+Brf-r}hV, (144.3) 

with the notation t = T—T C {P)X 

t For example, in a ferromagnet near its Curie point (the transition to the para¬ 
magnetic phase), the parameter r\ is the macroscopic magnetic moment per unit 
volume, and the field h is the magnetic field; in a ferroelectric, r\ is the electric dipole 
moment per unit volume of the body, and h the electric field. In other cases, the 
field h need not have a direct physical significance, but its formal introduction 
helps towards a fuller understanding of the properties of the phase transition. 

* In the Landau theory, the equilibrium value of r)(P, T ) is determined by mini¬ 
mising this expansion, i.e. by the condition d&(P, T, rf)ldrj = 0. The relation (144.2) 
is then, of course, satisfied: 




§ 144 
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We may note first of all that any field, however weak, has the result that 
the parameter r] becomes different from zero at every temperature. Thus 
the field reduces the symmetry of the more symmetrical phase, and so the 
difference between the two phases disappears. Accordingly, the discrete 
phase transition point also disappears; the transition is “smoothed out”. 
In particular, instead of the sharp discontinuity of the specific heat, there is 
an anomaly spread over a range of temperatures. The order of magnitude 
of this range can be estimated from the condition rjhV ~ atrf; taking t] 
from (143.6), we then find 

t ~ h 2/z B m V m [a. 

For a quantitative investigation of the transition, we write the equilib¬ 
rium condition (d&/drj) T h = 0: f 

2atr] + 4Brf = hV. (144.4) 

The dependence of r/ on the field h is different for temperatures above 
and below T c . It will be recalled that we agreed to take a > 0, so that the 
temperatures t > 0 (T > T c ) correspond to the symmetrical phase {rj — 0 
for h = 0). 


2atij + 4Bi? 3 -2a|t|ii+4B7? 3 



(a) (b) 

Fig. 64 


+ We are everywhere considering transitions for a given value of the pressure; 
the subscript P indicating that the pressure is constant in the differentiations is 
omitted for brevity. 
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For t >- 0, the left-hand side of equation (144.4) increases monotoni- 
cally with r? (Fig. 63a). The equation therefore has for any given value of h 
just one (real) root, which vanishes when h = 0. The function r\(h) is single¬ 
valued, and the sign of rj is the same as that of h (Fig. 64a). 

If / < 0, however, the left-hand side of (144.4) is not a monotonic func¬ 
tion of rj (Fig. 63b), and so the equation has three different real roots over a 
certain range of values of h , and t]{h) is no longer single-valued (Fig. 64b). 
This range evidently has limits given by the condition 

-z—(fLatr)+4Brf) = 2at + \2Brf — 0, 

Of] 

and is — h t < h < h t , where 


HIHT- (I44 - 5) 

It is easy to see, however, that the whole section of the curve BB' on which 
(i drj/dh) T < 0 corresponds to thermodynamically unstable states: differen¬ 
tiating equation (144.4) with respect to h, we find 



hence we see that (sP&fdrf)^ h < 0 when ( drj/dh) T 0, i.e. 0 has a maxi¬ 

mum here, not a minimum. 

In the sections AB and A'B\ the thermodynamic potential is a minimum, 
but its value is greater than for the minima corresponding to the sections 
A'D' and AD respectively, as is easily seen by direct calculation, although it 
is also obvious a priori : since the field h appears in 0 as the term — rjhV , it is 
certainly more favourable thermodynamically for the sign of rj to be the 
same as that of h. Thus the sections AB and A'B' correspond to metastable 
states of the body, and the true equilibrium form of the function rj(h) is 
given by the continuous curve DA A'D' in Fig. 64b, all points of which 
correspond to thermodynamically stable states. If at a given temperature 
/ •< 0 the field is varied, a phase transition of the first kind occurs when it 
passes through h — 0: at this point phases with values of rj = ±(a \t\/2B) 112 
opposite in sign are in equilibrium together. 

The susceptibility is determined as the derivative 

X = @rjm T;h ^ 0 . (144.7) 

Differentiation of (144.4) gives 


3 rj/dh = Vf(2at+l2Brj*), 
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and substitution (as h -+ 0) of r? 2 = 0 for t =» 0 and rf = — atl2B for t -< 0 
leads to the result 

% = Vjlat for t >■ 0, % — V/—4at for t < 0. (144.8) 

The infinite value of % as t -* 0 is a natural consequence of the fact (already 
mentioned at the end of§ 143) that the minimum of &(rf) becomes steadily 
flatter as the transition point is approached. Because of this, even a slight 
perturbation has a great effect on the equilibrium value of rj. 

The quantity 

h t ~ (a \t\) z,2 /VB 112 

gives the value of the field at which the field-induced parameter rj ind ~ %h 
becomes of the same order of magnitude as the characteristic value of the 
spontaneous (zero-field) r? 8p ~ (a\t\/B) 112 . Fields h«hi are “weak” in the 
sense that they do not affect the thermodynamic quantities of the body in 
the first approximation. Fields h^>hi are “strong” fields for which the 
thermodynamic quantities have values determined by the field in the first 
approximation; evidently, when t = 0, any field is strong in this sense. 

In strong fields, the order parameter is 

r] = (hV/4B) 113 . (144.9) 

It is also easily verified that in this limit the specific heat C p is independent 
of the field. 


§ 145. Change in symmetry in a phase transition of the second kind 

In the theory given in the preceding sections we have considered a phase 
transition of the second kind with some definite change in symmetry of the 
body, assuming a priori that such a transition is possible. Such a theory, 
however, does not say whether a given change of symmetry can in fact occur 
by a transition of the second kind. The theory developed in the present 
section is designed to answer this question; it starts from a different state¬ 
ment of the problem, whereby a certain symmetry of the body at the tran¬ 
sition point itself is specified, and we ask what symmetry is possible on 
either side of this point. 

For definiteness, we shall speak of phase transitions involving a change in 
structure of the crystal lattice, i.e. a change in the symmetry of the config¬ 
uration of atoms in it. Let g(x,y,z)bethe density function (defined in § 128), 
which gives the probability distribution of various positions of the atoms 
in the crystal. The symmetry of the crystal lattice is the set or group of all 
transformations of the coordinates under which the function p(x, y, z) is 
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invariant. Here we mean, of course, the complete symmetry of the lattice, 
including rotations, reflections and also the infinite (discrete) set of all pos¬ 
sible parallel displacements (translations); that is, we are concerned with 
one of the 230 space groups. 

Let Go be the symmetry group of the crystal at the transition point itself. 
As we know from group theory, an arbitrary function g(x, y, z) can be rep¬ 
resented as a linear combination of several functions (f>i, fa, ... having the 
property of being transformed into combinations of one another by all the 
transformations in the group concerned. In general the number of these 
functions is equal to the number of elements in the group, but when the 
function g itself has a certain symmetry the functions (f) { may be fewer in 
number. 

Bearing this in mind, we write the density function g(x, y, z) of the crystal 
as the sum 

6 = 

where the functions <f> { are transformed into combinations of one another 
by all transformations in the group Go. The matrices of these transformations 
form a representation of the group G 0 . The choice of the functions tf> t is not 
unique; they can obviously be replaced by any linear combinations of them¬ 
selves. The functions <f> { can always be so chosen as to form a number of 
independent sets containing the minimum number of functions, the functions 
in each set being transformed only into combinations of one another by all 
transformations in the group G 0 . The matrices of the transformations of the 
functions in each of these sets form irreducible representations of the group 
G 0 , and the functions themselves are the basis of these representations. Thus 
we can write 

Q = (145.1) 

n being the number of the irreducible representation and i the number of the 
function in its basis. In what follows we shall assume the functions to be 
normalised in some definite manner. 

The functions always include one which is invariant under all the 
transformations in the group Go and gives what is called the unit representa¬ 
tion of the group. Thus this function (which we denote by g 0 ) has the 
symmetry of Go. Denoting the remaining part of g by bg, we can write 

Q = Qo + d Q> = Y! (145.2) 

where now the unit representation is excluded from the summation (as 
indicated by the prime to the summation sign). The function bg has a lower 
symmetry than that of Go, since 8g may also remain invariant under some 
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transformations in this group but certainly does not do so under all. We may 
note that the symmetry G of the function q (which clearly is the symmetry 
of dq) has, strictly speaking, been assumed from the start to be lower than 
Go, since otherwise the sum (145.1) would include only one term, the 
function q itself, which gives the unit representation. 1 

Since the physical quantity 8q must be real and must remain real under 
all transformations, we must assume physically irreducible representations 
whose base functions can be taken as real (§ 135); accordingly the functions 
<$"> are taken to be real. 

The thermodynamic potential 0 of a crystal whose density function q is 
given by (145.2) is a function of temperature, pressure and the coefficients 
(and depends, of course, on the specific form of the functions 
themselves). The actual values of the rff* as functions of P and T are deter¬ 
mined thermodynamically from the conditions of equilibrium, i.e. the con¬ 
ditions for 0 to be a minimum. This determines also the symmetry G of the 
crystal, since it is clear that the symmetry of the function (145.2), with func¬ 
tions <$ n) whose laws of transformation are known, is determined by the 
values of the coefficients in the linear combination of the (f)\ n \ 

If the crystal is to have the symmetry Go at the transition point itself, it is 
necessary that all the rff* should be zero there, i.e. do = 0, q = q 0 . Since 
the change in state of the crystal in a phase transition of the second kind is 
continuous, dq must tend continuously to zero at the transition point, not 
discontinuously, i.e. the coefficients rfp must tend to zero through arbi¬ 
trarily small values near the transition point. Accordingly, we can expand 
the potential 0(P, T, rfj 0 ) in powers of the rff* near the transition point. 

First of all let us note that, since the functions (belonging to the 
basis of each irreducible representation) are transformed into combinations 
of one another by the transformations in the group Go, these transformations 
can be regarded as transforming (in the same manner) the coefficients 
iff* instead of the functions $ B) . Next, since the thermodynamic potential 
of the body must obviously be independent of the choice of coordinates, 
it must be invariant under any transformation of the coordinate system, 
and in particular under the transformations of the group G 0 . Thus the ex¬ 
pansion of 0 in powers of the rff* can contain in each term only an invariant 
combination of the rff* that is of the appropriate power. 

No linear invariant can be formed from quantities which are transformed 
according to a (non-unit) irreducible representation of a group, for other- 


t For magnetic transitions, the density q(x, y, z) would have to be replaced by 
the current density J(*. y, z) in the body. In the paramagnetic phase j = 0; beyond 
the transition point j = d) is small. 
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wise that representation would contain the unit representation, i.e. would be 
reducible. Only one second-order invariant exists for each representation: 
a positive-definite quadratic form in the which can always be 
reduced to a sum of squares. 

Thus the leading terms in the expansion of 0 are of the form 

0 = 0o + Y; AM £ (145.3) 


where the A w are functions of P and T. 

At the transition point itself, the crystal must have the symmetry <7 0 , i.e. 
the equilibrium values of the rjjp must be zero. It is evident that 0 can have 
a minimum when every rff* = 0 only if all the A (n) are non-negative. 

If all the A (n) were positive at the transition point, they would also be 
positive near that point, so that the rff> would remain zero and there would 
be no change of symmetry. For some rff* to be non-zero, one of the coeffi¬ 
cients AM must change sign, and this coefficient must therefore vanish at 
the transition point. 1- (Two coefficients AM can vanish simultaneously only 
at an isolated point in the JPT-plane, which is the intersection of more than 
one line of transitions of the second kind.) 

Thus on one side of the transition point all the AM > o, and on the other 
side one of the coefficients AM is negative. Accordingly, all the rff* are always 
zero on one side of the transition point, and on the other side non-zero rff* 
appear. We conclude, therefore, that on one side of the transition point the 
crystal has the higher symmetry G 0 , which is retained at the transition point 


1 Strictly speaking, this condition should be more accurately stated as follows. 
The coefficients AM depend, of course, on the particular form of the functions 
being quadratic functionals of these which depend on P and T as parameters. 
On one side of the transition point, all these functionals >1 <"){$">; P, 7} are posi¬ 
tive-definite. The transition point is defined as that at which (as P or T varies 
gradually) one of the AM can vanish: 

AM{(f)p) ; p t t} > 0 . 

This vanishing corresponds to a definite set of functions which may in 
principle be determined by solving the appropriate variational problem. These 
will also be the functions which determine the change bq at the transition 
point. Substituting these functions in AM{fy"); P, T), we obtain just the function 
AM(p, T) which satisfies the condition of vanishing at the transition point. The 
functions may then be regarded as given, as will be assumed below; the allow¬ 
ance for the variation of the <f> with P and T would lead to correction terms 
of higher order than those of interest here. 
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itself, while on the other side of the transition point the symmetry is lower, 
and so the group G is a sub-group of the group G 0 . 

The change in sign of one of the A (n) causes the appearance of non-zero 
rjjf 0 belonging to the nth representation. Thus the crystal with symmetry <7 0 
becomes one with density q = Qo +&Q, where 

dQ=^4 n) <ti n) (145.4) 


is a linear combination of the base functions of any one of the irreducible 
representations of the group Go (other than the unit representation). Accord¬ 
ingly we shall henceforward omit the index n which gives the number of 
the representation, meaning always the one which corresponds to the tran¬ 
sition considered. 

We shall use the notation 

V 2 = ^vh Vi = VYt, (145.5) 

(so that £yj = 1) and write the expansion of 0 as 
0 = 0 O (i>, T)+rfA(P , T)+tf'ZCJLP, 

+V 4 1 UP, + ..., (145.6) 

where / a (3) , / a (4) , ... are invariants of the third, fourth, etc., orders formed 
from the quantities y t ; in the sums over a there are as many terms as there 
are independent invariants of the appropriate order which can be formed 
from the y { . In this expansion of the thermodynamic potential, the coefficient 
A must vanish at the transition point. In order that the transition point itself 
should be a stable state (i.e. in order that# should have a minimum at that 
point when rj { = 0), the third-order terms must vanish and the fourth-order 
terms must be positive-definite. As has been mentioned in § 143, a line of 
phase transitions of the second kind (in the PT- plane) can exist only if the 
third-order terms in the expansion of 0 vanish identically. This condition 
may now be formulated as requiring that it should be impossible to con¬ 
struct from the rj t third-order invariants which are transformed according 
to the corresponding irreducible representation of the group GoJ 

t In the language of the theory of representations, this signifies that the symmet¬ 
ric cube [JT 3 ] of the representation/ 1 in question must not contain the unit repre¬ 
sentation. For the (literally) irreducible representations of the space groups, there 
cannot be more than one third-order invariant (the proof is given by M. S. Shur, 
Soviet Physics JETP 24, 845, 1967). When two representations are combined as 
one physically irreducible representation, two third-order invariants may occur. 
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Assuming this condition to be satisfied, we write the expansion as far as 
the fourth-order terms in the form 

0 = 0 o + A(P, T)rf+ 7 fY J BfP , T)m 7i ). (145.7) 

Since the second-order term does not involve the y t , the latter are deter¬ 
mined simply from the condition for a minimum of the fourth-order terms, 
i.e. of the coefficient of rf in (145.7). f Denoting the minimum value of this 
coefficient simply by B(P , T) (which must be positive, as shown above), we 
return to the expansion of# in the form (143.3), r) being determined from the 
condition that# is a minimum regarded as a function of rj alone, as in§ 143. 
The values of the y { thus found determine the symmetry of the function 

(145.8) 

i.e. the symmetry G of the crystal which is formed in the transition of the 
second kind from a crystal of symmetry Go$ 

In this formalism, the set of quantities r} t acts as an order parameter de¬ 
scribing the difference between the unsymmetrical and symmetrical phases. 
We see that in general this parameter has several components; the ratios 
y, = rjjr} determine the symmetry of the unsymmetrical phase, and the 
common factor rj gives a quantitative measure of the deviation from the 
specified symmetry. 

The conditions derived above, however, are not yet sufficient to ensure 
the possibility of a phase transition of the second kind. A further essential 
condition is obtained if we consider a fact (hitherto deliberately ignored) 
relating to the classification properties of representations of space groups. 8 

t It may happen than there is only one fourth-order invariant, (Z ^ 2 ) 2 = rf. 
In this case, the fourth-order term is independent of the y h and higher-order terms 
must be used to determine the y t ; these terms depend on the y { . The use of 
higher-order terms may also be necessary when the minimisation of the fourth- 
order terms depending on the y f reduces them to zero. 

t In § 143 we have considered a transition with a given change of symmetry. 
Using the concepts defined here, we can say that the quantities y ( were assumed 
to have given values (so that the function 65 had a given symmetry). With the 
problem stated in these terms, the absence of the third-order term (in the expan¬ 
sion (143.3)) could not be a sufficient condition for the existence of a line of tran¬ 
sition points of the second kind, since it does not exclude the possibility that there 
are third-order terms in the general expansion with respect to several r) ( (if the 
irreducible representation is not one-dimensional). For example, if there are three 
f]i and the product y^Vz is invariant, the expansion of # contains a third-order 
term, whereas this term will vanish if the function dq has a certain symmetry 
which requires that one or two y t should be zero. 

8 The results and examples given below are due to E.M. Lifshitz (1941). 
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We have seen in § 134 that these representations can be classified not only 
by a discrete parameter (such as the number of the small representation) 
but also by the parameter k, which takes a continuous series of values. The 
coefficients A (n) in the expansion (145.3) must therefore depend not only on 
the discrete number n but also on the continuous variable k. 

Let a phase transition correspond to the vanishing (as a function of P and 
T) of the coefficient A (n \k) with a given number n and a given k = k 0 . In 
order that the transition should actually occur, it is necessary that A in) as a 
function of k should have a minimum for k = k 0 (and therefore for all vec¬ 
tors of the star of ko), i.e. the expansion of ^ (n) (k) in powers of k—k 0 about 
k 0 should contain no linear terms. Otherwise, some coefficients A in \ k) 
necessarily vanish before ^ (w) (k 0 ) and a transition of the type in question 
cannot occur. A convenient formulation of this condition can be obtained 
on the basis of the following arguments. 

The value of ko determines the translational symmetry of the functions 0 f , 
and therefore that of the function 6q (145.8), i.e. it determines the periodici¬ 
ty of the lattice of the new phase. This structure must be stable in compari¬ 
son with those which correspond to values of k close to ko. But a structure 
with k = k 0 +* (where x is small) differs from that with k = k 0 by a spatial 
“modulation” in the periodicity of the latter, that is, by the appearance of 
non-uniformity over distances (~ l/«) which are large compared with the 
periods (cell dimensions) of the lattice. Such non-uniformity can be macro- 
scopically described by regarding the parameters r?, as slowly varying func¬ 
tions of the coordinates (whereas the functions 0, oscillate over interatomic 
distances). Thus we obtain the requirement that the state of the crystal 
should be stable with respect to loss of macroscopic homogeneity. 1 

When the quantities are not constant in space, the thermodynamic po¬ 
tential per unit volume of the crystal will depend not only on the rj t but also 
on their derivatives with respect to the coordinates (in the first approxima¬ 
tion, on the first derivatives). Accordingly 0 (for unit volume) must be 
expanded in powers of the rj { and of their gradients Vfy near the transition 
point. If the thermodynamic potential (of the whole crystal) is to be a mini¬ 
mum for constant r) { , it is necessary that the first-order terms in the gradients 
in this expansion should vanish identically. (The terms quadratic in the 

t It must be emphasised, however, that these arguments assume transitions in 
which the symmetry of the less symmetrical phase is the same along the whole 
line of transition points, i.e. the value of k 0 is independent of temperature. As well 
as this class of phase transitions (which alone is covered by the discussion in this 
section), there can also be transitions in which k 0 is dependent on temperature 
and so the periodicity of the less symmetrical phase varies along the line of tran¬ 
sition points. Such transitions will be considered elsewhere (see Electrodynamics ) 
in connection with magnetic phase transitions. 
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derivatives must be positive-definite, but this imposes no restriction on the 
rj {i since such a quadratic form exists for r} t which are transformed by any of 
the irreducible representations.) 

Among the terms linear in the derivatives, the only ones that can be of 
interest are those simply proportional to drjjdx, ..., and those containing 
the products rj t drjjdx __The higher-order terms are clearly of no im¬ 

portance. The thermodynamic potential of the whole crystal, i.e. the inte¬ 
gral J 0 dV over the whole volume, is to be a minimum. The integration of all 
the total derivatives in 0 gives a constant which does not affect the deter¬ 
mination of the minimum of the integral. We can therefore omit all terms 
in 0 which are simply proportional to derivatives of the r^. Among the terms 
containing products r} t drjjdx, ... we can omit all symmetrical combina¬ 
tions rj k drhfdx +»?,drjjdx — d(rj t r] k )/dx t ..., leaving the antisymmetrical 
parts 


Vk 


drji 

dx 


-Vi 


dVk 

dx ’ *■* 


(145.9) 


The expansion of 0 can contain only invariant linear combinations of the 
quantities (145.9). Hence the condition for a phase transition to be possible 
is that such invariants do not appear. 

The components of the gradients Vfy are transformed as the products of 
the components of a vector and the quantities rj/. The differences (145.9) are 
therefore transformed as the products of the components of a vector and the 
antisymmetrised products of the quantities rj t . Consequently the require¬ 
ment that no linear scalar can be formed from the quantities (145.9) is 
equivalent to the requirement that no combinations which transform as the 
components of a vector can be formed from the antisymmetrised products 

u = Wk-M'i ; ( 145 . 10 ) 

here the (j> t and <f>l are the same base functions of the relevant irreducible 
representation, which we regard as taken at two different points x, y, z and 
x\ y\ if in order that the difference shall not be identically zero. 1 Labelling 
the base functions by the two suffixes ka (as in§ 134), we write the difference 
(145.10) in the form 

^k«,k'/9 = — (145.11) 

where k, k', ... are vectors of the same star. 


t In the language of the theory of representations, this means that the antisym¬ 
metric square {T 2 } of the representation F in question must not contain the irre¬ 
ducible representations by which the components of a vector are transformed. 
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Let the vector k occupy the most general position and have no proper 
symmetry. The star of k contains n vectors according to the number of rota¬ 
tional elements in the group (or 2 n if the space group itself does not include 
inversion), each k being accompanied by the different vector — k. The cor¬ 
responding irreducible representation is given by the same number of func¬ 
tions <f) k (one for each k, and so we omit the suffix a). The quantities 

4, -k = (145.12) 

are invariant under translations. Under the rotational elements, these n (or 
2 n) quantities are transformed into combinations of one another, giving a 
representation of the corresponding point group (crystal class) with dimen¬ 
sion equal to the order of the group. But this representation (called a regular 
representation) contains all the irreducible representations of the group, 
including those by which the components of a vector are transformed. 

Similar considerations show that it is possible to form a vector from the 
quantities % ka> _k/» in cases where the group of the vector k contains one axis 
and planes of symmetry passing through that axis. 

This discussion becomes inapplicable, however, if the group of the vector 
k contains axes which intersect one another or intersect planes of symmetry, 
or contains inversion; such groups will be said to have a central point. 
In such cases the question of constructing a vector from the quantities 
(145.11) requires separate treatment in each particular case. In particular, 
such a vector certainly can not be constructed if the group of k contains 
inversion, so that k and — k are equivalent, and only one function <f> k 
corresponds to each k in the star; in this case there are no Xiae invariant 
under translations (as the components of a vector must necessarily be). 

Thus the requirement formulated above greatly restricts the possible chan¬ 
ges of symmetry in a phase transition of the second kind. Of the infinity of 
different irreducible representations of the group G 0 , we need consider only a 
comparatively small number for which the group of the vector k has a central 
point. 

A proper symmetry of this kind can, of course, occur only for vectors 
k which occupy certain exceptional positions in the reciprocal lattice, their 
components being equal to certain simple fractions -§> \) of the basic 
vectors of that lattice. This means that the change in the translational sym¬ 
metry of the crystal (i.e. in its Bravais lattice) in a phase transition of the 
second kind must consist in an increase by a small factor in some of the 
basic lattice vectors. Investigation shows that in the majority of cases the 
only possible change in the Bravais lattice is a doubling of the lattice vectors. 
In addition, in body-centred orthorhombic, tetragonal and cubic and face- 
centred cubic lattices some lattice vectors can be quadrupled, and in a hex¬ 
agonal lattice tripled. The volume of the unit cell can be increased by a factor 
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of 2,4 or 8, in a face-centred cubic lattice also by 16 or 32, and in a hexagonal 
lattice by 3 or 6. 

Transitions are, of course, also possible without change of Bravais lattice 
(corresponding to irreducible representations with k = 0). The change in 
symmetry then consists in a decrease in the number of rotational elements, 
i.e. a change in the crystal class. 

We may note the following general theorem. A phase transition of the 
second kind can occur for any change in structure which halves the number 
of symmetry transformations; such a change may occur either by a doubling 
of the unit cell for a given crystal class or by a halving of the number of 
rotations and reflections for a given unit cell. The proof is based on the fact 
that, if the group Go has a sub-group G of half the order, then the irreducible 
representations of Go always include a one-dimensional representation given 
by a function which is invariant under all transformations of the sub-group G 
and changes sign under all the remaining transformations of the group Go. 
It is clear that in this case there are no odd-order invariants, and no quanti¬ 
ties of the type (145.11) can be formed from one function. 

The following theorem also appears to be valid. Phase transitions of the 
second kind cannot occur for changes in structure which reduce to one-third 
the number of symmetry transformations, owing to the presence of third- 
order terms in the expansion of 0. 

Finally, to illustrate the practical applications of the general theory given 
above, let us consider the occurrence of ordering in alloys which, in the dis¬ 
ordered state, have a body-centred cubic lattice with atoms at the vertices 
and centres of cubic cells, as in Fig. 61b (§ 142).* The problem is to determine 
the possible types of ordering (called superlattices in crystallography) which 
can appear in such a lattice in a phase transition of the second kind. 

For a body-centred cubic lattice, the reciprocal lattice is face-centred cubic, 
If the edge of the body-centred cubic lattice cell is taken as the unit of length, 
the edge length of the cubic cell in the reciprocal lattice is 2*2 jt, and in this 
lattice the following vectors k have proper symmetry groups with a central 
point: 

(a) (000) O h 

(b) (*H) o h 

(C) (ttt). ( T H -t) T d (145.13) 

(d) (o-H), U-o|), (HO), 

(Oj-H (Hoi), (W>) Dm\ 


* Such a lattice belongs to the symmorphic space group 0\. 
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These symbols show the components of the vectors k along the edges of 
the cubic reciprocal lattice cell (x, y, z axes) as fractions of the edge lengths. 
In order to obtain the vectors k in the units specified above, these numbers 
must be multiplied by 2*2 jt = 4jt. In (145.13) only non-equivalent vectors 
are shown, i.e. the vectors of each star. 

The subsequent discussion is greatly simplified by the fact that not all small 
representations need be considered in solving the problem in question. The 
reason is that we are concerned only with the possible changes of symmetry 
that can occur by the formation of a superlattice, that is, by an ordered 
arrangement of atoms at existing lattice sites without relative displacement. 
In this case the unit cell of the disordered lattice contains only one atom. 
Hence the appearance of the superlattice can only mean that the lattice 
points in different cells become non-equivalent. The change bq in the 
density distribution function must therefore be invariant under all rotational 
transformations of the group of k (without simultaneous translation). Thus 
only the unit small representation is admissible, and accordingly u a may be 
replaced by unity in the base functions (134.3). 

Let us now consider in turn the stars listed in (145.13). 

(a) The function with k = 0 has complete translational invariance, i.e. in 
this case the unit cell is unchanged, and since each cell contains only one 
atom no change of symmetry can occur. 

(b) The function e 27I ' (x+y+z) corresponds to this k. The linear combination 
(of this function and the functions obtained from it by all rotations and 
reflections) which has the symmetry O h of the group of k is 

<j> = cos 2nx cos 2ny cos 2nz. (145.14) 

The symmetry of the phase formed is that of the density function g = g 0 +<5g, 
bq = r}<f>J The function <f) is invariant under all transformations of the class 
O h and under translations along any edge of the cubic cell, but not under a 
translation through half the space diagonal, (y -j Hence the ordered phase 
has a simple cubic Bravais lattice with two non-equivalent points in the unit 
cell, (000) and (-§- y y); these will be occupied by different atoms. The alloys 
which can be completely ordered in this way have the composition AB (e.g. 
the alloy CuZn mentioned in § 142). 

(c) The functions corresponding to these k which have the symmetry T d are 

(/> i = cos nx cos ny cos nz , 

.... (145.15) 

q> 2 = sin nx sin ny sm nz. 


t This does not mean, of course, that the change bq in an actual crystal is given 
by the function (145.14). Only the symmetry of the expression (145.14) is important. 
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From these we can form two fourth-order invariants: (0? +4 > IT and ($ +4>%). 
The expansion of 0 (145.7) therefore has the form 

0 = 0 o +A V *+B 1 'n*+B 2 rf(y*+' } i). (145.16) 

Here two cases must be distinguished. Let B% < 0; then0 as a function of y i 
and y 2 , with the added condition y\ +y$ = 1, has a minimum for y l = 1, 
y 2 = 0. The function 8q = r)<f>i has the symmetry of the class O h with a face- 
centred Bravais lattice, whose cubic cell has a volume 8 times that of the 
original cubic lattice cell. The unit cell contains 4 atoms; the cubic cell, 
16 atoms. By placing like atoms at equivalent lattice sites we find that this 
superlattice corresponds to a ternary alloy of composition ABC 2 with atoms 
in the following positions: 

4A (000), (0 -J- -§-) & cyclic, 

4B (-£- j- i), (0 0 -J-) & cyclic, 

8C (iff), (tit), (Hi) & cyclic, (iff) & cyclic; 

here the coordinates of the atoms are given in units of the edge length of the 
new cubic lattice cell, which is twice that of the original cell (see Fig. 65a); 
“& cyclic” denotes cyclic interchange. If the B and C atoms are identical 
we obtain an ordered lattice of composition AB 3 . 

o A 

• 8 

o-C 


(a) (b) 

Fig. 65 

Now let B 2 >- 0. Then 0 has a minimum at yl — yt~ f, so that 8q — 
r](<f>i+<l>2)/V2 (or »7(0i—^ 2 )/V2, which leads to the same result)^ This func¬ 
tion has the symmetry of the class O h with the same face-centred Bravais 
lattice as in the preceding case but only two sets of equivalent points, which 
can be occupied by atoms of two kinds A and B: 

8A (000), (ttt)> (iff) & cyclic, (0 \ -£-) & cyclic, 

86 (iff)* (iff) & cyclic, (00f) & cyclic 

(see Fig. 65b). 

t The fact that y 1 and y 2 are in each case simply numbers is due to the presence 
in 0 of only one term (which depends on y x and y 2 ). When there are more fourth- 
order invariants, the sets of y t that minimise 0 may include some that depend 
on P and T. 
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(d) The following functions with the required symmetry D 2h correspond to 
these vectors k: 


(f> i = cos 7i(y—z), </> 3 = cosjt (x—y), fa = cos n(x—z), 
fa = cos n(y + z), fa = cos n(x+y), fa = cos n(x -f z). 

From these we can form one third-order invariant and four fourth-order 
invariants, and so the expansion (145.6) becomes 

0 = 0 O -f Arf + Crf(yiyzy& + ynyzyt+yiyty* + ytym) 

+ Btf*+Bffai -f A +>4'4- y i+ A + 

+Btffiyxyzyzyi +ysyw* + ymysy#)- 

Because cubic terms are present, a phase transition of the second kind is 
impossible in this case. To examine whether isolated points of continuous 
transition can exist and the properties of such points (see§ 150) it would be 
necessary to investigate the behaviour of the function 0 near its minimum; 
we shall not pause to do so here. 

The above example shows what rigid limitations are imposed by the ther¬ 
modynamic theory on the possibility of phase transitions of the second kind; 
for example, in this case they can exist only when superlattices of three types 
are formed. 

The following fact may also be pointed out. In case (c), when 2?a < 0, the 
actual change in the density function, dg = rjfa, corresponds to only one of 
the two parameters y lf y% which appear in the thermodynamic potential 
(145.16). This illustrates an important feature of the foregoing theory: in 
considering a particular change in the lattice in a phase transition of the 
second kind, it may be necessary to take account of other, “virtually pos¬ 
sible”, changes. 


§ 146. Fluctuations of the order parameter 

It has already been mentioned several times that the actual point of a phase 
transition of the second kind is a singularity of the thermodynamic functions 
for the body. The physical nature of this singularity consists in an anomalous 
increase in the fluctuations of the order parameter, which in turn is due to 
the already described flatness of the thermodynamic potential minimum 
near the transition point. The form of this increase in the Landau model is 
easily found. We shall assume that the change of symmetry in the transition 
is described by only one parameter rj. 
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The minimum work needed to bring the system out of equilibrium for 
given constant values of the pressure and temperature is equal to the change 
A0 t in the thermodynamic potential. 1- The fluctuation probability for con¬ 
stant P and T is therefore 


w oc exp (— A0tjT'). (146.1) 

In this section the equilibrium value of rj will be denoted by fj. For a small 
departure from equilibrium, 

A0 t - - fj) 2 (0 2 0,/07? 2 ) Pi t . 

By means of (144.6) we can express the derivative d 2 0 t /drj 2 in terms of the 
susceptibility of the substance in a weak field, according to the definition 
(144.7). Then the fluctuation probability (at temperatures near the transition 
point T c ) is 

w cc exp [-(y-fj) 2 VI2%T C ]. 

Hence the mean square fluctuation is 

<W> = T eX fV. (146.2) 

This expression can also be derived directly from the fluctuation-dissi¬ 
pation theorem. To do so, we need only note that, if the field h is identified 
with the external interaction / (with frequency co = 0) which appears in the 
formulation of the theorem (§ 124), then the corresponding quantity x is 
ArjV , and the generalised susceptibility a(0) is the product %V. Formula 
(146.2) follows from (124.14). 

According to (144.8), the mean square (146.2) increases as 1/t when T — T c . 
For a fuller elucidation of the nature and significance of this divergence, 
let us determine the spatial correlation function of the fluctuations of the 
order parameter. We shall be concerned with long-wavelength fluctuations in 
which the fluctuating quantity varies slowly through the body; it is these 
fluctuations which, as we shall see later, increase anomalously near the tran¬ 
sition point. 

For an inhomogeneous body (such as it becomes when the inhomogeneous 
fluctuations are taken into account), the thermodynamic potential would 
have to be expressed as the integral 0 t = J 0 dV of the potential density, 
a function of the coordinates of a point in the body. However, in the de¬ 
scription of the thermodynamic state by the potential 0 , the number N of 
particles in the body is given, not its volume (which depends on P and T). 

t In this section the thermodynamic potential (0, and later Q) for the body as a 
whole is denoted by the suffix t; letters without suffixes are used for the potential 
values per unit volume. 
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It is therefore useful to change to a description by another potential which 
relates to some chosen and specified volume V in the medium, containing 
a variable number N of particles. This can be Q t (T, fx), a function of tem¬ 
perature and chemical potential (x (for given V ); the variable P is here re¬ 
placed by / 1 , which has analogous properties; like P, it is constant throughout 
a system in equilibrium. 

Near the transition point, the ^-dependent terms in the expansion of the 
function &(P, T , rf) (144.3) constitute a small increment to &o (P, T), and 
after rj has been determined by minimisation the remaining terms are all of 
the same order of magnitude. According to the theorem of small increments, 
we can therefore immediately write down a similar expansion for the poten¬ 
tial Q(fx, T, rj): 


Q(fx, T, rj) = Q<fjx t T)±<*tr) 2 + brj*-r)h, (146.3) 

with the same coefficients but expressed, in terms of a different variable, 
(x instead of T; the potential Q is here taken per unit volume, and so the 
coefficients are a = a/V, b = B/V. f 

The expansion (146.3) relates to a homogeneous medium. In an inhomo¬ 
geneous body, it includes not only different powers of rj itself but also deriv¬ 
atives of various orders with respect to the coordinates. For long-wave¬ 
length fluctuations, we need take only the terms in the expansion that con¬ 
tain derivatives of the lowest order (and the lowest powers of these). The 
terms linear in the first-order derivatives, of the form f(rj) drj/dx lt give in¬ 
tegrals over the surface on integration through the volume, which represent 
a surface effect unimportant here.* The same is true of terms proportional 
to dhj/dxj dx k . Thus the first terms to be taken into account in the expansion 
of Q in derivatives are those proportional to rj d 2 r)/dx l dx k or (drj/dxj) ( drj/dx k ). 
The former reduce to the latter on integration over the volume. We find 
ultimately that the function Q written above has to be supplemented by terms 
of the form 

(146 - 4) 

as always, summation over repeated vector suffixes is implied. We shall take 
only the simplest case (corresponding to cubic symmetry with rj = 0), when 

t Here, however, it has to be remembered that the expansion of the coefficient 
A 2 * at must now be made in powers of the difference t = T—T c (/x), not T—T C (JP); 
in this sense, the value of the coefficient a — at V changes. 

^ There are no first-order terms in the first derivatives in the expansion off?, 
even when the transition is described by several order parameters. In such cases, 
the proposition can be verified only by using also the conditions for the stability 
of the body at the transition point (§ 145). 
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gik = gd lfc ; this case already shows all the characteristic features of the 
correlation function. Thus we write the thermodynamic potential density as 

Q — Q 0 +oLtif + brf+g(dr}/ dr) 2 — rjh. (146.5) 

It is evident that, for stability of a homogeneous body, g > 0; otherwise, 
Q t cannot have a minimum when r) = constant. 

Considering fluctuations for given fi and T, we must write their proba¬ 
bility as 

w oc exp (—AQ,/T), 

since the minimum work needed in these conditions to bring the system out 
of equilibrium is R mi „ = —AQ r Specifying the value of r) in a chosen volume 
V does not prevent the exchange of particles (or energy) between this volume 
and the surrounding “medium”. We can therefore consider the fluctuations 
of r] for constant fi (and T); cf. the beginning of§ 115. 

Let us take the particular case of fluctuations in the symmetrical phase 
(in the absence of a field h); then fj = 0, so that zb? = r). As far as the second- 
order terms, the change in the potential Q t is f 

AQ, = J [a t(Arj) 2 +g(d At)/dr) 2 ] dV. (146.6) 

We now proceed as in§ 116, expanding the fluctuation Ay)(t) as a Fourier 
series in the volume V: 

Arj = ^zb/ k e <k,r , Arj^ = Arfe ; (146.7) 

the gradient is 

dArj/dr = '^ t ikAr) )s e tk,T . 

On substitution of these expressions in (146.6), the integration over the vol¬ 
ume causes all terms to vanish except those which contain the products 
Zli^d^_ k = MfjJ 2 . The result is 


AQ t = F^^+a/)!^! 2 , 

and hence 

<1 zbfc! 2 ) = T/2V(gk 2 +*t); (146.8) 


The theory of fluctuations based on an expression of this type was first devel¬ 
oped by L. S. Omstein and F. Zemicke (1917) for fluctuations near the critical 
point. 
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cf. the derivation of (116.12) from (116.10). We see that as t — 0 it is in fact 
the long-wavelength fluctuations with k ~ Vi&t/g) which increase.* It must 
be emphasised that the formula (146.8) itself is valid only for sufficiently 
long wavelengths Ilk, which must always be large compared with interatomic 
distances. 

The required correlation function will be denoted by 

G(r) = (Arjit!) Arj(tz)), r = ri-r 2 , (146.9) 

and is calculated as the sum 

G(t) = 

or, changing to integration in k-space, 

G{ r) = J (\Arj k \ 2 )e lk,T V d 3 kf(2jif. (146.10) 

Using the Fourier transformation formula given in the footnote to § 117, 
Problem 3, we find (for r j* 0) 

Gif) = (TJSngr) exp (-r/r c ), (146.11) 

where 

r c = V(s/«0 (146.12) 

is called the correlation radius of the fluctuations; it determines the order 
of magnitude of distances at which the correlation decreases significantly. 
As the transition point is approached, the correlation radius increases as 
l/Vt, and at the transition point itself the correlation function decreases as 
1/r. 

When r = 0, the integral (146.10) determines the mean square fluctuation 
of the parameter r\ in an infinitesimal volume element; it diverges for large k. 
This divergence, however, is simply due to the invalidity, in this region, of 
the expression (146.8) (which relates to long-wavelength fluctuations), and 
signifies only that {{Arjf) contains a term independent of t. 

It must be emphasised, to avoid misunderstanding, that the previous 
expression (146.2) determines the fluctuations of the parameter r) averaged 

* Analogous results are, of course, obtained on the other side of the transition 
point, in the unsymmetrical phase. Here fj = (—af/26) 1 ^, and the change in the 
potential Q t (again as far as quantities ~ (Arj) 2 ) is 

AQ t = J {-2oLtiArif+gid ArildT) 2 ]dV, 

instead of (146.6). It is clear that the results obtained for (|zl? 7 k | 2 ) (and for the corre¬ 
lation function below) will differ from the above only in that cut is replaced by 
2a \t\. 
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over a volume V whose linear dimension / » r c \ this quantity may be denot¬ 
ed by {Arjf) v . The mean value of the function Arj(r) over the volume V is 
just the Fourier component Ar) k _ 0 ; it is therefore natural that the expres¬ 
sion (146.8) for k = 0 coincides with (146.2). The latter can also be derived 
from the correlation function by the obvious formula 

=-^j<^(n)^(r*)> dV, dV 2 

= ~jG(r)dV, (146.13) 

which is valid for any finite volume V. We may note that at the point t = 0 
itself (where G cc 1/r) this integral is proportional to 1//, where / is the linear 
dimension of the region in which the fluctuations are considered. The mean 
square {{Arjf) v depends on the shape of the region as well as on its volume. 

We can now formulate the condition that determines the validity of this 
theory of fluctuations based on the expansion (146.5). This condition must 
be that the mean square fluctuation of the parameter r) averaged over the 
correlation volume is small compared with the characteristic value rp ~ 
a \t\lb. This quantity is given by (146.2) when V ~ r\, and we arrive at the 
condition 

T c %/r*«x\t\lb, (146.14) 

or (with % and r c from (144.8) and (146.12)) 

a 1 1\ »r 2 h 2 /g 3 (146.15) 

(A. P. Levanyuk, 1959; V. L. Ginzburg, 1960). t 

The determination of the temperature dependences in the formulae derived 
above has also required expansions in powers of t — T—T c (in the coeffi¬ 
cients of the expansion with respect to rj). The admissibility of such an 
expansion implies that the condition / <cT c is satisfied; for it to be com¬ 
patible with (146.16), we must certainly have 

T c b 2 /oLg* « 1. (146.16) 

The conditions (146.14)-(146.16) ensure that the fluctuations are suffi¬ 
ciently small, and also that the whole Landau theory of phase transitions 

given in the preceding sections is applicable. We see that a temperature range 
in which this theory is valid exists only if the inequality (146.16) is satisfied. 
In such cases, the conclusions of the theory remain valid as regards the 

t This condition can also be verified by a direct calculation of the fluctuation 
correction to the specific heat of the body near the transition point; see § 147, 
Problem. 
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selection rules for the possible changes of symmetry in transitions. 1. As 
regards the temperature dependence of the thermodynamic quantities, 
however, there is necessarily a narrow range of temperatures near T c where 
the Landau theory is inapplicable. The conclusions of this theory must there¬ 
fore refer only to states of the two phases outside that temperature range. 
For example, the expressions derived in § 143 for the discontinuities of the 
thermodynamic quantities are to be regarded as the differences of their 
values at the two ends of the range. We shall call the immediate neighbour¬ 
hood of the point T c , corresponding to the opposite of the inequality (146.15), 
the fluctuation range ; in it, the fluctuations play the dominant role. 

In the above calculations, no account has been taken of the elastic proper¬ 
ties that distinguish a solid from a liquid,* or the deformation of a body in 
consequence of ordering (which we shall call striction). Within the Landau 
theory, these effects do not alter the conclusions reached in the preceding 
sections. The combined action of the two effects may, however, considerably 
alter the fluctuations of the order parameter, and therefore the nature of the 
phase transition. The investigation of this problem demands an extensive 
use of elasticity theory, and is therefore outside the scope of the present 
volume. Here, we shall simply state some results. 

The striction deformation may be either linear or quadratic in the order 
parameter, depending on the symmetry of the crystal. These two cases show a 
different influence of the elastic properties of the body on the phase transition. 

For linear striction, let y denote the order of magnitude proportionality 
coefficients between the components % of the deformation tensor and the 
order parameter: % ~ yrj. The influence of this effect on the fluctu¬ 
ations appears in the neighbourhood of the transition point for which 
a/ ;$ y 2 /A, where A is the order of magnitude of the elastic moduli of the 
body. In many cases, striction is a weak effect, and in this sense y is a small 
quantity. Then the temperature range mentioned is narrow and lies within 
the fluctuation range. 

The long-wavelength fluctuations {k<, y/{ y 2 /Ag)) are then suppressed, and 
the correlation radius does not increase beyond values r c ~ Vis^ly 2 )- The 
specific heat therefore has only a finite discontinuity at the transition point, as 
in the Landau theory. 8 

t For transitions described by more than one order parameter, the establishment 
of all the conditions for the Landau theory to be valid requires more detailed 
analysis. 

* What is important here is not so much the actual anisotropy of these properties 
but rather the fact that the deformations cannot be reduced to a single hydrostatic 
compression. In this sense, the following discussion would also apply to an iso¬ 
tropic solid with a non-zero shear modulus. 

§ See A. P. Levanyuk and A. A. Sobyanin, JETP Letters 11, 371, 1970. 
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Quadratic striction leads to different results. 1. This effect likewise suppresses 
the fluctuations, but to a smaller extent. Whereas the specific heat would 
become infinite at the transition point without allowance for striction (see 
§ 148), the quadratic striction leads instead to a small discontinuity of the 
entropy, i.e. the phase transition is of the first kind and close to the second 
kind; the specific heat remains finite, although it has anomalously high 
values.* 


PROBLEM 

Determine the correlation radius of the fluctuations of the order parameter in 
an external field h at T= T c . 

Solution. The equilibrium value fj is given by (144.9) and the thermodynamic 
potential density is 

Q = Q 0 -f brf + gidrjfd r) 2 - hr] 

_ 3A!/3A2/3 

= &+ 2 i/r in~nf +g(6??/9r) 2 . 

For the correlation function we again obtain (146.11), with the correlation radius 
r c = 2 1 V / 73 1/2 6 1/6 />i/ 3 . 


§ 147. The effective Hamiltonian 

Before going on to describe the properties of the phase transition outside 
the range of applicability of the Landau theory (i.e. in the immediate neigh¬ 
bourhood of the transition point) we shall show how the statistical problem 
of investigating these properties could be formulated. 8 

According to (35.3), the thermodynamic potential Q is given by the parti¬ 
tion function 

Q = -Tlog^e^J e~ E ^P^ T dT N , (147.1) 

where the integration is taken over the whole phase space of a system of N 
particles. If the integration is taken only over the part of phase space that 

1 This case occurs, in particular, for transitions from the paramagnetic to the 
ferromagnetic state, where the order parameter is the magnetisation vector of the 
crystal. A linear dependence of the deformation on the magnetisation is excluded 
by the requirement of symmetry under time reversal (which leaves the deformation 
unchanged but changes the sign of the magnetic moment). 

* See A. I. Larkin and S. A. Pikin, Soviet Physics JETP 29, 891, 1969. 

8 This formulation of the problem for phase transitions of the second kind is 
due to L. D. Landau (1958). 
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corresponds to a given distribution of the order parameter r](r), the function¬ 
al £[7?(r)] defined by (147.1) may be regarded as the potential corresponding 
to that distribution. A continuous distribution r)( r) may here be conveniently 
replaced by a discrete set of complex variables rj k = rj k +/%, the components 
in the Fourier expansion (146.7). Then the definition of Q[r]] becomes 

= -riog exp 

X]J 6(ti~ri(p, q; N)) 6(r£-r&(p, q; N)) dr„, (147.2) 

where r\ k {p, q\ N) are the quantities rj k as functions of the point p, q in phase 
space. It is evident that, with this definition, 

Q = -T log J exp (-Q[rj\jT) ]Jd^ d. (147.3) 

In§ 146 it has been shown that only fluctuations with small wave vectors k 
are subject to an anomalous increase near the transition point; these fluctua¬ 
tions therefore govern the nature of the singularity of the thermodynamic 
functions. At the same time, such quantitative characteristics of the substance 
as the transition temperature T c itself are determined mainly by the short- 
range atomic interactions, which correspond to the short-wavelength compo¬ 
nents rj k . This physically obvious fact is represented in the integral over states 
by the correspondence between large values of k and large phase volumes. 

Let k 0 (the cut-off parameter) be a value of k small compared with the 
reciprocal of the characteristic atomic dimensions. The long-wavelength 
part of the distribution rj(r) is given by the sum 

5)(r) = E (147.4) 

fc-cfc* 

and the thermodynamic potential Q[fj] corresponding to this distribution is 
given by (147.2), where the product over k is to be extended only to values 
k < k 0 . Accordingly, the relation between Q[fj] and Q is given by (147.3) with 
integration only over fj k with k < k 0 .t 

Near the transition point, the functional Q[fj] can be expanded in powers 
of the function since this function is a slowly varying one, we need take 
in the expansion only the terms of lowest order in its derivatives. The expan¬ 
sion must also take into account the existence of the phase transition, since 


tTo simplify the treatment, we regard the physical quantity fj as classical. 
This assumption is not important, since the long-wavelength variable r\ is certainly 
classical. For quantum systems, however, it is necessary to satisfy a condition of 
the form Hk 0 u <*=: T, where u is the characteristic rate of propagation of oscillations 
of the order parameter. 
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the value of T c is determined by the short-wavelength components excluded 
from fj. This means that the expansion of Q[fj] must have the form (146.5) 
directly: 

Q[fj] = Q 0 + J[art? 2 + bfjt+givfjY-h^dV. 

Finally, omitting the tilde, we arrive at the following expression for the 
thermodynamic potential Q: 

fi-So = -riogJexp(-tf.fr/7yjl d»fcd%, (147.5) 

where 

H c ff = J [cctrf + brf +g(vr?) 2 -hr)] dV (147.6) 

acts as the effective Hamiltonian of the system undergoing a phase transition. 

In the range where the Landau theory is applicable, the fluctuations are 
small. This means that, in the integral over states (147.5), the important 
values of f? are those lying in a narrow range near the value fj that minimises 
the effective Hamiltonian. Using the saddle-point method (i.e. replacing 
the exponent by its expansion about the minimum), we ought to recover the 
thermodynamic potential as in the Landau theory; hence the coefficients in 
the effective Hamiltonian and in the Landau thermodynamic potential 
must be exactly the same. The fluctuation corrections, however, cause a 
certain shift of the transition temperature T c relative to the value 7^ 0) which 
occurs in (147.6) through the difference t = T—Tj 0) . 

The integral (147.5) is taken over an infinity of variables % (when the 
effective Hamiltonian has been expressed in terms of these variables by 
substituting rj(r) from (147.4)). If this “continuum integral” could be calculat¬ 
ed, we should know the nature of the singularity of T ) near the tran¬ 

sition point. The calculation is impossible, however. 

In the creation of the singularity, the significant fluctuations are those 
with wave numbers k ~ l/r c . When /-*-(), the correlation radius r c -*» °°, 
so that very small values of fc become important. It is therefore very prob¬ 
able that the nature of the singularity does not depend on the choice of the 
cut-off parameter ko. If this singularity is assumed to consist in the presence 
in the thermodynamic potential of terms containing fractional powers of 
the temperature t and the field h, the above assertion implies that the indices 
of these powers (the critical indices) are independent of ko. 

Hence it must in turn follow that these indices are independent of the 
specific values of the coefficients b and g in the effective Hamiltonian, and 
therefore of fi or P, on which b and g depend. For a change k 0 -*■ ko/A is 
equivalent to a change in the coordinate scale (r — Ar), and such a change 
therefore cannot affect the critical indices. On the other hand, the transforma¬ 
tion r — Ar changes the coefficient g in the effective Hamiltonian, but not b\ 
the critical indices must thus be independent of g. Similarly, by making the 
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simultaneous transformations r -*■ Ar, and r\ -* Xr] for the continuum integra¬ 
tion variable, we change b but notg, and the critical indices are therefore also 
independent of b. A change in the coefficient a is unimportant, since it is 
cancelled by a corresponding change in the scale of t, which cannot affect 
the exponent. 

Thus we should expect that the critical indices are the same for all systems 
with an effective Hamiltonian of the form (147.6). They may differ, however, 
if the symmetry of the system is such that (with one order parameter, as 
before) the term quadratic in the derivatives in the effective Hamiltionian 
has the more general form (146.4). 

Continuing this line of argument, we may expect that in more general 
cases also, when the change of symmetry in the transition is described by 
more than one order parameter, the critical indices depend only on the struc¬ 
ture of the effective Hamiltonian, not on the specific values of the coefficients 
in it. Here the “structure” of the Hamiltonian includes the number and 
form of the fourth-order invariants (and the signs and inequalities relating 
to their coefficients) and the form of the terms quadratic in the derivatives 
of the order parameters. The questions then arising, however, have as yet 
hardly been studied at all. 

Lastly, we may add a few remarks on the calculation of the successive 
terms in the expansion of the partition function (147.5), (147.6) in powers of 
b. Let h = 0 and t =» 0, so that?? = 0; when b = 0, the effective Hamiltonian 

»8 = V £ («/+^ 2 )!^| 2 ; (147.7) 

k*ko 

it separates into a sum of terms each depending only on one of the rj k . The 
integral over states is easily calculated (see Problem). Further terms in the 
expansion (corresponding to the inclusion of the “interaction” between 
fluctuations with different k) are products of different r\ k averaged over the 
Gaussian distribution [oc exp (—Hf$/T c )]. For such integrals a theorem is 
valid whereby the mean value of the product of several r\ k is equal to the sum 
of the products of pairs of mean values of factors chosen in all possible 
ways from those concerned. Each such mean value is a correlation function 
of fluctuations (in the k representation), and hence the calculation of the 
successive terms in the expansion in powers of b amounts to that of various 
integrals of products of correlation functions.* As the transition point is 

* The theorem stated plays a role here analogous to that of Wick’s theorem in 
quantum electrodynamics, and the separate terms of the series may be transformed 
by graphs analogous to Feynman diagrams. An account of the resulting “diagram 
technique” for calculating the partition function is given by A. Z. Patashinski! 
and V. L. Pokrovski!, Fluctuation Theory of Phase Transitions, Pergamon Press, 
Oxford, 1979. 
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approached, these integrals diverge, but it is not possible to distinguish 
among them any set of “most strongly” divergent ones over which a summa¬ 
tion could be carried out. f 

In the above formulation of the problem, it is assumed that the nature 
of the singularity is independent of any higher-order terms in the expansion 
of the effective Hamiltonian in powers of rj. There are good reasons for sup¬ 
posing that this is in fact so, since such terms lead to integrals that diverge 
less strongly than those resulting from the term ~ if. 


PROBLEM 

Find the first fluctuation correction to the specific heat in the range where the 
Landau theory is valid (A. P. Levanyuk, 1963). 

Solution. The calculation will be given for the symmetrical phase in the absence 
of a field. In the first approximation, the effective Hamiltonian is (147.7). A cal¬ 
culation of the integral over states from (147.5) gives 


the integration is over half of k-space, since r) k and r)_ k are not independent. 
Being the small correction in the potential Q, this expression also gives the correc¬ 
tion to the potential 0. A twofold differentiation of this expression with respect 
to t gives the correction to the specific heat: 


<V 


If this correction is to be small compared with the specific heat discontinuity 
(143.8), we again obtain the condition (146.15) for the Landau theory to be ap¬ 
plicable, in the form 

a \t\ » TfbfipiTiPg*. (2) 

The large numerical factor in the denominator on the right-hand side should 
be noted. 

t Such a distinguishing is possible in the formal problem of a phase transition 
in four-dimensional space (in which case the integrals diverge logarithmically as 
t 0). This is the basis of a method proposed by K. G. Wilson (1971) for estimat¬ 
ing the critical indices, which are calculated for the case of a space of 4 —e dimen¬ 
sions (where e is small), the result then being extrapolated to e = 1. 


T*Wx* f k*dk _ 
: Arc 2 (a t+gk*f ~ 
8 


T 2 Vcr fZ J_ 
Mmg 3 * 2 y/t' 


( 1 ) 
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§ 148. Critical indices 

The existing theory of phase transitions of the second kind is based on certain 
hypotheses that are entirely plausible though not rigorously proved. It rests 
also, of course, on the confirmation of these hypotheses by experimental 
results and by numerical calculations for certain simple models. 

These results suggest that, as P — T c , the derivative dC p /dT always be¬ 
comes infinite, and so in many cases does the specific heat C p itself. From this 
we can already draw various conclusions about the behaviour of certain 
other thermodynamic quantities. This will be done here on the assumption 
that the specific heat itself becomes infinite (A. B. Pippard, 1956). 

The tending of C p = T(dS/dT) P to infinity means that the entropy of the 
body can be written as 

S = S(T , P-P C (P)), 

where P = P C (T) is the equation of the curve of the points of the phase 
transition in the PT- plane; the derivative of S with respect to its second 
argument becomes infinite as P—P c -*■ 0. Denoting differentiation with 
respect to that argument by a prime and retaining only the divergent terms, 
we have 

(dS/dT) P = -S' dPJdT, 

- ( dV/dT) P = (i dS/dP) T = S ', 

whence 

= as T ~ T - 

i.e. the thermal expansion coefficient tends to infinity in the same way as C p . 

It is easily seen that this derivation amounts to equating to zero the diver¬ 
gent part of the derivative of S along the curve of transition points. It is 
therefore natural that (148.1) has the same form as the equation (143.10) 
obtained by differentiating AS = 0 along the same curve, and differs from 
it only in the absence of the symbol A. We can hence write down at once 
another relation by analogy with (143.9): 

= 04S,) 

i.e. the isothermal compressibility also becomes infinite (but the adiabatic 
compressibility remains finite, by (16.14)). The specific heat C v remains 
finite; from (143.14) we see that it is not even discontinuous at the transition 
point: since the right-hand side of (143.14) is zero (because (3 V/dP) T is 
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infinite), AC V = 0.* The same is true of the derivative (dP/dT) v ; substitution 
of (148.2) in (16.10) shows that on the transition line 

(dP/dT)y = dPJdT. (148.3) 

It should be emphasised that the above results essentially depend on the 
occupation, by the phase transition points of the second kind, of an entire 
line in the PT-plane, the slope of this line being finite. 

Let the temperature dependence of the specific heat in the fluctuation 
range be written 

C p cc | / i , (148.4) 

where again t = T—T c . We shall see later in this section that there is reason 
to suppose the values of the exponent a equal on either side of the transition 
point (and the same is true of the other exponents introduced below). The 
proportionality factors in (148.4) are, of course, different on the two sides. 
Since the quantity of heat J C p d T must always be finite, it follows that a < 1. 
If only dC p /dT , and not the specific heat itself, tends to infinity, then —1 < 
a < 0; the expression (148.4) in that case determines only the singular part 
of the specific heat '-C p = + C pl |f| -a . 

The way in which the equilibrium value of the order parameter tends to 
zero in the unsymmetrical phase may be written as 

riac(-ty, (148.5) 

By definition, the exponentrefers only to the unsymmetrical phase. We shall 
assume for definiteness here and below that temperatures / < 0 correspond 
to the unsymmetrical phase. 

To describe the properties of the fluctuations themselves of the parameter 
V, an exponent v is used which defines the temperature dependence of the 
correlation radius: 

r c oc | /1 —r>0, (148.6) 

and an exponent C which gives the decrease of the correlation function with 
increasing distance at t = 0: 


G(r)oc r-W-a+O, (148.7) 

where d is the dimension of space (= 3 for ordinary bodies). The expression 
(148.7) is written in this form in order to have a definition suitable also for 
phase transitions of the second kind in two-dimensional systems (d = 2). 

t The impossibility of infinite C v on the transition line is also evident from the 
fact that it would lead to C v = T(d VJdT) 2 (dP/d V) T (cf. (143.14)), which is certainly 
impossible, as C v is positive and (dPfd V) T is negative. The specific heat C v has, 
however, an infinite derivative on the transition line (see Problem). 
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The law (148.7) is valid also for non-zero 1 1\ <sc T c , but only for distances 
r <k r c . 

The exponents in (148.4)—(148.7) are called critical indices or critical 
exponents. It must be emphasised that the degree of accuracy of the subsequent 
derivation of relations between the critical indices does not allow the 
distinguishing of logarithmic factors superimposed on power laws. In this 
sense, for example, a zero exponent may mean either that the quantity tends 
to a constant limit or that it increases logarithmically. 

A further group of indices are used to describe the properties of a body 
in the fluctuation range when an external field h is present. Here we must 
distinguish the ranges of fields that are “weak” and “strong” in the sense 
described at the end of § 144: h h t or h » h n where h t is the field value 
for which the field-induced parameter rj ind ~ %h becomes of the same order 
as the characteristic value of the spontaneous-order parameter i?, p (/). The 
region of weak fields has an exponent y giving the variation of the suscep¬ 
tibility: 

% oc \t\~ v , y >■ 0. (148.8) 

The indices defined above may also be assigned to this region: the laws 
(148.4)-(148.6) derived for zero field relate, of course, also to the limiting 
case of weak fields. 

For the opposite case of strong fields, we define critical indices which give 
the field dependence of the thermodynamic quantities and the correlation 
radius: 

C p cc ft - *, (148.9) 

rj oc h V6 {b > 0), (148.10) 

r c oc h~v (p>0); (148.11) 

we take for definiteness the case h >■ O.t 

The universality of the limiting laws for the behaviour of a substance in the 
fluctuation range near a phase transition point of the second kind, in the 
sense discussed in § 147, implies a similar universality of the critical indices. 
Thus we must expect their values to be the same for all transitions with a 
change of symmetry described by only one order parameter. 

The critical indices are connected by various exact relations. Some of 
these follow almost immediately from the definitions of the indices, and we 
shall first derive these. 

It has been shown in§ 144 that the application of an external field h smooths 
out the phase transition over a certain temperature range. The magnitude 

t The Landau theory corresponds to the following values of the critical indices: 
a = 0, /? = £» V — <5—3, e = 0, p = v — t« 


C= 0 . 
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of this range of t can be estimated from the condition rj^h) ~ rj ip (f) men¬ 
tioned above, if this is now taken as a condition on t for given h. According 
to the definitions (148.5) and (148.8), we have 

rkpaz\t\fi, rjind = tfi oc h\t\-y 9 

and equating the two gives 

\t\f+y och. (148.12) 

On the other hand, the same smoothing range can be estimated from the 
requirement that the field part of the thermodynamic potential, —Vr)h, is of 
the same order of magnitude as the thermal part, which is ~ PC pi since 
C p — —Td 2 0/dT 2 . Hence we find | oc A, and, expressing h in terms 

of t from (148.12), obtain the equation 

a+ 20+y = 2 (148.13) 

(J. W. Essam and M. E. Fisher, 1963). 

We next use the obvious fact that, at the edge of the region of smoothing 
of the transition (i.e. with the condition (148.12)), we can equally well express 
each thermodynamic quantity in terms of the temperature t or the field h. 
Hence we find, for example, 


rj oc \ t\? oc h 1/d , 

and, expressing h in terms of t from (148.12), obtain the equation 

ftb = P + y (148.14) 

(B. Widom, 1964). By a similar method starting from the two limiting forms 
of the specific heat C p , we find 

«0»+y) = (148.15) 

The equations (148.14) and (148.15) relate the indices that determine the 
temperature dependence of the thermodynamic quantities in weak fields and 
their dependence on h in strong fields. 

An analogous equation is found by the same method for the indices 
giving the behaviour of the correlation radius: 

M0 + y) = v • (148.16) 

Lastly, one further relation can be derived by an estimate of the expressions 
on either side of (146.13). According to (146.2) and the definition (148.8), 
the mean square fluctuation in a given volume V is 

({Arjf) v = T c% IV<x:\t\-v. 
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The integral of the correlation function is determined by the region of space 
~ rf in which this function is considerably different from zero and, according 
to the definition (148.7), its order of magnitude is oc r ~ id+2+Ci . Hence the 
magnitude of the integral is (in d-dimensional space) 


OC r*.jr-(rf-2+«) = oc [/I-* 2 -*). 


A comparison of the two expressions gives 


v(2-C) = y. (148.17) 

Thus we have five relations between the eight indices, and so they can all 
be expressed in terms of only three independent ones. 

From this we can, in particular, draw the conclusion already mentioned, 
that the values of the “temperature” indices a, y, v are the same on both 
sides of the transition point: for, if y, say, were different for t > 0 and 
r < 0, it would follow from (148.14) that <5 also depends on the sign of t. 
This index, however, relates to strong fields ft, which satisfy only the condi¬ 
tion ft » ft, independent of the sign of t, and it too therefore cannot depend 
on this sign; the same is true of the other two “field” indices, e and fx. From 
the relations (148.13) and (148.16), we then find that a and v also are inde¬ 
pendent of the sign of t. 

The results obtained enable us to draw some conclusions about the ther¬ 
modynamic functions of the system for any relationship between t and ft. 
This will be demonstrated for the function rj(t, ft), which may be written in 
the form 

') 

(for given P). The choice of the first argument of/is determined by the condi¬ 
tion (148.12), which separates the cases of weak and strong fields (and we 
have put /?+y = (ib in accordance with (148.14)); this argument takes all 
values from small to large. The argument t is always small near the transi¬ 
tion point, and must be taken as zero in obtaining the principal term in the 
function rj(t , ft). Thus we arrive at the expression 


V(t, ft) = h yo f(t/h ypd ), h> 0, (148.18) 

where /is a function of the one argument x = The expression (148.18) 

is written for ft =- 0; owing to the symmetry of the system under a simulta¬ 
neous change of sign of ft and rj , the formula for ft < 0 is obtained from 
(148.18) by simply substituting —ft for ft and -rj for rj. 

In strong fields (x « 1), the limiting form (148.10) must be obtained; 
this means that 


/(x) — constant for x — 0. 


(148.19) 
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Moreover, when h 0 the order parameter is non-zero both for t >■ 0 and 
for t < 0, and / = 0 is not physically distinctive; this means that the function 
f(x) has an expansion in integral powers of x. 

In weak fields when / < 0, the order parameter follows the law (148.5), 
and for t > 0 we must have rj = %h with % given by (148.8); from these 
requirements it follows that 

f(x) oc (— x)P as x -*■ — , f(x) oc x~y as x — «>. (148.20) 

The concept of a weak field presupposes that / ^ 0. For a given non-zero 
value of t , a zero field is not a singularity of the thermodynamic functions. 
Hence the function rj(t , h) for t ^ 0 can be expanded in integral powers of 
the variable h (and the expansion is different for t >■ 0 and t < 0). A natural 
formulation of this property would, however, require rj(t, hi) to be written 
not in the form (148.18) but in terms of a function of the variable h/t 
Similar considerations can be applied to the correlation function of fluc¬ 
tuations of the order parameter. For instance, in the absence of a field it 
depends on the parameter t as well as on the distance r. Near the transition 
point, however, the correlation function G(r ; t) can be written as 

= gW, (148.21) 

i.e. in terms of a function of the one variable x = rf. As x -*■ 0, this function 
tends to a constant limit, in accordance with the definition (148.7), and as 
x -*■ 0 it decays exponentially, the correlation radius as a function of tem¬ 
perature being given by (148.6). 


PROBLEM 


Find the law of temperature dependence as t -*■ 0 for the derivative dCJdT if 
C p tends to infinity as (148.4) with a >■ 0. 

Solution. With greater accuracy than in (148.1), (148.2), we write for t -*• 0 


. r dF c /0 

' c d T 


dT 

dP, 


+fl. 


d T^T. dP * 


with a and b constants. Substituting these expressions in (16.9), we find 


C v == a-b-b 2 IC p . 

If Cp increases as Ul~“, the dCJdT oc At t = 0 the function C v (t) has 

a maximum at a cusp with a vertical tangent. 
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§ 149. Scale invariance 

The relations (148.13)-(148.17) do not involve any assumptions about the 
nature of the fluctuation pattern near the transition points Further conclu¬ 
sions about the critical indices require specific assumptions in this respect. 

We may note that the theory in general involves two characteristic dimen¬ 
sions which determine the spatial distribution of the fluctuations: the corre¬ 
lation radius r c and the dimension r 0 of the part of the body in which the 
mean square fluctuation of the order parameter is comparable with its char¬ 
acteristic equilibrium value.* The inequality (146.14) which ensures the 
applicability of the Landau theory may be written r c » r 0 (for, according to 

(146.13) and (146.11), we have, in a volume V ~ rj}, ((Arjf) ~ TJgr 0 and, 
equating this to if ~ ac\t\/b, we find r 0 ~ T c b/go. j f | ; comparison with 
r c (146.12) gives the condition (146.15)). As t -*» 0, r 0 increases more rapidly 
than r c , and they become comparable at the boundary of the Landau region. 
The chief assumption about the fluctuation region (this being defined by the 
opposite inequality to (146.15)) is that the theory here contains no small 
parameter. In particular, we must everywhere have r 0 ~ r c , so that r c is the 
only dimension characterising the fluctuations. This is called the hypothesis 
of scale invariance (L. P. Kadanoff, 1966; A. Z. Patashinskil and V. L. 
Pokrovskil, 1966). 

To estimate the fluctuations in the volume V ~ r®, we can use formula 
(146.2). 8 Substituting in the condition 

T ct \V ~ rf (149.1) 

the volume V ~ rjf and then expressing %, r c and rj as powers of t according 
to the definitions of the critical indices, we obtain vd—y = 2/? or, using 

(148.13) , 

vd = 2—a. (149.2) 

By combining this relation with those derived in§ 148, we can express all the 
critical indices in terms of only two independent ones. 1 1 


t It is therefore not surprising that all these relations are satisfied in the 
Landau theory also. 

* This discussion refers, of course, only to the distribution at distances large 
compared with atomic dimensions. 

§ In this form (i.e. expressed in terms of the susceptibility %) this formula is 
general and does not depend on the assumptions made in the Landau theory, as 
mentioned after (146.2). 

li In the Landau theory there is no scale invariance, and equation (149.2) is 
therefore invalid. 
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The requirement of scale invariance enables us to derive in a uniform 
way all the relations between the critical indices. To do so, we shall first give 
a more formal statement of this requirement. 

Let the scale of all spatial distances change by the same factor: r — r/u, 
where u is some constant. Then the scale invariance consists in the assertion 
that the scales of measurement of f, h and rj may be changed in such a way 
that all the relations in the theory remain unaltered. In other words, we can 
choose the exponents A r A h , A n (called the scaling dimensions) in the trans¬ 
formations 

t tu A >, h — hu\ rj -* r]u A i when r — r/u (149.3) 

in such a way that the factor u does not appear in any of the relations. 

The change in the spatial scale must, in particular, bring about a similar 
change in the correlation radius of the fluctuations ( r c — rju); this ensures 
that the asymptotic form of the correlation function ~ exp(— r/r c ) is in¬ 
variant. According to the definitions (148.6) and (148.11), with h = 0 the 
correlation radius r c = constantXf'*, and with t = 0, r c = constant Xh~^. 
Applying the transformation (149.3) and the condition that the coefficients 
in these expressions should remain unchanged, we obtain 

Af = 1/v, A h = l/fx. (149.4) 

Let us next consider the change in the thermodynamic potential due to an 
infinitesimal change in the field h. According to (144.2), 
d0 = -Vrjdh 


(with t = constant and, as always, P = constant). In the scale transfor¬ 
mation, the volume V — VjiA\ with the condition that d0 is unchanged, 
i.e. that 


Vu~ d -r]u A ’i-dhu A * = Vtjdh , 

we find 

4, = d—A h = d-l/fi. 


(149.5) 


Thus the dimensions A p A h andZl^ are expressed in terms of the two critical 
indices fx and v. The requirement of scale invariance of the other relations 
leads to the expression of the other critical indices in terms of these two. 

Let us specify the condition for invariance of the “equation of state” 
of the system, i.e. the expression of the order parameter in terms of the 
temperature and the field, r] = rj(t 9 H). This means that we must have 
rjj(tu\ hu A *) = u A vrj(t, h). 

The solution of this functional equation has the form 
rj(t, h) = h A r,i A >f(t/h A 'i A ») 

= h^- l f(t/h^). 


(149.6) 
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Similar arguments can be applied to the thermodynamic potential 0(t, A), 
or more precisely to its singular part, which we shall use 0 below to denote. 
Being additive, the total thermodynamic potential of the body is proportional 
to its volume. Hence the requirement of its invariance under the scale trans¬ 
formation may be written 

-^-0(tu\ hu A *) = hu Vft ) = 0(/, A), 

from which 

0(t , A) = h d f i (j)(t/ht‘ lv ). (149.7) 

The functions / and <f> in (149.6) and (149.7) are of course related, since 
—00/0A = rjV. These expressions have been written for A > 0; in view of the 
symmetry of the effective Hamiltonian under the changes A -•> — A, rj — — rj, 
the formulae for A < 0 are obtained from those given above by making these 
same changes^ 

Similar arguments can be based on (149.7). As already mentioned in 
connection with (148.18), for a given non-zero A the thermodynamic func¬ 
tions have no singularity with respect to t and must therefore have expan¬ 
sions in integral powers of this variable. This means that, when A ^ 0 and 
t -*» 0, the function (j)(x) in (149.7) is expanded in integral powers of the small 
variable x = t/h** 1 ’. The first terms in this expansion are 

0(t,h) cc hr d ^\+c 1 j^ + c 2 ~j^ J7 + ...j, (149.8) 

where C\ and c% are constant coefficients. Now, applying the condition that 
the order parameter and the specific heat, calculated as 

1 00 r ^_ T 0 2 0 
n ~ V Sh ’ lc ~sF' 

should have the forms rj oc h m and C p oc A”* as / — 0 (these correspond to 
the strong-field case), we get two relations between the critical indices: 

(/i<3 —1)<3 = 1, = e; 

t It may be mentioned once more, however, that in the effective Hamiltonian rj 
appears as a variable over which the continuum integration is taken in the integral 
over states. In the thermodynamic formulae, rj is the equilibrium value of the order 
parameter, which is given by the derivative d0/dh (or dQ/dh) of the thermody¬ 
namic potential determined from the integral over states. The symmetry of the 
effective Hamiltonian leads, of course, to an analogous symmetry in the thermo¬ 
dynamic relations. 
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it is easily verified that they in fact follow from the relations derived pre¬ 
viously by a different method. 

Next, let t be non-zero; then the thermodynamic quantities have no sin¬ 
gularity when h passes through zero, and so the function &(t , h) can be 
expanded in integral powers of h. This means that for h 0 and t 0 
the expansion of the function </>(x) in powers of the small variable l/x = h^’/t 
must have the form 

<j)(x) oc + CiX~’ lft + C2* -2r//1 + • • • ]', 

the factor x vd compensates the non-integral power h d/4 , and the expansion 
variable x~ vlM oc h. The expansion is, however, different for t >■ 0 and for 
t < 0. When t > 0, the potential &(t, h ) contains only even powers of h , 
since the derivative — 00/0/t = Vrj must be (in the symmetrical phase) an 
odd function of h : 

4>cc/’^l+c 2 -^ r + ...j, (^0, A-0. (149.9) 

As h — 0, the specific heat must behave as and the order parameter 
must be r\ = yfi oc ht~ v (corresponding to the weak-field case); it is easily 
seen that the resulting relations are again equivalent to those already known. 
If the temperature t < 0, then the expansion of @(t, h) as h -* 0 contains all 
integral powers of h: 

0 X (-,y^+c lx ±^+c tl -^+ ...], A-0 

(149.10) 

(with, of course, different coefficients c x and cz).^ It is easily verified that the 
required form {—tf is obtained for the spontaneous (/r-independent) order 
parameter. 

The transformation of the correlation radius has been discussed above. 
We have still to consider the correlation function of the fluctuations of the 
parameter rj for / -► 0 and apply the conditions for scale invariance of the 
expression 

G(r) = constant X /•-^~ 2+c > (t = 0). 

Here it must be assumed that the fluctuating quantities rj{ r) at different 
points in space are transformed independently in the same way as the mean 

t If (149.10) relates, say, to fields h > 0, the formula for h < 0 is obtained from 
it by the substitution h -*—h. It may be recalled (see § 144) that for t < 0 the 
states in fields of opposite sign refer to physically identical “phases” differing 
in the sign of the order parameter (both spontaneous and field-induced); as h -*■ 0, 
the two phases are in equilibrium with each other. 
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§ 150 

value rj. It is important that the distances r concerned are small compared 
with the correlation radius, but large compared with interatomic distances. 
Then the correlation function is transformed by G Gi/ Art t and we have the 
condition 

d+ 2—(149.11) 

This also is a consequence of the relations already known. 

Let us finally consider the numerical values of the critical indices. The 
experimental results and numerical calculations indicate that (in three- 
dimensional space) the indices a and £ are quite small: a ~ 0.1, £ ~ 0.05. 
The first line of the following table gives the values of the other indices 
found by putting a = £ = 0 (d = 3). The second line gives the values ob¬ 
tained by taking for a and £ the values estimated by Wilson’s method (§ 147) 
for transitions described by an effective Hamiltonian (147.6) with a single 
order parameter: 

a y d e p v £ 

0y y 5 0 -§- J- 0 (149.12) 

0.08 0.33 1.26 4.8 0.05 0.40 0.64 0.04 


§ 150. Isolated and critical points of continuous transition 

The curve of phase transitions of the second kind in the PT -plane separates 
phases of different symmetry, and cannot, of course, simply terminate at 
some point, but it may pass into a curve of phase transitions of the first kind. 
A point at which this happens may be called a critical point of a transition of 
the second kind; it is in some ways analogous to an ordinary critical point. 
See the point K in Fig. 66; in this and subsequent diagrams, continuous and 
broken lines represent curves of phase transition points of the first and second 
kinds respectively. 1 ” 

p 

! / 


K / 
/ 



i_ 

Fio. 66 

t The term tricritical point is also used in the literature for a point such as K. 
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In the Landau theory, the properties of a substance near such a point may 
be investigated by the method (§ 143) of expansion in powers of the order 
parameter (L. D. Landau, 1935). 

In the expansion (143.3) the critical point is given by the vanishing of the 
two coefficients A(P , T) and B(P, T) ; if A — 0 but 2? > 0 we have a transition 
of the second kind, and so the curve of such transitions terminates only where 
B changes sign. For the state of the body at the critical point itself to be 
stable, it is necessary that the fifth-order term should be identically zero and 
the sixth-order term should be positive. Thus we start from the expansion 

0(P,T,ry) = <Z> 0 (P, T) + A(P, T)r) 2 + B(P, 7> 4 -f D(P, T)rf , (150.1) 

with A ct = 0, B cr = 0, D a > 0 at the critical point. 

In the unsymmetrical phase, the minimisation of the thermodynamic po¬ 
tential gives 

I 2 = 3^ l-B+^-ZAD)]. (150.2) 


For the entropy S — —d&/dT of this phase we have, omitting terms of 
higher order in r), S = So—arj 2 , where a = dA/dT. A further differentiation 
gives the specific heat 




TcP 

2y/(B 2 —3AD) * 


(150.3) 


where only the term whose denominator vanishes at the critical point is 
shown. 

Let To — T 0 (P) be the temperature for which B 2 —3AD = 0; it is evident 
that T 0 = T CI when P = P„. The first term in the expansion of BP—3 AD in 
powers of T—T 0 is 

EP—3AD = -3aoD 0 (T-To ). (150.4) 

Near the critical point, the difference T C (P)—T 0 (P) is a second-order small 
quantity: since we have A — 0 when T = T C (P), the difference 

T c (P)-To(P) = -B 2 /3aoD 0 , (150.5) 

and tends to zero as B 2 when P P„. 

Substitution of (150.4) in (150.3) gives 


, _ / T 2 « 3 \ 1/2 1 

''"“ll 2D) a V(To-T) 


(150.6) 


to the same accuracy, the coefficient in this formula may be taken at T a 
instead of T 0 . Thus the specific heat of the unsymmetrical phase increases as 
UV(To-T) as the critical point is approached. 
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For states actually on the curve of transitions of the second kind, we find, 
substituting A = 0 in (150.3) (or (155.5) in (150.6)), 

C® = T^al/IB. (150.7) 

The quantity B is zero at the critical point and is proportional to T—T a 
(or P—P^) near that point. 

Let us now determine the specific heat of the unsymmetrical phase, on a 
line of transitions of the first kind but again near the critical point. At points 
on this line, two different phases (symmetrical and unsymmetrical) are in 
equilibrium with each other. The value of the parameter rj in the unsymmet¬ 
rical phase is determined by the condition of equilibrium 0(rj) — 0 Ot and at 
the same time we must have d0/dr] = 0. Substitution of 0 in (150.1) gives 
the equations 

A+Brf+Drj 4 = 0, A+2Br? + 3Drf = 0, 

whence 

v? = —P/2A (150.8) 

and substitution of this value in the equation 0(rj) = 0 O then gives 

4 AD = P*. (150.9) 

This is the equation of the line of transitions of the first kind. 

The specific heat of the unsymmetrical phase on this line is found by simply 
substituting (150.9) in (150.3): 

C® - T^I\B\. (150.10) 

Comparison with (150.7) shows that the specific heat on the line of transi¬ 
tions of the first kind is twice as great as on the line of transitions of the 
second kind at the same distance from the critical point. The heat of tran¬ 
sition from the unsymmetrical to the symmetrical phase is 


q = T^So-S) 

= (dT/2D) cr \B\. (150.11) 

We can also show that the curve of transitions of the first kind passes 
smoothly into the curve of transitions of the second kind at the critical point. 
On the first curve, the derivative dT/dP is determined by the condition 

2D dA + 2A dD—BdB = 0, 

obtained by differentiating (150.9). The equation of the curve of transitions 
of the second kind is A = 0, so that dT/dP is determined by the condition 
d A = 0. At the critical point. A — 0 and P = 0, so that the two conditions 
coincide and dT/dP has no discontinuity. Similarly, it can be shown that the 
second derivative dPT/dP* does have a discontinuity. 


33 
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As the critical point is approached along the line P = P ci the specific 
heat C p varies as | f | ~ 112 (cf. (150.6)), i.e. the index a = The order parameter 
in the unsymmetrical phase varies according to rj z* ( —A/3D ) l/4 oc |f| 1/4 , 
i.e. the index (3 = The index v which determines the behaviour of the corre¬ 
lation radius then has the value as at any transition point of the second 
kind in the Landau theory; the vanishing of B does not affect the result in 
the approximation used to derive (146.8). The values of the remaining indices 
are derived from (148.13)—(148.17) as y = 1, d = 5, e = p — C = 0. 

We know already that the Landau theory, on which the results given here 
are based, is inapplicable near a line of transitions of the second kind. It is 
noteworthy, however, that the conditions for this theory to be valid are more 
easily satisfied as the critical point is approached, as is seen from the inequal¬ 
ity (146.15), where B appears on the right. Of course, the vanishing of B 
does not mean that there are no fluctuation corrections at the critical point, 
but the index values given above are in accordance with the scale invariance 
relation (149.2). It is therefore natural that the fluctuation theory leads only 
to further logarithmic corrections (which, it may be recalled, are not shown 
by the values of the indices). 

Let us next consider (again in terms of the Landau theory) some proper¬ 
ties of points of intersection of lines of phase transition of the first and second 
kinds. 

The symmetry of the unsymmetrical phase in a phase transition of the 
second kind is determined (as shown in § 145) by the minimisation of the 
fourth-order terms in the expansion of 0 as functions of the coefficients 
7i ~ Vih- These terms also depend on P and T % however, and it may happen 
that the unsymmetrical phase has different symmetries on different parts of 
the line of transitions. In the simplest such case, we have an intersection 
of a line of transitions of the second kind (AC in Fig. 67) with one of tran¬ 



sitions of the first kind (J 3D). The region I is the symmetrical phase; the sym¬ 
metry groups of phases II and III are sub-groups of that of phase I. They are 
not, however, in general sub-groups of each other, and therefore the curve 
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BD separating these phases is a line of transitions of the first kind. At B, all 
three phases are identical. 1 

Figure 68 shows a possible type of intersection of several lines of tran¬ 
sitions of the second kind. If I is the most symmetrical phase, the symmetry 
groups of phases II and III are sub-groups of that of phase I, and that of 
phase IV is a sub-group of both those of phases II and Ill.t 


V/ 
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Finally, it remains to consider the case where the third-order terms in the 
expansion of the thermodynamic potential do not vanish identically. In this 
case the condition for the existence of a point of continuous phase transition 
requires that the coefficients C a (JP, T) of the third-order invariants in the 
expansion (145.6) should vanish, as well as A(P , T). It is evident that this is 
possible only if there is not more than one third-order invariant, since other¬ 
wise we should obtain more than two equations for the two unknowns P 
and T. When there is only one third-order invariant, the two equations 
A(P, T) = 0, C(P, T)= 0 determine pairs of values of P and T, i.e. there are 
isolated points of continuous phase transition. 

Since these points are isolated, they must lie in a certain way at the inter¬ 
section of curves (in the PT-plane) of phase transitions of the first kind. Since 
such isolated points of continuous transition have not yet been observed 
experimentally, we shall not pause to give a detailed discussion here, but 
simply mention the results. 8 

The simplest type is that shown in Fig. 69a. Phase I has the higher sym¬ 
metry, and phases II and III the same lower symmetry, these two phases 


t The fluctuation corrections may probably cause a singularity at B, the curves 
AB and CB forming a cusp. 

t A point of intersection of the type shown in Fig. 67 is called bicritical in the 
literature, and one as in Fig. 68 tetracrideal. 

§ See L. Landau, Zhurnal iksperimentaCnol i teoreticheskol fiziki 7, 19, 1937; 
translation in Collected Papers ofL. D. Landau, p. 193, Pergamon, Oxford, 1965. 

33* 



498 Phase Transitions of the Second Kind and Critical Phenomena 


differing only in the sign of rj. At the point of continuous transition (O in 
Fig. 69) all three phases become identical. ! 

In more complex cases two or more curves of phase transition of the first 
kind (e.g. two in Fig. 69b) touch at the point of continuous transition. Phase I 
has the highest symmetry, phases II and III a lower symmetry, phases IV 
and V another lower symmetry, these pairs of phases differing only in the 
sign of rj. 



§151. Phase transitions of the second kind in a two-dimensional lattice 

The impossibility of a general theoretical determination of the critical 
indices lends especial interest to a simple model which allows an exact 
analytical solution of the problem of phase transitions of the second kind. 
This is a two-dimensional lattice model, for which the phase-transition 
problem was first solved by L. Onsager (1944). 1, 

The model considered is a plane square lattice having N points, at each of 
which is a “dipole” with its axis perpendicular to the lattice plane. The dipole 
can have two opposite orientations, so that the total number of possible 
configurations of the dipoles in the lattice is 2 N .$ To describe the various 
configurations we proceed as follows. To each lattice point (with integral 
coordinates k> l) we assign a variable a kl which takes two values ± 1, corre¬ 
sponding to the two possible orientations of the dipole. If we take into ac¬ 
count only the interaction between adjoining dipoles, the energy of the 
configuration may be written 

L 

E(a) = —J^^(<Jki<Jk,i+i+<JkiOk+i t i), (151.1) 

t The original method used by Onsager was extremely complex. Later, various 
authors simplified the solution. The method described below (which in part makes 
use of certain ideas in the method of M. Kac and J. C. Ward (1952)) is due to N. V. 
Vdovichenko (1964). 

£ This model is known as the Ising model; it was in fact first used by W. Lenz 
(1920) and was studied by E. Ising (1925) for the one-dimensional case (in which 
there is no phase transition). 
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where L is the number of points in a lattice line, the lattice being regarded as 
a large square, and N = L 2 . 1 ” The parameter/(> 0) determines the energy of 
interaction of a pair of adjoining dipoles, which is — / and 4-/ for like and 
unlike orientations of the two dipoles respectively. Then the configuration 
with the least energy is ,the “completely polarised” (ordered) configuration, 
in which all the dipoles are oriented in the same direction. This configuration 
is reached at absolute zero; as the temperature increases, the degree of 
ordering decreases, becoming zero at the transition point, when the two 
orientations of each dipole become equally probable. 

The determination of the thermodynamic quantities requires the calcula¬ 
tion of the partition function 

Z = e- E W T = g exp jfl ^ (a k i<T k , /+i + a ki o k+ 1 , /) j , (151.2) 

taken over all the, 2 N possible configurations (0 = JjT). The equation 
exp {Qa kt o k >i>) = cosh 0 + a M a k > v sinh 0 = cosh 0(1 -l- a M a k tanh 0) 
is easily verified by expanding both sides in powers of 0 and using the fact 
that all the oj, = 1. The expression (151.2) can therefore be written 

Z = (l-x 2 )-^^, (151.3) 

where 

L 

S = V H 0 + xvkflk. /+i) (1 + xo k io k+1 ' i ) (151.4) 

U ktiti 

and x = tanh 0. 

The summand in (151,4) is a polynomial in the variables x and a kl . Since 
each point (fc, /) has four neighbours, each a kl can appear in the polynomial 
in powers from zero to four. After summation over all the o kl — ±\ the 
terms containing odd powers of a kl vanish, and so a non-zero contribution 
comes only from terms containing o kl in powers 0,2 or 4. Since a kl = a kl = 
a kl — 1, each term of the polynomial which contains all the variables a k{ 
in even powers gives a contribution to the sum which is proportional to the 
total number of configurations, 2 N . 

Each term of the polynomial can be uniquely correlated with a set of lines 
or “bonds” joining various pairs of adjoining lattice points. For example, the 
diagrams shown in Fig. 70 correspond to the terms 

(a) x 2 a kt al +1J (T k+ltl _ lt 

(b) x 8 o%i<i k+lt pl+i, i-ipi, i- ip\, /- 2 °f - 1 , /- 1 °$ - 1 , / - 2 » 

(c) ^ 10 trW + i./^+i./-i4,/-i^l-2./-i^-i > /-i 

X /-3°*-2,/-2 • 

t The number L is, of course, assumed macroscopically large, and edge effects 
(due to the special properties of points near the edges of the lattice) will be neg¬ 
lected throughout the following discussion. 
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Each line in the diagram is assigned a factor x and each end of each line a 
factor o kl . 

The fact that a non-zero contribution to the partition function comes only 
from terms in the polynomial which contain all the a M in even powers signi¬ 
fies geometrically that either 2 or 4 bonds must end at each point in the dia¬ 
gram. Hence the summation is taken only over closed diagrams, which may be 
self-intersecting (as at the point fc, /— 1 in Fig. 70b). 


(a) 

• • 

kl k+l t l 


(b) 


k-1,1-1 k,l-l 


k+l.l-l 


• . | . 1 

T k+i.i-i 

• O' 1 • 


kl k+l,l 

• • n 

k-2,1-1 k-l.l-lj_| 

.2,1-2'' | k,M k+l,l-l 

!_rr; 

k-2,l-3 k-l,l-3 


Thus the sum S may be expressed in the form 

S = 2"£*'*„ (151.5) 

r 

where g r is the number of closed diagrams formed from an (even) number r 
of bonds, each multiple diagram (e.g. Fig. 70c) being counted as one. 

The subsequent calculation is in two stages: (1) the sum over diagrams of 
this type is converted into one over all possible closed loops, (2) the resulting 
sum is calculated by reducing it to the problem of the “random walk” of a 
point in the lattice. 

We shall regard each diagram as consisting of one or more closed loops. 
For non-self-intersecting diagrams this is obvious; for example, the diagram 
in Fig. 70c consists of two loops. For self-intersecting diagrams, however, the 
resolution into loops is not unique: a given diagram may consist of different 
numbers of loops for different ways of construction. This is illustrated by 
Fig. 71, which shows three ways of representing the diagram in Fig. 70b as 
one or two non-self-intersecting loops or as one self-intersecting loop. Any 
intersection may similarly be traversed in three ways on more complicated 
diagrams. 

cPcPcP 

+ + 


Fig. 71 
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It is easy to see that the sum (151.5) can be extended to all possible sets 
of loops if, in computing the number of diagrams g r , each diagram is taken 
with the sign (— 1)", where n is the total number of self-intersections in the 
loops of a given set, since when this is done all the extra terms in the sum 
necessarily cancel. For example, the three diagrams in Fig. 71 have signs 
-f, +, — respectively, so that two of them cancel, leaving a single contribu¬ 
tion to the sum, as they should. The new sum will also include diagrams with 
“repeated bonds”, of which the simplest example is shown in Fig. 72a. These 
diagrams are not permissible, since some points have an odd number of 
bonds meeting at them, namely three, but in fact they cancel from the sum, as 


□ □ n 

□ □ □ 

(a) (b) (c) 

Fig. 72 


they should: when the loops corresponding to such a diagram are constructed 
each bond in common can be traversed in two ways, without intersection (as 
in Fig. 72b) and with self-intersection (Fig. 72c); the resulting sets of loops 
appear in the sum with opposite signs, and so cancel. We can also avoid the 
need to take into account explicitly the number of intersections by using the 
geometrical result that the total angle of rotation of the tangent in going 
round a closed plane loop is 2n(lA- 1), where / is a (positive or negative) 
integer whose parity is the same as that of the number v of self-intersections 
of the loop. Hence, if we assign a factor to each point of the loop (with 
the angle of rotation there 0 = 0, ±-§* 1 :), the product of these factors after 
going round the whole loop will be (—1)' +1 , and for a set of s loops the 
resultant factor is(—l)" +# , where n = £v. 

Thus the number of intersections need not be considered if each point on 
the loop is taken with a factor e il * and a further factor (— 1/ is taken for the 
whole diagram (set of loops) in order to cancel the same factor in (— iy* + *. 

Let f r denote the sum over single loops of length r (i.e. consisting of 
r bonds), each loop having a factor e il * at each point on it. Then the sum 
over all pairs of loops with total number of bonds r is 


2! 


Hi, f'lfrt 


the factor 1 /2! takes into account the fact that the same pair of loops is 
obtained when the suffixes r x and r 2 are interchanged, and similarly for groups 
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of three or more loops. Thus the sum S becomes 

s=f(-i)4- £ 

j-o si r u r t , ... =1 

Since S includes sets of loops with every total length r x -K..., the num¬ 
bers r lt r 2 , ... in the inner sum take independently all values from 1 to «> . t 
Hence 

"Z - +r -fr, 

and S becomes 

S = exp (- r E *'/')' (151-6) 

This completes the first stage of the calculation. 

It is now convenient to assign to each lattice point the four possible direc¬ 
tions from it and to number them by a quantity v = 1,2,3,4, say, as follows: 

2 

t 

3-.-1 

I 

4 

We define as an auxiliary quantity W r {k t /, v) the sum over all possible 
paths of length r from some given point /„, v 0 to a point k, /, v (each bond 
having as usual the factor e il *, where 0 is the change of direction to the next 
bond); the final step to the point k, l, v must not be from the point to which 
the arrow v is directed.* With this definition, W r (k Qt / 0 , v 0 ) is the sum over 
all loops leaving the point k 0 , /„ in the direction v 0 and returning to that point. 
It is evident that 

I IV r (kt, h, v 0 ): (151.7) 

lr *oX-o 

both sides contain the sum over all single loops, but £1V r contains each loop 
2r times, since it can be traversed in two opposite directions and can be 
assigned to each of r starting points on it. 


+ Loops with more than N points make no contribution to the sum, since they 
must necessarily contain repeated bonds. 

* In fact W r (k, /, v) depends, of course, only on the differences k—k 0 , l—l 0 . 
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From the definition of W r (k , /, v) we have the recurrence relations 
W r+1 (k, /, 1) = W r (k- 1, /, 1 ) + e-*”W r {k t /-1,2) 

+ 0 + e* in W r {k, 1+ 1,4), 

H^ r+1 (A:, /, 2) = e#W r (fc-l, /, l) + FF r (A:, /-l, 2) 

+ <?-*'"FF r (A:+l,/,3) + 0, 

(151.8) 

W r+1 {k, /, 3) = 0 + (A:, 7-1,2) 

+ W r (k + 1, l,3) + e-* ,n W r (k, 7+1, 4), 

FF r+ i(&, /, 4) = e-*'«FP r (A:-l f /, l) + 0 

+ (k +1, /, 3) + W r (k, /+1,4). 

The method of constructing these relations is evident: for example, the point 
k, /, 1 can be reached by taking the last (r + l)th step from the left, from below 
or from above, but not from the right; the coefficients of W r arise from the 
factors 

Let A denote the matrix of the coefficients in equations (151.8) (with all 
&, /)» written in the form 

W r+1 (k,l, v)= V A(klv I /c7V) W r (k', /', vy 

k*y, ✓ 

The method of constructing these equations enables us to associate with this 
matrix an intuitive picture of a point moving step by step through the lattice 
with a “transition probability” per step from one point to another which is 
equal to the corresponding element of the matrix A; its elements are in fact 
zero except when either k or / changes by ± 1 and the other remains constant, 
i.e. the point traverses only one bond per step. It is evident that the “proba¬ 
bility” of traversing a length r will be given by the matrix A r . In particular 
the diagonal elements of this matrix give the “probability” that the pom, 
will return to its original position after traversing a loop of length r, i.e. they 
are equal to fV r (k 0 , / 0 , v 0 ). Hence 

tr A r = Y W r (k Q , /o, vo). 

*o.7S>o 

Comparison with (151.7) shows that 

f' = 2? tr Ar = 2r ? ^ 

where the A, are the eigenvalues of the matrix A. Substituting this expression 
in (151.6) and interchanging the order of summation over i and r, we obtain 

S =“p{4?£-H 

Y S ^g (1 -xXt) 

= IJVO-xW. 




(151.9) 
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The matrix A is easily diagonalised with respect to the suffixes k and / by 
using a Fourier transformation: 

WAp, v) = Y e-WP k +M L W r (k, /, v). (151.10) 

k,TLo 

Taking Fourier components on both sides of equations (151.8), we find that 
each equation contains only W r (/>, q, v) with the same p, q, so that the matrix 
A is diagonal with respect to p and q. For given p , q its elements are 



~e~r 


0 

ae« 

A{pqv\pqi/) = 

cx.e~ p 


a _1 e p 

0 

a _1 e« 

0 

cue-* 

e p 


a ~ x e~ p 

0 

<x,e p 

e« J 


where a = e***, e — e LnilL . 

For given p, q a simple calculation shows that 

jfj (1 -xX t ) = det {b^-xAj) 

— (1 +x 2 ) 2 -2x(l -x 2 ) ^cos ^ + cos 

Hence, from (151.3) and (151.9), we finally obtain the partition function 

z=2*0—* 2 )-* n 

P,q-0 L 

—2x(l—x 2 ) ^cos ^ + cos ~• (151.11) 

The thermodynamic potential is f 
0 = -T\ogZ 

= -NT log 2 +NT log (1 -x 2 ) 

~y T* £ lo § [d + x 2 ) 2 - 2x(l -x 2 ) ^cos + cos j 


t In the model under discussion the temperature affects only the ordering of 
dipole orientations, not the distances between dipoles (the “thermal expansion 
coefficient” of the lattice is zero). It is then immaterial whether we consider the 
free energy or the thermodynamic potential. 
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or, changing from summation to integration, 

0 = -NT log 2 +NT log (1 ~x 2 ) 

2 n 2 ji 

log [(1 + x 2 ) 2 -2x(l -x 2 ) (cos coi + cos ft) 2 )] dcoi da> 2 

(151.12) 

(remembering that x = tanh (JjT)). 

Let us now examine this expression. The function 0(T) has a singularity 
at the value of x for which the argument of the logarithm in the integrand can 
vanish. As a function of co x and co 2 , this argument is a minimum for cos co x = 
cos a> 2 = 1, when it equals (1 -fx 2 ) 2 —4x(l—x 2 ) = (x 2 +2x-1) 2 . This ex¬ 
pression has a minimum value of zero for only one (positive) value of x, 
x e = y/2— 1; the corresponding temperature T c (tanh (J/T c ) — x c ) is the 
phase transition point. 

The expansion of 0{t) in powers of t — T—T c near the transition point 
includes a singular term as well as the regular part. Here we are interested 
only in the singular term, the regular part being simply replaced by its value 
at t — 0. To find the form of the singular term, we expand the argument of 
the logarithm in (151.12) in powers of co XJ co 2 and t about the minimum; the 
integral then becomes 

2 * 2 * 

J J log for 2 -f c 2 (<o? -f ft>!)] dcoj dco 2 , 

0 0 

where c x and c 2 are constants. Carrying out the integration, we find that the 
thermodynamic potential near the transition point has the form 

0 s a-\b{T-T c f\og \T-T C \, (151.13) 

where a and b are further constants (with b > 0). The potential itself is 
continuous at the transition point, but the specific heat becomes infinite in 
accordance with the formula 

C^61og|r-r c |, (151.14) 

which is symmetrical about the transition point. 

In this model, the order parameter is represented by the mean dipole 
moment at the lattice point (the spontaneous polarisation of the lattice), 
which is non-zero below the transition point and zero above it. The tempera¬ 
ture dependence of this quantity can also be ascertained; near the transition 
point, the order parameter tends to zero according to 

r? = constant X (T c —T) m (151.15) 

(L. Onsager, 1947). f 

* A comparatively simple method of solving this problem is given by N. V. 
Vdovichenko, Soviet Physics JETP 21, 350, 1965. 
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The correlation function is defined as the mean value of the product of the 
fluctuations of the dipole moment at two lattice points. The correlation 
radius is found to tend to infinity as \f\T—T e \ when T -* T c , and at the 
point T = T c itself the correlation function decreases with increasing dis¬ 
tance according to 

(Ao kl Ao m „) cx: [(k-mfHl-n) z )- lfS . 

These results, and those of solving the problem of the properties of the same 
model in an external field, show that the behaviour of the model near the 
phase transition point satisfies the requirements of the scale invariance 
hypothesis. The critical indices have the following values: 

a = 0, f y = }, d = 15, e = 0, /u = &, 

V=l, c = i; (151.16) 

C is found from (148.7) with d = 2.t 


§ 152. Van der Waals theory of the critical point 

It has been noted in§ 83 that the critical point of liquid/gas phase transitions 
is a singularity of the thermodynamic functions of the substance. The phys¬ 
ical nature of this singularity is similar to that which occurs at phase transi¬ 
tion points of the second kind: in the latter case it is due to the increased 
fluctuations of the order parameter, and in the approach to the critical point 
there are increased fluctuations of the density of the substance. This analogy 
in the physical nature results in a certain analogy in the possible mathemati¬ 
cal description of the two phenomena, to be discussed in § 153. 

First, however, let us consider as a necessary preliminary the description 
of critical phenomena based on neglecting the fluctuations. In such a theory 
(analogous to the Landau approximation in the theory of phase transitions 
of the second kind) the thermodynamic quantities for the substance as 
functions of the variables V and T are assumed to have no singularities, so 
that they can be expanded in powers of the small changes in these variables. 
The results given in the rest of this section therefore depend only on the 
vanishing of the derivative ( dPjdV ) T . 

Let us first ascertain the conditions for the substance to be stable when 

(dP/dV) T = 0. (152.1) 


t As regards the critical indices, a logarithmic increase corresponds to a zero 
exponent (see after (148.7)). 
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In deriving the thermodynamic inequalities in § 2i, we started from the condi¬ 
tion (21.1), which led to the inequality (21.2), which is satisfied if the 
conditions (21.3), (21.4) hold. The case (152.1) of interest here corresponds 
to the particular case of the extremum conditions with the equality 
sign in (21.4): 


d 2 E d 2 E / d 2 E \ 2 

ds 2 ev 2 [dvds) 


(152.2) 


The quadratic form in (21.2) may now be either positive or zero, depending 
on the values of dS and SV, and so the question whether E—TqS +PqV has a 
minimum requires further investigation. 

We must obviously examine the case where in fact the equality sign occurs 
in (21.2): 

S^ +2 w asaF+ l^ (SF)2=0 - (1523 > 


Using (152.2), this equation may be written 

aw(5 ss+ W AT f = aw pH]’ = {CJT)(bTf = °- 


Thus the equation (152.3) implies that we must consider deviations from 
equilibrium at constant temperature (bT — 0). 

At constant temperature the original inequality (21.1) becomes 
bF+P bV >-0. Expanding bF in powers of bV and making use of the 
assumption that d 2 F/dV 2 = — (dPjdV) T = 0, we find 


_L 

3! 



&v> + ± 



bV*+ ... 


0. 


If this inequality holds for all bV , we must have* 


(0 2 P/0K*)r = 0, (0 3 P/0K 3 ) r < 0. (152.4) 


Let us now consider the equation of state of a substance near the critical 
point. Instead of the variables T and V, it will be more convenient to use 
the variables T and n, where n is the number of particles per unit volume. 
We shall also use the notation 


t = T-T ct p = P-P ct 7] = n-n c . (152.5) 


t It may be noted that the case of equality in (21.3) is impossible in this discus¬ 
sion, since the condition (21.4) would then be violated. The simultaneous van¬ 
ishing of the two expressions (21.3) and (21.4) is also impossible: if we add a further 
condition to the vanishing of (dP/d V) T and (d 2 Pjd V 2 )^ there result three equations 
in two unknowns, which in general have no common solution. 
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In these variables, the conditions (152.1) and (152.4) become 

(S/?/07?), = 0, ( &pjdrf) t = 0, (0 3 /?/0t? 3 ), ^0 at / = 0. (152.6) 

Taking only the first terms in the expansion in powers of small t and t?, we 
write the dependence of pressure on temperature and density in the form 
p — bt+2atr} + 4Bif (152.7) 

with constant a , b and B. There are no terms in r? and rf in this expansion, 
from the first two conditions (152.6), and from the third condition B >- 0. 
When t >- 0, all states of a homogeneous body are stable (there is nowhere a 
separation into phases), and we must have (dp/drj) t >- 0 for all 7?, whence 
a > 0. The terms in ft? 2 and thrj may be omitted, since they are certainly small 
in comparison with that in ft?; the term in ft? itself must be retained, since it 
contributes to the derivative 

(0/>/07?),= 2at+\2Brf (152.8) 

needed below. 

The expression (152.7) determines the isotherms of a homogeneous sub¬ 
stance near the critical point (Fig. 73). These have a form similar to the van der 
Waals isotherms (Fig. 19, § 84). When t < 0, they have a minimum and a 



Fig. 73 


maximum, and a horizontal section {AD on the bottom isotherm) corre¬ 
sponding to the condition (84.2) gives the equilibrium transition from liquid 
to gas. Taking V in this condition to be the molecular volume 


1 1 7 ? 

n n c 1 % ’ 


(152.9) 


we can write the condition as 


d nt 

A ih 


(152.10) 





§ 152 Van der Waals Theory of the Critical Point 509 

After substitution of (152.8), this condition gives the following values for 
the densities of the two phases in equilibrium: 

m = ~V2 = V(~*t/2B). (152.11) 

The densities r\ x and % corresponding to the limits of the metastable 
regions (points B and C in Fig. 73) are given by the condition ( <dpfdr\) v 
whence* 

Vi = ~V2 = \/(—at/6B). (152.12) 

Substitution of (152.11) makes the sum of the last two terms in (152.7) 
zero. Hence 

p = bt (t < 0) (152.13) 

is the equation of the curve of equilibrium of liquid and vapour in the pt - 
plane (and therefore b > 0).J According to the Clapeyron-Clausius ’equa¬ 
tion (82.2), the heat of evaporation near the critical point is 

q - bT^ Vl - Vl )/nl. (152.14) 

It then follows from (152.11) that as t — 0 this heat tends to zero according 
to 

qoz^-t. (152.15) 

From (16.10) it follows that the specific heat C p becomes infinite at the 
critical point while (9 p/drj) t tends to zero. From (152.8) we find 

C p oc 1 l(at + 6Brf). (152.16) 

In particular, for states on the equilibrium curve, r) oc \/—t, and therefore 
C p ~ 1/(-/)• 

Lastly, let us consider in this theory the density fluctuations near the criti¬ 
cal point. The necessary formulae have already been derived in§ 116, and to 
apply them we need only establish the specific form of AF t , the change in the 
total free energy of the body in a deviation from equilibrium. 

We write 

AF t = J (F-F) dV, 

where F is the free energy per unit volume and F its mean value, which is 
constant through the body, and expand F—F in powers of the density 
fluctuation An = n—h (or, equivalently, Arj — rj—fj) at constant temperature. 
The first term in the expansion is proportional to An, and on integration 

1 In a theory which takes account of the singularity of the thermodynamic quan¬ 
tities at the boundary of the metastable states, there is no curve BC. 

% When t > 0, equation (152.13) determines the critical isochore, the curve of 
constant density (rj = 0) passing through the critical point. 
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over the volume it vanishes, since the total number of particles in the body 
remains unchanged. The second term is 1- 


1 _ 

2 






Together with this term, which vanishes at the critical point itself, we must 
also include another term quadratic in An, due to the inhomogeneity of a 
body with fluctuating density. Without repeating here the arguments given 
in § 146, we can state at once that this term is quadratic in the first derivatives 
of An with respect to the coordinates; in an isotropic medium, such a term 
must be the square of the gradient. Thus we arrive at an expression of the 
formt 

^ - { {k (152 - l7) 

Now expressing An as a Fourier series (116.9), we can bring this to the 
form (116.10), with the function 


«*>-£(! ), +2gk * 

— — (at + 6Brf) + 2gk 2 , 


and then, using (116.14), find the Fourier transform of the required correla¬ 
tion function: 

v(k) = \T [at + 6Bff + gn c k 2 ] ~ 1 ; (152.18) 

since the denominator here is small, the term 1 in v(k ) may be neglected. 
This formula is entirely analogous to (146.8). The correlation function v(r) 
in the coordinate representation therefore has the same form (146.11), with 
the correlation radius 

r.= IgncKat+Bfffl*. (152.19) 

In particular, r e cc t~ lf2 on the critical isochore (rj = 0). 


1 Since the free energy F is referred to a fixed (unit) volume of substance, not 
to a fixed number of particles in it, (dF/dn) T = fi. The second derivative is 



since, for T — constant, d fi — v d P, where v— \jn is the molecular volume. 

+ The fact that AF t is expressed as an integral of a function of a point in the body 
(not of two points as in the general expression (116.8)) results from the assumption 
that An varies slowly; the long-wavelength components of the density fluctuations 
are considered. 
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§ 153. Fluctuation theory of the critical point 

The formulae derived in § 152 enable us to establish a certain analogy be¬ 
tween the thermodynamic description of the properties of a substance near 
the critical point and near phase transition points of the second kind. 

To do so, we proceed in the spirit of the Landau theory by first regarding 
r\ not as a definite function of P and T but as an independent variable whose 
equilibrium value is given by minimising a thermodynamic potential 
&(P, T, rj). The latter is to be chosen so that this minimisation in fact gives 
the correct equation (152.7). The requirement is met by the expression 

0(P,T, rj) = T 'l + ^{-(P- *0^ + atrf +£»)*]. (153.1) 

Comparing (153.1) and (144.3), we now see that there is an analogy be¬ 
tween the description of a phase transition of the second kind in an external 
field in the Landau theory and the description of a critical point between a 
liquid and a gas in the van der Waals theory. In the latter case, the order 
parameter is represented by the change in density of the substance, r\ = 
n— n c , and the external field by the difference 

h = p-bt. (153.2) 

If 0{t y h ) is the thermodynamic potential of the body near the phase transi¬ 
tion point of the second kind (for some fixed value of the pressure), the 
expression &(t, p—bt ) gives the form of the thermodynamic potential near 
the critical point. The whole of the discussion in § 146 about the change 
from the potential 0 to the potential Q is valid for any case, and so the analo¬ 
gy applies also to the potentials Q in the two problems. 

It has been shown in§ 147 how we can go from the thermodynamic poten¬ 
tial Q in the Landau theory to the effective Hamiltonian which describes 
the phase transition in exact fluctuation theory. The analogy mentioned 
therefore leads us to expect that the laws of behaviour of the thermody¬ 
namic quantities near the critical point are the same (with the appropriate 
change of significance of r} and h) as the limiting laws in the fluctuation region 
of the phase transition of the second kind in an external field (which is 
described by only one order parameter). 

It must be emphasised immediately that this identification can only be 
approximate. In the theory of phase transitions based on the effective 

t The (here unimportant) coefficient of the square bracket is chosen so that after 
minimisation the expression (153.1) gives the correct potential 0(P, T). It may seem 
strange that (153.1) is not symmetrical in p and t, in that the coefficient of rf does 
not involve p. In reality, the rf term is significant only if the coefficient p—bt of 
rj is small, and in that case we can equally well write atrf or aprfjb. 


34 
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Hamiltonian (147.6), there is an exact symmetry with respect to the trans¬ 
formation h -*—h, V -+—r) (because of the exact vanishing of the third- 
order term ~ if). In critical-point theory, this symmetry is only approx¬ 
imate ; the absence from (153.1) (and therefore from the effective Hamiltonian) 
of terms which violate this symmetry is due only to neglecting them as small 
in comparison with the remaining terms. We can therefore assert only that 
the principal terms in the limiting relationships in the two cases must be 
the same.* 

In the theory of phase transitions with t >- 0 and h = 0, we have i/ — 0 ; 
with / < 0 and h -*• 0 , two phases are in equilibrium which have non-zero 
values 171 and 172 of the order parameter, where 1/1 = — 1/2 (the points A and 
A' in Fig. 64b, § 144); this equation is an exact consequence of the above- 
mentioned symmetry of the effective Hamiltonian. For a critical point, the 
corresponding equation is 

p-bt = 0, (153.3) 

which determines the critical isochore ( 1 / = 0 , i.e. n = n c ) for t > 0 , and the 
liquid/vapour equilibrium line for / < 0. The equation 1/2 = —171 here signi¬ 
fies the symmetry of the phase equilibrium line in the / 77 -plane, and an exten¬ 
sion of the analogy shows that these values tend to zero as t 0 according 
to 

»/i = -t? 2 CC (-/>», (153.4) 

with the same exponent as in (148.5).J But, since the invariance of the 
effective Hamiltonian under a change in the sign of 17 (when h — 0 ) is only 
approximate, the question arises of the limiting temperature dependence 
of the sum 171 + 172 - From the foregoing discussion we can say only that it is 
of a higher order of smallness than 171 and 172 themselves; we shall return 
to this at the end of the section. 

Figure 74 shows the phase diagram in the i//-plane. The region of separa¬ 
tion into two phases is hatched, and its boundary is a symmetrical curve, in 
accordance with (153.4). 

t The analogy described must not, of course, conceal the physical difference 
between the two phenomena: for a phase transition of the second kind, we have 
a whole curve of transition points, which separates (in the /T-plane) the regions of 
existence of two phases with different symmetry. A critical point, however, is an 
isolated point (at the end of an equilibrium curve) in the phase diagram of two 
phases having the same symmetry. 

J Here and in the rest of § 153, when referring to the critical indices for transi¬ 
tions of the second kind, we mean specifically the values of these indices for tran¬ 
sitions described by only one order parameter, with an effective Hamiltonian of 
the form (147.6). The van der Waals theory of the critical point corresponds to 
the values of the indices given for the Landau theory in the footnote to (148.11). 
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Fig. 74 

The heat .of evaporation is related to the difference 771—772 by (152.14). 
It therefore tends to zero as |/| — 0, by the same law 

q oc {-if. (153.5) 

The general equation of state of a homogeneous substance throughout the 
neighbourhood of the critical point (in the 77!T-plane) may be written 

p-bt=±\r i \*f{tl\r i \W) 9 (153.6) 

where the two signs correspond to 77 > 0 and tj < 0 (B. Widom, 1965). 
This formula corresponds to equation (148.18) in the theory of phase tran¬ 
sitions (when solved for h). 

The same considerations of analyticity apply to f(x) in (153.6) as were 
discussed in § 149 for transitions of the second kind. 

For example, with a given non-zero value of 77, a change in the sign of 
t nowhere causes a passage through the critical point; hence t = 0 is not a 
singularity of (153.6). This function may therefore be expanded in integral 
powers of t. Thus f{x) is expanded in integral powers of x. The first two terms 
of this expansion are 1 +C&, so that the equation of state becomes 

P -bt x ±\ rj \’\l+c 1 jf if + ...j for (153.7) 

the first term in the expansion corresponds to the definition (148.10) for a 
strong field in the theory of phase transitions. In Fig. 74 the dotted lines 
show diagrammatically the boundaries of the region to which this equation 
of state applies. In this region, two further limiting cases may be distin¬ 
guished. If tp (in particular, on the critical isotherm, i.e. on the line 
t = 0), then 

poc±|77|«. (153.8) 

If t :s> p (in particular, on the critical isobar, i.e. on the line p = 0), then 
t oc±|»7| a . (153.9) 


34* 
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A comparison of (153.8) and (153.9) shows that there is symmetry between 
p and t, as there should be.* 

Similarly, for a given non-zero value of t, the value rj = 0 is not a singu¬ 
larity. Hence, for / > 0 and rj -*■ 0, the function (153.6) can be expanded in 
integral powers of rj, and the expansion can contain only odd powers, again 
because of the symmetry of the effective Hamiltonian under a simultaneous 
change of sign of rj and h. From this it follows that* 

f(x) oc x&(ciX-P + C 3 X-W+ ...) for x -*°o; 

the factor cancels the non-integral power rf, and the expansion variable 
x~ p oc rj. Thus the equation of state becomes 

p— bt oc fi’[cir) + ctfft-W+ ...] for t^\rj\ 1! P, (153.10) 

where we have used the equation fid = ft +y, (148.14). The region where this 
equation is valid is also shown diagrammatically in Fig. 74. The first term of 
the expansion (153.10) corresponds to the relation rj = %h oc ht~ v in the 
theory of phase transitions in a weak field. 

The behaviour of the derivatives of p of various orders with respect to rj 
(with t constant) depends on the direction in the ryt-plane along which the 
critical point is approached. If the approach is along the critical isotherm 
(t = 0), the function p(rj) is given by (153.8). In practice, the value of 6 lies 
between 4 and 5. Hence not only (dpjdrj), but the derivatives of several 
higher orders tend to zero along the critical isotherm. 

If the critical point is approached in any other direction (lying outside 
the region of separation into two phases, i.e. along a radial line t = constant X 
\rj | with the constant positive), the inequality t»\ rj\ vp holds, since in 
practice 1/fi > 1. The equation of state then gives 

(dpldrj) t oc f» — 0, 


and the second derivative is 

(0 2 p/d»? 2 ), oc r)t?-w = fy-fy/te. 

The factor rjlf « 1, and t y ~P -*■ 0, since in practice y > fi. Thus the deriva¬ 
tive ( d 2 p/dif) t also tends to zero. 


t For t oc rj 6 , the argument of f(x) in (153.6) is x oc tft^P 6 <k 1, since in practice 
fid = fi+y > 1. This proves that the case t » p is in fact possible in the equation 
of state (153.7). 

* The case x — —«» is not realistic, since values of \r}^P |/| with t < 0 are 

in the region of separation. 
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The behaviour of the specific heat of the substance in the critical region 
can be ascertained from the expression for the thermodynamic potential, 

0(p, t ) = \h\ 2 ~* <j>(t/\h\w+rt), h = p-bt , (153.11) 

which is written down immediately by analogy with (149.7) in the theory 
of phase transitions, with the identical substitution of indices dv = 2—a, 
p/v = l/(/3-fy). Without repeating the whole argument, we can put down 
at once, by analogy with (149.9) and (149.10), the necessary limiting expres¬ 
sions^ 

0(p, t ) oc f 2 — for t > 0, h + 0, (153.12) 

0(p,t)oc(-t?-*[\+c 1 \h\/(-ty+Y] for 0, A- 0. (153.13) 


By twice differentiating (153.12), we find the specific heat on the critical 
isochore p—bt= 0, t > 0: 


C v oc r- a . 


(153.14) 


Since differentiation with h = 0 and t > 0 signifies differentiation with r\ = 0, 
this is the specific heat at constant volume. Thus the .specific heat C v on the 
critical isochore behaves like C p in a phase transition of the second kind. 
According to (16.10), 


C p -C v oc 


(9p/9Qg 

(dpldrj)t ' 


As the critical point is approached, the derivative (0 p/dt\ tends to a con¬ 
stant limit b, as is easily seen from the equation of state (153.7) or (153.10). 
Hence 

Cpocidp/drftr 1 . (153.15) 

The divergence of this expression as the critical point is approached is 
stronger than that of C„; the term C v has therefore been omitted in compari¬ 
son with Cp. 

Lastly, let us consider the asymmetry of the curve of coexistence of phases 
near the critical point (V. L. Pokrovskil, 1972). As already mentioned, this 
asymmetry can occur only when terms are taken into account in the effective 
Hamiltonian which make it no longer symmetrical under the transformation 

1 It may be recalled that 0 here denotes (as in § 149) the singular part of the 
thermodynamic potential. While it is a small correction to the principal (non¬ 
singular) part, it also gives a similar correction to the other thermodynamic 
potentials. On the phase equilibrium curve, the characteristic magnitude of this 
correction is oc t 2 ~ a , a point that will be made use of in § 154. 
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h -+—h, rj -*■ — Tj. The first such term is 1- ~ rj 2 h; its occurrence may be 
formally regarded as resulting from the replacement of t in the effective 
Hamiltonian by /+constant X/i, so that 

arft -*■ ar\ 2 {t -f constant X /t). 

This change in the effective Hamiltonian causes a similar change in the 
thermodynamic potential expressed as a function of h and t: 

0 (h, t ) 0 (h, t + constantX/i). 

Near the curve of coexistence of phases, the function 0 (h, t) is given by 
( 153 . 13 ); the required density is found by differentiating with respect to h. 
The result is 


[V V ] k ^ ±0 = (-d0/dh) h ^ ± o 

oc T^i(—^+(2—«) constantX (—0 1_a • 

The first term gives the known values ( 153 . 4 ) of the densities on the symmetri¬ 
cal coexistence curve; this term disappears in the sum 771+172, leaving 

771 + 772 x (- 0 1 "*. ( 153 . 16 ) 

which gives the required form. In practice 1 — a > /?, so that the asymmetry 
is in fact relatively slight: (771+772^771 0 as t ->► 0 . The sum 771+772 is in 

practice positive; this means that, when it is taken into account, the shape 
of the coexistence curve is changed in the manner shown in Fig. 75 . 



Fig. 75 


t The inclusion in the effective Hamiltonian of a term ~ rft would not destroy 
the symmetry, since such a term could be eliminated by simply applying a trans¬ 
formation 77 77 +constant X t. In this connection it may be recalled (cf. the foot¬ 

note following (149.7)) that 77 in the effective Hamiltonian is only a continuum 
integration variable, and therefore the transformation mentioned does not affect 
the integral over states. 



CHAPTER XV 

SURFACES 


§ 154. Surface tension 

Hitherto we have entirely neglected effects resulting from the presence of 
surfaces of separation between different bodies.* Since, as the size of a body 
(i.e. the number of particles in it) increases, surface effects increase much 
more slowly than volume effects, the neglect of surface effects in the study of 
volume properties of bodies is entirely justified. There are, however, a num¬ 
ber of phenomena which depend in fact on the properties of surfaces of 
separation. 

The thermodynamic properties of such an interface are entirely described 
by one quantity, a function of the state of the bodies, defined as follows. We 
denote by 3 the area of the interface, and consider a process whereby this 
area undergoes a reversible change by an infinitesimal amount dS. The work 
done in such a process is obviously proportional to dS, and so can be 
written as 

dR = ad3. (154.1) 

The quantity a thus defined is a fundamental characteristic of the interface, 
and is called the surface-tension coefficient. 

Formula (154.1) is exactly analogous to the formula d R = — P dV for the 
work done in a reversible change in the volume of a body. We may say that a 
plays the same part in relation to the surface as the pressure does in relation 
to the volume. In particular, we can easily show that the force on unit length 
of the perimeter of any part of the interface is equal in magnitude to a and is 
directed tangentially to the surface and along the inward normal to the 
perimeter. 

Here we have assumed that a is positive. The fact that it must indeed always 
be positive is shown by the following argument. If a < 0, the contour 
bounding the surface would be subject to forces along the outward normal, 
i.e. tending to “stretch” the surface; the interface between two phases would 

t In reality, of course, phases in contact are separated by a thin transition layer, 
but the structure of this is of no interest here, and we may regard it as a geometrical 
surface. 
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therefore tend to increase without limit, and the phases would mix and cease 
to exist separately. If« =- 0, on the other hand, the interface tends to become 
as small as possible (for a given volume of the two phases). Hence, for 
example, if one isotropic phase is surrounded by another, it will take the 
form of a sphere (the effect of an external field, e.g. gravity, being neglected, 
of course). 

Let us now consider in more detail the surface tension at the interface 
between two isotropic phases, liquid and vapour, of the same substance. 
If an interface between two phases in equilibrium is concerned, it must be 
remembered that their pressure and temperature are in a definite functional 
relation given by the equation of the phase equilibrium curve, and a is then 
essentially a function of only one independent variable, not of two. 

When surface effects are neglected, the differential of the energy of a sys¬ 
tem of two phases (of the same substance), for a given total volume V of the 
system, is dE = TdS +fi d N ; in equilibrium, the temperatures T and chem¬ 
ical potentials fi of the two phases are equal, and this equation can therefore 
be written for the whole system. When the presence of surface effects is taken 
into account, the right-hand side of the equation must clearly include also 
the expression (154.1): 


dE= TdS + fidN+zdZ. (154.2) 

It is, however, more convenient to take as the fundamental thermodynamic 
quantity not the energy but the potential Q, the thermodynamic potential in 
terms of the independent variables T and [i (and the volume V). The conven¬ 
ience of Q in this case arises because T and fi are quantities which have 
equal values in the two phases, whereas the pressures are not in general equal 
when surface effects are taken into account; see § 156. For the differential 
dQ, again with V = constant, we have 

d Q=-S dT-Ndfi+x dS. (154.3) 

The thermodynamic quantities (such as E, Q and S ) for the system under 
consideration can be written as the sum of a “volume” part and a “surface” 
part. This division, however, is not unique, since the number of particles in 
each phase is indeterminate to the extent of the number of particles in the 
transition layer between the phases; the same is true of the volumes of the 
phases. This indeterminacy is of just the same order of magnitude as the 
surface effects with which we are concerned. The division can be made unique 
if the following reasonable condition is imposed: the volumes V\ and V% of 
the two phases are defined so that, in addition to the equation Vi+V 2 = V , 
where V is the total volume of the system, the equation mVi +n 2 F 2 = iVis 
satisfied, where N is the total number of particles in the system, and m = 
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ni(fi, T) and n 2 — n 2 ([i, T ) are the numbers of particles per unit volume in 
each phase (the phases being regarded as unbounded). 

These two equations determine the choice of the volumes V\ and V% (and 
the numbers of particles iVi = mVi, N 2 = n 2 V 2 ), and hence also the volume 
parts of all other thermodynamic quantities. We shall denote volume parts 
by the suffix 0, and surface parts by the suffix s; by definition, N s = 0. 

From (154.3) we have, for constant T and (J, (and therefore constant a), 
dQ = a d3; it is therefore evident that Q s = a3, and so 


Q = Q 0 +<x.8. (154.4) 

Since the entropy S = —(dQ/dT)^^ the surface part of it is r 

S s = —dQJdT = -3 d«/dT. (154.5) 

Next, let us find the surface free energy; since F = Q +N[x and N s = 0, 

F t = <x3. (154.6) 

The surface energy is 

E, = F s +TS s = (a—!T da/dT)3. (154.7) 

The quantity of heat absorbed in a reversible isothermal change of surface 
area from 3i to 3 2 is 

Q = T(S s 2 -S s1 ) = -r(da/dT) (fc-Si). (154.8) 


The sum of the heat Q and the work R = a(3 2 —3i) in this process is equal to 
the change in energy E^—E sl , as it should be. 

The law of corresponding states (§ 84) can be qualitatively applied to the 
surface tension between a liquid and its vapour. From this law we should 
expect that the dimensionless ratio of a to a quantity with dimensions erg/cm 2 
formed from the critical temperature and critical pressure will be a universal 
function of the reduced temperature T/T c : 

a /(TJ*)'* = f(T/T c ); (154.9) 

at temperatures well below the critical value, this ratio is approximately 4. 

At a critical point, the liquid and gas phases become identical, the inter¬ 
face between them ceases to exist, and the surface tension coefficient must be¬ 
come zero. Using the ideas of the fluctuation theory of the critical point, 
we can express the manner of its tending to zero in terms of the critical 
indices defined in § 148. 

t The coefficient a is a function of only one independent variable; for such a 
function the partial derivatives with respect to (i and T have no meaning. But, by 
putting N s — — ( dQ s /d(i) T = 0, we have formally assumed that (0a/0|U) r = 0; in 
this case we clearly have da/d T — (0a/0T)^, and this has been used in (154.5). 
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As the critical point is approached, the width of the transition layer be¬ 
tween the two phases increases and becomes of macroscopic size. Suffi¬ 
ciently close to the critical point, it must be of the order of the correlation 
radius r c of the fluctuations. In order to find the surface tension, we need 
only now multiply the width r c by the characteristic thermodynamic potential 
density, or rather its singular part, which determines the critical phenomena. 
This density is oc (—see the footnote to (153.12). f Thus the surface 
tension coefficient is oc r c (—t) 2 ~“; since r c oc (—/)“*' from (148.6), and 
2—a = vd = 3v from (149.2), we have finally 

« x C T c -T ) 2 ' (154.10) 

(B. Widom, 1965). In practice, 2v s* 1.3.J 


§ 155. Surface tension of crystals 

The surface tension of an anisotropic body, a crystal, is different at different 
faces; it may be said to depend on the direction of the face, i.e. on its Miller 
indices. The form of this dependence is somewhat unusual. Firstly, the 
difference in the values of a for two crystal planes with arbitrarily close direc¬ 
tions is itself arbitrarily small, i.e. the surface tension can be represented as a 
continuous function of the direction of the face. It can nevertheless be shown 
that this function nowhere has a definite derivative. For example, if we consid¬ 
er a set of crystal planes intersecting along a common line, and denote by <f> 
the angle of rotation around this line, which defines the direction of the plane, 
we find that the function a = a(<£) has two different derivatives for every 
value of <f>, one for increasing and the other for decreasing values of the argu¬ 
ment. 9 

Let us suppose that the surface tension is a known function of the direc¬ 
tion of the faces. The question arises how this function can be used to deter¬ 
mine the equilibrium form of the crystal. (It must be emphasised that the 
crystal shape observed under ordinary conditions is determined by the condi¬ 
tions of growth of the crystal and is not the equilibrium shape.) The equilib- 


t The use of the same letter for the surface tension and the critical index a is 
unlikely to cause any misunderstanding. 

J The width of the transition layer is equal to the correlation radius in the van 
der Waals theory also, and therefore the form x (—t) 2 ~*~ v for the surface tension 
(without the use of (149.2)) would be valid in that theory. With a = 0, v = 
the result would be (— tf 12 . 

§ This is discussed in more detail by L. D. Landau, Sbornik v chest' 70-letiya 
A. F. Ioffe , p. 44, Moscow, 1950; translation in Collected Papers ofL. D. Landau , 
p. 540, Pergamon, Oxford, 1965. 
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rium form is determined by the condition for the free energy F to be a mini¬ 
mum (for given T, p, and volume V of the crystal) or, what is the same thing, 
by the condition for its surface part to be a minimum. The latter is 

F s = |adg, 

the integral being taken over the whole surface of the crystal; for an isotropic 
body « = constant, F s = a§, and the equilibrium form is determined simply 
by the condition for the total area § to be a minimum, i.e. it is a sphere. 

Let z = z(x , y ) be the equation of the surface of the crystal, and let p = 
dz/dx, q = dz/dy denote the derivatives which determine the direction of 
the surface at each point;« can be expressed as a function of these, a = <x(p, q ). 
The equilibrium form is given by the condition 

J a(p, 4) V(1 +P 2 + 4*) d* d y— minimum (155.1) 

with the added condition of constant volume 

j zdxdy = constant. (155.2) 

This variational problem leads to the differential equation 


» 2+® |- = 2A, 

9x dp dy dq 


(155.3) 


where 

f<J>, 4) = a (p, q)V (1 +P 2 +<1 2 ) (155.4) 

and A is a constant. 

Next, we have by definition d z = p dx+q dy; with the auxiliary function 
£ = px + qy-z, (155.5) 


we find d£ = x dp +y dq or 

x = dC/dp, y = dt/dq, (155.6) 


C being here regarded as a function of p and q. Writing the derivatives 
with respect to x and y in (155.3) as Jacobians, multiplying both sides by 
0(x, y)jd(p, q) and using (155.6), we obtain the equation 

9(9//9p, dC/dg) d(dC/dp, df/dg) _ 9(9£/9p, dC/dq) 

9(A 4) 6(p, 4) 9(a 4) 


This equation has an integral / = AC = X(px+qy—z\ or 


z 


1 / 0 / , 0 / ,\ 


(155.7) 
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This is just the equation of the envelope of the family of planes 

px + qy-z = a(p, q) V(1 +P 2 + tf 2 )/A, (155.8) 

where p and q act as parameters. 

This result can be expressed in terms of the following geometrical con¬ 
struction. On each radius vector from the origin we mark off a segment ot 
length proportional to a(p, q), where p and q correspond to the direction of 
that radius vector.* A plane is drawn through the end of each segment af 
right angles to the radius vector; then the envelope of these planes gives the 
equilibrium form of the crystal (G. V. Vul’f). 

It can be shown* that the unusual behaviour of the function a mentioned 
at the beginning of this section may have the result that the equilibrium form 
of the crystal determined by this procedure will include a number of plane 
areas corresponding to crystal planes with small values of the Miller indices. 
The size of the plane areas rapidly decreases as the Miller indices increase. 
In practice this means that the equilibrium shape will consist of a small 
number of plane areas which are joined by rounded regions instead of inter¬ 
secting at sharp angles. 


§ 156. Surface pressure 

The condition that the pressures of two phases in contact are equal has 
been derived (in § 12 ) from the equality of the forces exerted on the interface 
by the two phases; as elsewhere, surface effects were neglected. It is clear, 
however, that if the interface is not plane a displacement of it will in general 
change its area and therefore the surface energy. In other words, the exist¬ 
ence of a curved interface between the phases leads to additional forces, 
as a result of which the pressures of the two phases will not be equal. The 
difference between them is called the surface pressure. 

This quantity is determined by the condition of mechanical equilibrium: 
the sum of the forces acting on each phase at the interface should be zero. 
This sum is in turn given by the derivative of a thermodynamic potential with 
respect to the displacement of the interface, the other variables correspond¬ 
ing to this potential remaining constant; cf. (11.3) and (15.11). In particular, 
in differentiating the potential Q we must regard P, p and the total volume of 
the system as constants. 

Let us consider two isotropic phases (two liquids, or a liquid and a va¬ 
pour). We shall assume that one of the phases (phase 1) is a sphere (of ra- 


* The direction cosines of the radius vector are proportonal to p, q, — 1. 

* See the paper quoted in the first footnote to this section. 
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dius r) surrounded by the other phase. Then the pressure is constant within 
each phase, and the total thermodynamic potential Q of the system is 

Q = -PiVi-P 2 V 2 +<x§, (156.1) 

the first two terms forming the volume part of the potential; the suffixes 1 
and 2 refer to the two phases. 

The pressures of the two phases satisfy the equations fJ>i(Pu T) — fi 2 (P 2i T) 
= ju, where fi is the common value of the two chemical potentials. Hence, 
for constant {jl and T, we must regard Pi and P2 as constant also, and 
likewise the surface-tension coefficient a. Since V — Vi+V 2 is constant, we 
find as the condition of mechanical equilibrium 



=—(a— p 2 )^+« 


dS 
dr ' 


Finally, substituting V\ — 4^/3, % — Anr 2 , we obtain the required formula: 

P 1 -P 2 = 2a/r. (156.2) 

For a plane interface (r — °°) the two pressures are equal, as we should 
expect. 

Formula (156.2) determines only the difference between the pressures in 
the two phases. We shall now calculate each of them separately. 

The pressures Pi and P 2 satisfy the equation Hi(Pi, T) — fi 2 (P 2 , T). The 
common pressure P 0 in the two phases when the interface is plane is deter¬ 
mined at the same temperature by the relation fii(Po, T) = [jl 2 {Po, T). Sub¬ 
traction of these two equations gives 


/*i(Fi, T)—fj,i(P 0t T) = fi 2 (P 2 , T)—fi 2 (Po, T). (156.3) 

Assuming that the differences dPi = P 1 —P 0 , dP 2 = P 2 —Po are relatively 
small and expanding the two sides of equation (156.3) in terms of dPi and 
dP 2 , we find 

VidPi= v 2 bP 2t (156.4) 


where Vi and v 2 are the molecular volumes (see (24.12)). Combining this with 
formula (156.2) written in the form dPi~bP 2 — 2a/ r, we find the required 
bPi and bP 2 as 


bPi 


v * , 

r v 2 — v 1 r v 2 — vi 


(156.5) 


For a drop of liquid in a vapour, Vi <$c v 2 \ regarding the vapour as an 
ideal gas, we have v 2 = T/P 2 s T/P 0 , and so 


bPi = 2 air, bP g = Iv^P^rT, 


( 156 . 6 ) 
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where for clarity the suffixes / and g are used in place of 1 and 2. Thus we see 
that the vapour pressure over the drop is greater than the saturated vapour 
pressure over a plane liquid surface, and increases with decreasing radius of 
the drop. 

When the drop is sufficiently small and dP g /P 0 is no longer small, formulae 

(156.6) become invalid, since the large variation of the vapour volume with 
pressure means that the expansion used to derive (156.4) from (156.3) is no 
longer permissible. For a liquid, whose compressibility is small, the effect of 
a change of pressure is slight, and the left-hand side of (156.3) can again be 
replaced by v t dPj. On the right-hand side we substitute the chemical poten¬ 
tial of the vapour in the form p = T log P g -\-%(T\ obtaining 

8Pi = Pt-Po = C T/v t ) log (P g /Po). 

Since in this case bP, » bP g , the difference Pi~-P 0 can be replaced by P t —P g ; 
using formula (156.2) for the surface pressure, we then have finally 

log (Pg/Po) = 2xx.vi!rT. (156.7) 

For a bubble of vapour in a liquid we similarly obtain the same formulae 

(156.6) , (156.7) but with the opposite signs. 


§ 157. Surface tension of solutions 

Let us now consider an interface between a liquid solution and a gas phase 
(a gas and a solution of it in a liquid, a liquid solution and its vapour, etc.). 

As in § 154, we divide all thermodynamic quantities for the system under 
consideration into volume and surface parts, the manner of division being 
determined by the conditions V = V±+V 2 , N — Nj_ +N 2 for the volume and 
number of solvent particles. That is, the total volume V of the system is divid¬ 
ed between the two phases in such a way that, on multiplying V\ and V 2 by 
the corresponding numbers of solvent particles per unit volume, and adding, 
we obtain just the total number N of solvent particles in the system. Thus by 
definition the surface part N s = 0. 

As well as other quantities, the number of solute particles will also be writ¬ 
ten as a sum of two parts, n = n 0 +n s . We may say that n 0 is the quantity of 
solute which would be contained in the volumes Vi and V 2 if it were distrib¬ 
uted in each with a constant concentration equal to the volume concentra¬ 
tion of the corresponding solution. The number no thus defined may be either 
greater or less than the actual total number n of solute particles. If n s = 
n—no >■ 0, this means that the solute accumulates at a higher concentra¬ 
tion in the surface layer (called positive adsorption). If n s < 0, the concentra¬ 
tion in the surface layer is less than in the volume ( negative adsorption). 
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The surface-tension coefficient of the solution is a function of two inde¬ 
pendent variables, not one. Since the derivative of the potential Q with 
respect to the chemical potential is minus the corresponding number of par¬ 
ticles, n s can be found by differentiating Q s = ag with respect to the chem¬ 
ical potential f ./ of the solute: + 


n s = -dQJdp' = -g(0a/0//)r. (157.1) 

Let us assume that the pressure of the gas phase is so small that its effect 
on the properties of the liquid phase may be neglected. Then the derivative 
of a in formula (157.1), which must be taken along the phase equilibrium 
curve at the temperature concerned, can be replaced by the derivative at 
constant (viz. zero) pressure (and constant T). Regarding a as a function of 
the temperature and the concentration c of the solution, we can rewrite for¬ 
mula (157.1) as 

n, = -g(0a/0c) r (dc/dfifr.r . (157.2) 

According to the thermodynamic inequality (96.7), the derivative ( dfx'fdc) TtP 
is always positive. Hence it follows from (157.2) that n s and (0a fdc) T have 
opposite signs. This means that, if the solute raises the surface tension 
(a increases with increasing concentration of the solution), it is negatively 
adsorbed. Substances which lower the surface tension are positively adsorbed. 

If the solution is a weak one, the chemical potential of the solute is of the 
form fx' — T log c+y)(P, T); substituting this in (157.2), we find 

n s = -g(c/r) (0a/0c) r . (157.3) 

A similar formula, 

n, = -g(P/3") (0a/0P) r , (157.4) 

is obtained for the adsorption of a gas (at pressure P) by a liquid surface. 

If not only the solution but also the adsorption from it is weak, a can be 
expanded in powers of c; we have approximately a = a 0 +aic, where a 0 is 
the surface tension at the interface between two phases of pure solvent. Then 
we have from (157.3) a x = —n^/gc, and hence 

a—ao = — n s Tl&. (157.5) 

The resemblance between this formula and van’t Hoff’s formula for the os¬ 
motic pressure should be noticed (the volume being here replaced by the 
surface area). 

t The coefficient a is now a function of two independent variables, e.g. fx' 
and T\ the derivative dQjdfi' must be taken at constant Tand chemical potential 
fx of the solvent. The condition N s = —(dQ s ldfx) M , t T — 0 used here implies that 
we formally take (0a T = 0 and therefore we can write equation (157.1) (cf. 
the second footnote to § 154). 
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§ 158. Surface tension of solutions of strong electrolytes 

The change in surface tension of a liquid when a strong electrolyte is dis¬ 
solved in it can be calculated in a general form for weak solutions (L. Onsager 
and N. N. T. Samaras, 1934). 

Let w a (x) denote the additional energy of an ion (of the ath kind) because 
of the free surface at a distance x from the ion (w a (*) tending to zero as 
x -*• °o ). The ion concentration near the surface differs from its value c a 
within the solution by a factor e~ Wa>T as 1 —wjT. The contribution of the 
surface to the total number of these ions in the liquid is therefore 


f A 


(158.1) 


where v is the molecular volume of the solvent. 

To calculate the surface tension, we begin from the relation 

3 da = — 


(158.2) 


where the summation is over all the kinds of ion in the solution. For weak 
solutions (/4 = T log c a +vv)> 

Sda=-TS^idc.. (158.3) 

a Ca 


Substitution of (158.1) gives 


da = 



w a dx. 


(158.4) 


It will be seen from the subsequent results that the main contribution to 
the integral comes from distances x which are large compared with the 
distances between molecules but small compared with the Debye length l/«. 
The energy w a consists of two parts: 


w c 


e—1 
e(e + l) 


e*zl 

Ax 


+ ez a (f)(x). 


(158.5) 


The first term arises from the “image force” on a charge ez a in a medium 
with dielectric constant e at a distance x from its surface. Since x 1/x, 
the screening effect of the ion cloud round the charge does not alter this 
energy. In the second term, 4>(x) denotes the change (owing to the presence 
of the surface) in the field potential due to all the other ions in the solution. 
This term is unimportant here, however, since it disappears on substituting 
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(158.5) in (158.4) because of the electrical neutrality of the solution 0, 

and therefore d c a = 0). 

Thus, carrying out the integration in (158.4), we find 


da = 


(g-l)e 2 y 
4e(e-f l)v V 


log d(40- 


The logarithmic divergence of the integral at both limits confirms the state¬ 
ment made above concerning the range of integration; we have naturally 
taken as the upper limit the screening length l/«, and as the lower limit a 
quantity a a of the order of atomic dimensions, but different for the different 
kinds of ion. Since « 2 is proportional to the sum YAJ we see that the ex¬ 
pression obtained is a total differential and so can be integrated directly, 
giving 


a—a 0 


(g-iy* 

8e(s+ l)v 


Ivlbg 

a 




(158.6) 


where a 0 is the surface tension of the pure solvent and the X a are dimensionless 
constants. 

This formula gives the solution of the problem. It should be noticed that 
the dissolution of a strong electrolyte increases the surface tension of the 
liquid. 


§ 159. Adsorption 

Adsorption in the restricted sense includes cases where the solute is con¬ 
centrated at the surface of a solid or liquid adsorbent ,J and hardly any of it 
enters the volume of the adsorbent. The adsorbed film thus formed can be 
described by the surface concentration y, defined as the number of particles 
of the adsorbate (adsorbed substance) per unit surface area. At low pressures 
of the gas from which adsorption occurs, the concentration y must be pro¬ 
portional to the pressure;" at high pressures, however, y increases less rapidly 
and tends to a limiting value corresponding to the formation of a mono- 
molecular layer with the adsorbate molecules closely packed together. 

Let pf be the chemical potential of the adsorbate. By the same method as 
was used in § 96 for ordinary solutions we can derive for adsorption the 
thermodynamic inequality 

(dp'/dy) T > 0, (159.1) 

t The expression for x 2 in a solution differs from (78.8) by a factor e in the 
denominator. 

t For definiteness we shall consider adsorption from a gas phase. 

II This rule is, however, not obeyed in practice for adsorption on a solid surface, 
since such a surface is never sufficiently homogeneous. 
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which is entirely analogous to (96.7). From (157.1) we have 

y = - (dotld/ifr = ~ (0a fdy) T (0y/0/Or, (159.2) 

and (159.1) therefore implies that 

(0«/0y) r < 0, (159.3) 

i.e. surface tension decreases as the surface concentration increases. 

The minimum work which must be done to form the adsorbed film is equal 
to the corresponding change in the thermodynamic potential Q: 


Rmin = 3(a-a 0 ), (159.4) 

where ao is the surface tension on the surface before adsorption. Hence, using 
(91.4), we find the heat of adsorption 

Q -(159.5) 

The adsorbed film may be regarded as a kind of two-dimensional thermo¬ 
dynamic system, which may be either isotropic or anisotropic, despite the 
isotropy of the two volume phases. 1. The question arises of the possible types 
of symmetry of the film. 

At the end of § 137, we have already mentioned that, although the exist¬ 
ence of a two-dimensional crystal lattice of arbitrarily great extent is impos¬ 
sible (since it is smoothed out by thermal fluctuations), a film may still show 
solid-crystal properties if it is of relatively small size. But the smoothed-out 
structure is still anisotropic, as noted at the end of § 138. Such an anisotropic 
film can have only an axis of symmetry perpendicular to its plane, and 
planes of symmetry passing through this axis. The only possible types of 
symmetry for such systems are therefore the point groups C n and C m . 

As with three-dimensional solids, different phases can exist in two- 
dimensional films. The equilibrium conditions for two phases in a film 
require the equality of their surface tensions as well as their temperatures 
and chemical potentials. The condition on the surface tensions corresponds 
to the condition of equal pressures in three-dimensional phases, and simply 
expresses the necessity for the forces exerted by each phase on the other to 
balance. 

t Here we are considering adsorption on a liquid surface; adsorption on a solid 
surface is of no interest from this point of view, since, as mentioned above, such 
a surface is almost always inhomogeneous. 

It may be noted that anisotropy of the interface between two isotropic phases 
(liquid and vapour) of the same pure substance is also possible in principle. 
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§ 160. Wetting 

Let us consider adsorption on the surface of a solid from a vapour at a 
pressure close to the saturation value. The equilibrium concentration y is 
determined by the condition that the chemical potential of the adsorbate y' 
is equal to that of the vapour y g . Various cases can occur according to the 
dependence of y' on y. 

Let us suppose that the quantity of adsorbate gradually increases and the 
adsorbed layer becomes a liquid film of macroscopic thickness. The surface 
concentration y then becomes a conventionally defined quantity propor¬ 
tional to the film thickness /: y = gl/m, where m is the mass of a molecule 
and q the density of the liquid. As the film thickness increases, the chemical 
potential of the substance forming it tends to y t , the chemical potential of the 
liquid in bulk. We shall measure the value of y (for given P and T) from this 
limiting value, i.e. write y' +y l in place of y'; thus, by definition, y' — 0 as 
7 

The chemical potential of the vapour can be written as y g = y t (T) + 
T log (JP/JPo), where Po{T) is the saturated vapour pressure; here we have 
used the fact that the saturated vapour is, by definition, in equilibrium with 
the liquid, i.e. we must have y g = y t when P = P 0 ? The surface concentra¬ 
tion is determined by the condition y' +y t = y g , or 

y'(y) = T\og(P/P 0 ). (160.1) 

If this equation is satisfied by several values of y, the one which corre¬ 
sponds to a stable state is that for which the potential f2 a is a minimum. Taking 
the value per unit area of the surface, we obtain a quantity which may be 
called (in the general case of any film thickness) the “effective surface-tension 
coefficient” a at the solid-vapour boundary, and which takes into account 
the presence of the layer between them. Integrating the relation (159.2), we 
can write 


«(r) = J r dy+a s/ + a /ir . (160.2) 

v 

The constant is so chosen that as y -»• oo the function <x(y) becomes the sum 
of the surface tensions at the “bulk’’-phase (solid-liquid and liquid-gas) 
interfaces. 

It may also be recalled that a necessary condition for the thermodynamic 
stability of a state is the inequality (159.1), which is valid for any y. 

t The liquid itself is regarded as incompressible, i.e. we neglect the dependence 
of its chemical potential on the pressure. 
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Let us now consider some typical cases which may occur, depending on 
the nature of the function p'(y). In the diagrams given below, the continuous 
curve shows the form of this function in the region of macroscopically thick 
films of liquid, while the broken curve is that for adsorbed films of “molec¬ 
ular” thickness. It is, of course, not strictly possible to represent the func¬ 
tion in these two regions in one diagram to the same scale, and to this extent 
the diagrams are a convention. 

In the first case shown (Fig. 76a) the function p'(y) decreases monotoni- 
cally with increasing y (i.e. with increasing film thickness) in the range of 
macroscopic thicknesses. For molecular dimensions the function p\y) always 
tends to — <» as T log y when y -*• 0, this law corresponding to a “weak 
solution” of the adsorbate on the surface. The equilibrium concentration is 
determined, according to (160.1), by the point of intersection of the curve 
with a horizontal line pf — constant -e 0. In this case, this can occur only at 
molecular concentrations, i.e. ordinary molecular adsorption must occur, 
as discussed in § 159. 



Fig. 76 

If p'(y) increases monotonically but is everywhere negative (Fig. 76b), then 
in equilibrium a liquid film of macroscopic thickness is formed on the surface 
of the adsorbent. In particular, when the pressure P = P 0 (saturated va¬ 
pour), the film formed must be so thick that the properties of the substance 
in it do not differ from those of the liquid in bulk, i.e. the saturated vapour 
must be in contact with its own liquid phase. In that case we say that the 
liquid completely wets the solid surface in question. 

More complicated cases are also thoretically possible. For example, if the 
function p'(y) passes through zero and has a maximum (Fig. 76c) we have a 
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case of wetting but with formation of a film stable only at thicknesses below a 
certain limit. The film of finite thickness corresponding to the point A is in 
equilibrium with the saturated vapour. This state is separated from the other 
stable state (equilibrium of the solid wall with the bulk liquid) by a metastable 
region AB and a region of complete instability BC. 

The type of curve shown in Fig. 76d corresponds to a film which is unstable 
over a certain range of thickness. The line BF which cuts off equal areas BCD 
and DEF joins points B and F which have equal values of a (and equal //), 
as is easily seen from (160.2). The branches AB and FG correspond to stable 
films; the range CE is completely unstable, while BC and EF are metastable. 

The two boundaries of the instability range (the points B and F) corre¬ 
spond in this case to macroscopic film thicknesses. Instability in the range from 
a certain macroscopic thickness to molecular thicknesses would correspond 
to a curve of the type shown in Fig. 76e, but such a curve would more likely 
lead to non-wetting, since the limit of stability would correspond to a point 
on BC where a horizontal line cuts off equal areas below the upper part and 
above the lower part of the curve. But this is usually impossible, since the 
latter area, which is related to the van der Waals forces (see below), is small 
compared with the former, which is related to the considerably greater forces 
at molecular distances. This means that the surface tension everywhere on 
BC is greater than that which would correspond to molecular adsorption on a 
solid surface, and the film will therefore be metastable. 

The chemical potential of the liquid film (measured from yj) represents the 
difference between the energy of the substance in the film and that in the 
bulk liquid. It is therefore clear that y' is determined by the interaction forces 
between atoms at distances large compared with atomic dimensions and 
~ / (van der Waals forces). The potential //(f) can be calculated in a general 
form, the result being expressed in terms of the permittivities of the solid 
wall and the liquid (see Part 2). 


§ 161. The angle of contact 

Let us consider three bodies in contact, solid, liquid and gas (or one solid 
and two liquid), distinguishing them by suffixes 1,2,3 respectively and denot¬ 
ing the surface-tension coefficients at the interfaces by a 12, a 13, a 23 (Fig. 77). 

Three surface-tension forces act on the line where all three bodies meet, 
each force being in the interface between the corresponding pair of bodies. 
We denote by 0 the angle between the surface of the liquid and the plane 
surface of the solid, called the angle of contact. The value of this angle is 
determined by the condition of mechanical equilibrium: the resultant of the 
three surface-tension forces must have no component along the surface of the 
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solid. Thus a 13 = ai 2 +a 2 3 cos 0, whence 

cos 0 = (ai 3 —ai 2 )/a 2 3 - (161.1) 

If ai 3 =*■ ai 2 , i.e. the surface tension between the gas and the solid is greater 
than that between the solid and the liquid, than cos 0 0 and the angle of 

contact is acute, as in Fig. 77. If ai 3 < ai 2 , however, the angle of contact is 
obtuse. 

From the expression (161.1) we see that in any actual case of stable contact 
the inequality 

I ai 3 — ai 2 ] a 23 (161.2) 

must necessarily hold, since otherwise the condition of equilibrium would 
lead to an imaginary value of the angle 0, which has no meaning. On the 
other hand, if ai 2 , ai 8 , a 2 3 are regarded as the values of the corresponding 
coefficients for each pair of bodies by themselves, without the third one, then 
it may well happen that the condition (161.2) is not satisfied. Actually, how¬ 
ever, it must be remembered that when three different substances are in 
contact there may in general be an adsorbed film of each substance on the 
interface between the other two, and this lowers the surface tension. The 
resulting coefficients a will certainly satisfy the inequality (161.2), and such 
adsorption will necessarily occur if the inequality would not be satisfied 
without it. 

If the liquid completely wets the solid surface, then a macroscopically thick 
liquid film, not an adsorbed film, is formed on the surface. The gas will 
therefore be everywhere in contact with the same liquid substance, and the 
surface tension between the solid and the gas is not involved at all. The con¬ 
dition of mechanical equilibrium gives simply cos 0 = 1, i.e. the angle of 
contact is zero. 

Similar arguments are valid for contact between three bodies of which 
none is solid: a liquid drop (3 in Fig. 78) on the surface of another liquid (1) 
adjoining a gas (2). In this case the angles of contact 0i and 0 2 are determined 
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by the vanishing of the resultant of the three surface-tension forces, i.e. of 
their vector sum: 

012 + 013 + 023 = 0. (161.3) 

Here it is evident that none of the quantities ai 2 , ai 3 ,0123 can be greater than 
the sum or less than the difference of the other two. 


§ 162. Nucleation in phase transitions 

If a substance is in a metastable state, it will sooner or later enter another 
state which is stable. For example, supercooled vapour in time condenses to 
a liquid; a superheated liquid is converted into vapour. This change occurs 
in the following manner. Owing to fluctuations, small quantities of a new 
phase are formed in an originally homogeneous phase; for example, droplets 
of liquid form in a vapour. If the vapour is the stable phase, these droplets are 
always unstable and eventually disappear. If the vapour is supercooled, how¬ 
ever, then when the droplets formed in it are sufficiently large they are stable 
and in time begin to grow and form a kind of centre of condensation for the 
vapour. The droplets must be sufficiently large in order to compensate the 
unfavourable energy change when a liquid-vapour interface is formed. 1. 

Thus there is a certain minimum or critical size necessary for a nucleus , 
as it is called, of a new phase formed in a metastable phase, in order for it to 
become a centre for formation of the new phase. Since one phase or the 
other is stable for sizes less than and greater than the critical, the “critical 
nucleus” is in unstable equilibrium with the metastable phase. In what 
follows we shall discuss the probability that such nuclei occur. J Because of the 

t It should be borne in mind that this mechanism of formation of a new phase 
can actually occur only in a sufficiently pure substance. In practice, the centres 
of formation of the new phase are usually various kinds of “impurity” (dust 
particles, ions, etc.). 

J The calculation of the probability that nuclei of any size occur is given in 
Problem 2, and illustrates the relationships described. 
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rapid decrease in the probability of fluctuations of increasing size, the begin¬ 
ning of the phase transition is determined by the probability that nuclei of 
just this minimum necessary size occur. 

Let us consider the formation of nuclei in isotropic phases: the formation 
of liquid droplets in supercooled vapour, or of vapour bubbles in superheat¬ 
ed liquid. A nucleus may be regarded as spherical, since, owing to its very 
small size, the effect of gravity on its shape is entirely negligible. For a nu¬ 
cleus in equilibrium with the surrounding medium we have, from (156.2), 
P'—P — 2a/r, and the radius of the nucleus is therefore 

r cr = 2a/(P'-P); (162.1) 

the primed and unprimed letters everywhere refer to the nucleus and to the 
main (metastable) phase respectively. 

According to the general formula (112.1), the probability w of a fluctua¬ 
tion producing a nucleus is proportional to exp (—R min /T), where is the 
minimum work needed to form the nucleus. Since the temperature and chem¬ 
ical potential of the nucleus have the same values as in the surrounding 
medium (the main phase), this work is given by the change in the potential Q 
in the process. Before the formation of the nucleus, the volume of the meta¬ 
stable phase was V+V' and its potential Q = —P(V+V / ); after the forma¬ 
tion of the nucleus of volume V\ the potential Q of the whole system is 
— PV—FV'+v&>. We therefore have 

Rmin = -(P'-P)r + «& (162.2) 

For a spherical nucleus V' = 4rcr 3 /3 and 3 = Anr\ and replacing r by (162.1) 
we find 

Rmin = \6na*/3(F-P)K (162.3) 

As in § 156, we denote by Po the pressure of both phases (at a given tem¬ 
perature T ) when the interface between them is plane; in other words, P 0 is 
the pressure for which the given value of T is the ordinary phase transition 
point, from which the superheating or supercooling is measured. If the 
metastable phase is only slightly superheated or supercooled, the differ¬ 
ences 8P = P—Po, 8P' = P'—Po are relatively small and satisfy the equa¬ 
tion (156.4): 

v'dF=v 8P , (162.4) 

where v' and v are the molecular volumes of the nucleus and the metastable 
phase. Replacing F—P by 6F—8P in (162.3) and expressing 8F in terms of 
8P from (162.4), we find for the probability of formation of a nucleus in a 
slightly superheated or supercooled phase 

f 16^aV 2 1 

* !Ce 5 p {-fM?Wf ( } 
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In the formation of vapour bubbles in a superheated liquid we can neglect 
v in this formula in comparison with xf : 


f 16jra 3 1 

: EXP { 3T(SPf )' 


In the formation of liquid droplets in a supercooled vapour we can neg¬ 
lect vf in (162.5) in comparison with v, and substitute v = T/P ^ T/Po. This 
gives 


w oc exp i — 


( 167raV 2 i^) 

{ 3T 3 (<$P) 2 }' 


The degree of metastability can be defined by the difference 6T = T—T 0 
between the temperature T of the metastable phase (with which the nucleus 
is in equilibrium) and the temperature To of equilibrium of the two phases 
when the interface is plane, instead of by 8P. According to the Clapeyron- 
Clausius formula, 8T and 8P are related by 


where q is the molecular heat of the transition from the metastable phase to 
the nucleus phase. Substituting 8P in (162.5), we obtain for the probability 
of formation of a nucleus 


w oc exp 


( 


167raV 2 7o) 
3 q\bTf }’ 


. (162.8) 


If saturated vapour is in contact with a solid surface (the wall of a vessel) 
which is completely wetted by the liquid, condensation of the vapour will 
occur without nucleation, directly on this surface. The formation of a liquid 
film on the solid surface in this case does not require work to be done to form 
the interface, and so the existence of a metastable phase (supercooling of 
the vapour) is impossible. 

For the same reason, superheating of a solid with a free surface is in gen¬ 
eral impossible. This is because usually liquids completely wet the surface of 
a solid phase of the same substance; consequently, the formation of a liquid 
layer on the surface of a melting body does not require work to be done to 
form a new surface. 

The formation of nuclei within a crystal on melting can, however, occur if 
the necessary conditions of heating are maintained: the body must be heated 
internally and its surface kept at a temperature below the melting point. The 
probability of formation of nuclei then depends on elastic deformations 
accompanying the creation of liquid droplets within the solid. 
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PROBLEMS 

Problem 1. Determine the probability of formation of a nucleus of a liquid on a 
solid surface for a given (non-zero) value of the angle of contact 6. 

Solution. The nucleus will have the shape of a segment of a sphere with base 
radius r sin 0, r being the radius of the sphere. Its volume is V — yjrr 3 (l—cos 6) 2 
(2+cos 0), and the surface areas of the curved part and the base are respectively 
2jrr 2 (l—cos 0) and nr 2 sin 2 0. Using the relation (161.1) for the angle of contact, 
we find that the change inQ s on formation of the nucleus is 

a*2rcr 2 (l—cos 0)—a cos d-nr 2 sin 2 0 = ajr/- 2 (l—cos d) 2 (2+cos 0), 

where a is the surface-tension coefficient between the liquid and the vapour. This 
change in Q s is the same as would occur in the formation, in the vapour, of a 
spherical nucleus of volume V and surface tension 

^=«(^) M a+co S ^. 

Accordingly, the required formulae for the formation of nuclei are obtained from 
those derived in the text on replacing a by . 

Problem 2. Find the probability of formation of a nucleus of arbitrary dimen¬ 
sions. 

Solution. We regard the metastable phase as an external medium containing the 
nucleus, and calculate the work of formation of the nucleus from formula (20.2): 
R min — A(E— T 0 S+P 0 V) or, since in this case the process occurs at constant tem¬ 
perature equal to the temperature of the medium, R mia = A(F+P 0 V). To determine 
this quantity, it is sufficient to consider only the amount of substance which enters 
the other phase (since the state of the remaining substance in the metastable phase 
remains unchanged). Again denoting the quantities pertaining to the substance 
in the original and the new phase by unprimed and primed letters respectively, 
we have 

R min = [F'(P')+PV'+<x.$]-[F(P)+PV] = 0'(P')-®(P)-(P'-P)V'+x2-, (1) 

for a nucleus in unstable equilibrium with the metastable phase we should have 
0'(P') = $(P) and thus return to (162.2). 

Assuming the degree of metastability to be small, we have 0'(P') s* 0'(P)+ 
(P'—P)V', and (1) thus reduces to 

*min = n[[i'(P)-ii(P))+ oc§, 

where n = V'/v' is the number of particles in the nucleus. For a spherical nucleus, 
4 tt7 *® 

*min = --3^- I>(F)- j u / (F)]+4^a. (2) 

In the metastability range, [x(P) > fi'(P) and hence the first term (the volume term) 
is negative. The expression (2) may be said to describe the potential barrier which 
has to be overcome for the formation of a stable nucleus. It has a maximum at 

r- r CT = 27.v'/[fi(P)~F'(P)l 
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corresponding to the critical radius of the nucleus. For r < r ct a decrease of r is 
energetically favourable and the nucleus is absorbed; for r >- r cr an increase of 
r is favourable and the nucleus grows. 1 ' 


§ 163. The impossibility of the existence of phases in one-dimensional systems 

A problem of theoretical interest is that of the possibility of existence of 
more than one phase in one-dimensional (linear) systems, i.e. those in which 
the particles lie along a line. The following argument shows that in fact 
thermodynamic equilibrium between two homogeneous phases in contact 
at a single point and having arbitrarily large extent in length is not possible 
(L. D. Landau, 1950). 

To prove this, let us imagine a linear system consisting of an alternation of 
sections formed by two different phases. Let 0 O be the thermodynamic po¬ 
tential of this system, without allowance for the existence of points of con¬ 
tact between different phases, i.e. the thermodynamic potential of the total 
amounts of the two phases without regard to their division into sections. 
To take into account the effect of the points of contact, we note that the 
system may be formally regarded as a “solution” of these points in the two 
phases. If the “solution” is weak, the thermodynamic potential 0 of the 
system will be 

0 = 0o + nT log ( n/eL ) + nip, 

where n is the number of points of contact in a length L. Hence 
d0/dn = T log {n/L)+ip. 

When the “concentration” n/L is sufficiently small (i.e. for a small number of 
sections of different phases), log (n/L) is large and negative, and therefore 
d0/dn < 0. Thus 0 decreases with increasing n, and since 0 must tend to a 
minimum n will increase (until the derivative d0/dn becomes positive). That 
is, the two phases will tend to intermingle in shorter and shorter sections, 
and therefore cannot exist as separate phases. 


t The calculation of R min for r — r ct naturally leads to formula (162.5) if we 
note that under these conditions pi(P)~piXP) = O' — r')dP. 
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